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Weak-field expansion for processes in a homogeneous background magnetic field
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The weak-field expansion of the charged fermion propagator under a uniform magnetic field is studied.
Starting from Schwinger’s proper-time representation, we express the charged fermion propagator as an infinite
series corresponding to different Landau levels. This infinite series is then reorganized according to the powers
of the external field strengthB. For illustration, we apply this expansion tog→nn̄ andn→ng decays, which
involve charged fermions in the internal loop. The leading and subleading magnetic-field effects to the above
processes are computed.

PACS number~s!: 12.20.Ds, 13.10.1q, 13.40.Hq, 95.30.Cq
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I. INTRODUCTION

Particle reactions taking place in the early universe
astrophysical environments are often affected by the ba
ground magnetic field or excitations in the medium@1#. A
typical example is the modification of the neutrino index
refraction in the early universe or supernova@2#. There one
needs to compute the neutrino self-energy in the medium
the background electromagnetic field or both. The neutr
index of refraction is then extracted from the modified d
persion relation of the neutrino. Another example is the pl

mon decayg* →nn̄ @1# where the decaying photon acquir
an effective mass through the effects of the medium or
background magnetic field. With such an effective mass,
above decay is kinematically permissible. Furthermore,
behavior of electron propagators occurring in the inter
loop of the above decay is also affected by the medium
the magnetic field. This also leads to a modification to
plasmon decay amplitude. Finally, a more recent exampl
the enhancement of neutrino-photon scatterings due to
background magnetic field@3,4#. At the lowest order in the
weak interaction, it is known that the amplitude forgg

→nn̄ is proportional to the neutrino mass@5#. Hence the
resulting scattering cross section is rather suppressed. O
other hand, the presence of the background magnetic
alters the structures of internal electron propagators, s
that gg→nn̄ is non-vanishing atO(GF) even in the mass
less limit of neutrinos. Specifically, thegg→nn̄ cross sec-
tion is enhanced by a factor (mW /m)4(B/Bc)

2 due to a back-
ground magnetic fieldB @3,4#, where mW and m are the
masses ofW boson and electron respectively;Bc[m2/e is
the critical magnetic field.

In the above processes, the relevant magnetic-fi
strengths are often smaller than the critical valueBc . There-
fore it is appropriate to expand the decay width, cross sec
or other physical quantities in powers ofB/Bc . In the litera-
ture, such an expansion is usually performed after the
evant amplitude is obtained@6#. For a more complicated pro
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cess, it is not always convenient to do so since the amplit
to be expanded may be very cumbersome. In this article,
shall propose a more straightforward weak-field expans
which is performed directly on the charged fermion prop
gator participating in the process. With the charged ferm
propagators expanded, the physical amplitude can be e
expressed in powers ofB/Bc . To perform such an expansio
on propagators, we shall begin with Schwinger’s proper-ti
representation for a charged fermion propagator under a
form background magnetic field@7#. It is useful to realize
that Schwinger’s representation can be recast into a se
expansion in terms of Landau levels@8#. In the weak field
limit B!Bc , we shall demonstrate that one can reorgan
the infinite series in powers of the field strengthB. This is the
expansion we are after.

This article is organized as follows: In Sec. II, we w
review Schwinger’s derivation of charged fermion propag
tor in a homogeneous background magnetic field. Since
convention used by Schwinger differs from the curren
popular convention, we shall repeat some relevant detail
the derivation for clarification. We shall also illustrate ho
to rewrite Schwinger’s result as an infinite series where e
term is associated with specific Landau levels@8#. In the
weak-field limit, we shall demonstrate how to rearrange
above series in powers of the magnetic-field strengthB. Fi-
nally, some technical issues relevant to the phase facto
Schwinger’s proper-time representation will be discussed
this section. In Sec. III, we begin with a brief discussion
our earlier work@4#, where the weak-field expansion tec
nique is applied togg→nn̄ and its crossed processes in
background magnetic field@3,9#. To further illustrate the
technique of weak-field expansion, we also calculate the
cay rates ofg→nn̄ and the neutrino Cherenkov processn
→ng in a background magnetic field. Our results will b
compared to previous calculations which are performed
ing exact charged-fermion propagators in the backgro
magnetic field@10–12#. A few concluding remarks are pre
sented in Sec. IV.

II. CHARGED-FERMION PROPAGATOR IN A
HOMOGENEOUS BACKGROUND MAGNETIC FIELD

A. The exact propagator solution

The Green’s functionG(x,x8) of the Dirac field in the
presence of a gauge fieldAm satisfies the following equation
©2000 The American Physical Society14-1
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Energy spectrum of tau leptons induced by the high energy Earth-skimming neutrinos
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We present a semianalytic calculation of the tau-lepton flux emerging from the Earth induced by incident
high energy neutrinos interacting inside the Earth for 105<En /GeV<1010. We obtain results for the energy
dependence of the tau-lepton flux coming from the Earth-skimming neutrinos, because of the neutrino-nucleon

charged-current scattering as well as the resonantn̄ee
2 scattering. We illustrate our results for several antici-

pated high energy astrophysical neutrino sources such as the active galactic nuclei, the gamma-ray bursts, and
the Greisen-Zatsepin-Kuzmin neutrino fluxes. The tau-lepton fluxes resulting from rock-skimming and ocean-
skimming neutrinos are compared. Such comparisons can render useful information about the spectral indices
of incident neutrino fluxes.

DOI: 10.1103/PhysRevD.68.063003 PACS number~s!: 95.85.Ry, 14.60.Fg, 14.60.Pq, 95.55.Vj
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I. INTRODUCTION

The detection of high energy neutrinos (En.105 GeV) is
crucial to identify the extreme energy sources in the U
verse and possibly to unveil the puzzle of cosmic rays w
energy above the Greisen-Zatsepin-Kuzmin~GZK! cutoff
@1#. These proposed scientific aims are well beyond the sc
of conventional high energy gamma-ray astronomy. Beca
of the expected small flux of the high energy neutrinos, la
scale detectors (>1 km2) seem to be needed to obtain th
first evidence.

There are two different strategies to detect the footpr
of high energy neutrinos. The first strategy is implemen
by installing detectors in a large volume of ice or wa
where most of the scatterings between the candidate ne
nos and nucleons occur essentially inside the detec
whereas the second strategy aims at detecting the air sho
caused by the charged leptons produced by the neutr
nucleon scatterings taking place inside the Earth or in the
far away from the instrumented volume of the detector. T
latter strategy thus includes the possibility of detection
quasihorizontal incident neutrinos, which are also referred
as Earth-skimming neutrinos. These neutrinos are consid
to interact below the horizon of an Earth based surface
tector.

The second strategy has been proposed only recently@2#.
The Pierre Auger observatory group has simulated the an
pated detection of the air showers from the decays oft lep-
tons @3#. The tau air shower event rates resulting from t
Earth-skimming tau neutrinos for different high energy ne

*Email address: gen@phys.sinica.edu.tw
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‡Email address: athar@phys.cts.nthu.edu.tw
§Present address: National United University, Miaoli 360, Taiw
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trino telescopes are given in@4#. A Monte Carlo study of the
tau air shower event rate was also reported not long ago@5#.
We note that Ref.@4# does not consider the tau-lepton ener
distribution in thent-nucleon scattering, and only the inc
dent tau neutrinos with energies greater than 108 GeV are
considered. For Ref.@5#, we note that only the sum of tau a
shower event rates arising from different directions is giv
Hence some of the events may be due to tau-leptons or
trinos traversing a large distance. As a result, it is not p
sible to identify the source of the tau-neutrino flux even w
the observation of the tau-lepton induced air shower.

In this work, we shall focus on high energy Eart
skimming neutrinos and shall calculate the energy spect
of their induced tau leptons, taking into account theinelas-
ticity of neutrino-nucleon scatterings and the tau-leptonen-
ergy lossin detail. Our work differs from Ref.@5# in our
emphasis on the Earth-skimming neutrinos. We shall pres
our results in the form of outgoing tau-lepton spectra
different distances inside the rock, instead of integrating
energy spectra. As will be demonstrated, such spectra
insensitive to the distances traversed by the Earth-skimm
nt andt. They are essentially determined by the tau-lep
range. Because of this characteristic feature, our results
useful for setting up simulations with specifically chosen
shower content detection strategy, such as detection of
Cherenkov radiation or the air fluorescence. Our results
also beneficial for the coherent Cherenkov radio emiss
measurement detectors such as the Radio Ice Cherenkov
periment~RICE! @6# and the upcoming Antarctic Impulsiv
Transient Array~ANITA ! @7#.

We start with our semianalytic description in Sec. II. T
transport equations governing the evolutions of neutrino
tau-lepton fluxes will be derived. Using these, we then c
culate the tau-lepton flux resulting from the resonantn̄ee

2

→W2→ n̄tt
2 scattering. In Sec. III, we summarize ou

main results, namely, the tau-lepton energy spectra du
neutrino-nucleon scatterings. The implications of our resu
will be discussed here also. In particular, we shall point

.
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Abstract 

New symmetries of the strong interactions appear in heavy quark physics. They 

are used to predict many propertiCB o£ hadrons containing a single heavy quark. Some 

of these predictions are expected to play an imp?rtant role in determining the values 

o£ elements of the Cabibbo-Kobayashi-Maskawa matrix. 

* Work supported in part by the U.S. Dept. of Energy under Contract no. DEAC-03-8IER40050. 

1. INTRODUCTION 

Over the past few years remarkable progress has been achieved in our ability 

to compute properties of hadrons containing a single heavy quark Q1-I0) (i.e., a 

quark with mass, mQ, much greater than the scale of the strong interactions AQcD)­

The strong interaction physics of such hadrons is basical1y nonperturbative with the 

light degrees of freedom (i.e., light quarks, anti-quarks and gluons) typically having 

four-momenta small compared with the heavy quark mass. In such a situation it 

is appropriate to go over to an effective theory, where the heavy quark mass goes 

to infinity, with its four-velocity Hxed.6•8) In the effective theory the strong interac­

tions of the heavy quark are independent of its mass and spin. Consequently, for N 

heavy quarks (perhaps with very different masses) the effective theory has a SU(2N) 

spin-flavor symmetry,6•s) which can be used to predict many properties of hadrons 

containing a single heavy quark. 

The effective heavy quark theory is similar to an approximation often used in 

classical mechanics. When a baseball is thrown it churns up the air in its path, but 

the air has a negligible impact on the baseball's path. Typically we just neglect the 

air and say that the ball falls under the influence of gravity in a way described by 

Newton's laws. The heavy quark is analogous to the baseball and the light quarks, 

antiquarks and gluons are analogous to the air. However, even though the heavy 

quark mass is taken to infinity, it is still treated as negligible compared with the 

Planck mass. Consequently, the heavy quark path is a straight worldline described 

by a four-velocity v" satisfying v2 = 1. There is another similarity between the heavy 

quark effective theory and the classical physics of a baseball; pair creation of heavy 

quark antiquark pairs doesn't occur in the effective theory. 

The SU(2N) spin-flavor symmetry of the heavy quark effective theory is not man­

ifest in the full theory of QCD; it only becomes apparent in the effective theory where 

the heavy quark masses are taken to infinity. This situation is familiar from our expe­

rience with the light quark flavor symmetries of QCD. The strong interactions of light 

quarks, q, (with masses, mq, that are much less than the QCD scaJe) is greatly sim-
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