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Fully NL & Exact
Pert. Theory

JH, Noh, MN 433, 3472 (2013)
JH, Noh, Park, MN 461, 3239 (2016)

Gong, JH, Noh, Wu, Yoo, JCAP 10, 027 (2017)



Perturbation method:

¢ Perturbation expansion

¢ All perturbation variables are wﬂl

% Wedkly nonlinear

*» Strong gravity; tully relativistic

% Valid in all scales

¢ Fully nonlinear and Exact perturbations

Post-Newtonian method:

“* Abandon geometric spirit of GR: recover the good old
absolute space and absolute time

+* Newtonian equations of motion with GR corrections

<» Expansion in strength of gravity 6® GM  v?
=~ Hz <
c Re c

¢ Fully nonlinear

“* No strong gravity; weakly relativistic

+¢ Valid far inside horizon

¢ Case of the Fully nonlinear and Exact perturbations



Convention: (Bardeen 1988) No TT-pert!

ds* = —a*(1+2a)dn? — 2a*B;dndax’ + a* 1 + 2¢) gw / % /Z{Idx da’

Spahalgauge

» Decomposition, possible
No TT, spatial gauge condition: | """
B; =B+ B"
Fo— g2 o= , T = g2 (3) o ()]
goo = —a (1 + 20‘) ) goi = —axi, 9ij = a (1 + 2()0> g’Lj : B(U”Z =0= Cz(v)|z
Inverse metric: \ ;'ﬂ
raised and lowered using gz-(j)
00 _i 1+ 2¢
T @)1+ 20) xF/a
7% = s X'/a
a? (1 +2¢)(1 + 2a) + xFxp/a?’
g 1 7 /a?
~ij _ (3)ij _ XX
7T @12y (g (1+24)(1+20) + xF xk/cﬂ) ~ Exact!

- Fully Nonlinear Perturbation Equations

without taking temporal gauge condition
Noh, JH, MNRAS 433, (2013) 3472; Noh, JCAP 07 (2014) 037



Metric convention without fixing
temporal gauge (slicing) condition: T...esT e

doo = —a” (1 +2a), go;i = —ax;, Gij = a® [(1+ 2¢) 0ij, 2hyj] .
. . Transverse
raised and lowered using 0;; 7
- - y (v) _—
Exact inverse metric: + 29,5 +2C(; 5 =0
~ gy Spatial Gauge taken
o0 1 ~0i _ o + HY .
TN T a’N2(1 —1—2g0+])X]’
i 1 y (0 HRY (I + HIt
ng = — 0 4 HY ( — )( )XkXE .
a’(1+2p+1) a’N2(1+2p+1)
i oLt 20)hi — 2hikh) 8 hiehk hem
(1 -+ 2@)2 — 2hk R, ’ 3 (1 + 290)2 — 2hkEh,
5t 1 HiJ
N =ay/1+2a + T XiXj = aN

a?(142p+1)
Gong, JH, Noh, Wu, Yoo, JCAP 10, 027 (2017)



Without any assumption: T TlT

ds® = —a*(1+2a)dn? — 2a* B;dndz' + a* {(1 + 2¢0)0i5 + 27,45 + QC((;E-) + 20@} da' da?

X@‘ECLBZ' Bz:62+BZ(U) sz‘]—fyu—'_c((zl)])‘f_cz(]
det [hlj] = CL6 -(1 + 299 + A’Y) (AW) YMYM}
ADM intrinsic curvature (A’Y) (A’Y)YMYM + ZYMY"“mYlm
\ 3 (142¢p+ Av)? + (Ay)* = 2YP1Y),
=@

62'lmequhplhqm = 24" [(1 + 2 + A’Y)Q + (A’Y)Q — 2YlelCl:|

. [5”’ (142042007 — oYY,
(

00 1 1+ 299 + A7)2 + (A/Y)Q - 2Ylmy’lmj
g = a2N2 | —}_]r/ij
gOi — _ oY + HY XJ “— All spatial indices raised and lowered by 9;,
a’N?2(1+29) a
y 1 o (0% 4+ HIRY (6 4 HY
a?(1 + 29) a’N?2(1+ 2p)

64U + HY
N—a\/1+2a+ TR XiX; = aN
Gong, JH, Noh, Wu, Yoo, JCAP (2017) a*(1 +29)



Temporal gauge (slicing, hypersurface):

comoving gauge : v =0,
zero—shear gauge : Y = 0,
uniform—curvature gauge :  © =0, Perturbed trace of

: . /extrlnsm curvature
uniform —expansion gauge : K =0, ~Maximal Slicing
uniform —density gauge : o =0,
SynChI’OIlOUS gauge : a = 0. IZ> Remnant gauge mode

Applicable to fully NL orders!

—

Except for synchronous gauge, complete
gauge fixing.

Remaining variables are gauge-invariant
to fully NL order!



Post-Newtonian
Approximation

Chandrasekhar, ApJ (1965) 142, 1488: 1PN, MinkowsKi
JH, Noh, Puetzfeld, JCAP (2008) 03, 010: cosmological
Noh, JH, JCAP (2013) 08, 040: @as a limit of FNL PT




1PN convention: (Chandrasekhar 1965)

. 1 -
ds? = — [1 — CLQQU + cl‘l (2U2 — 4(1))] Adt? — 6%2aP¢cdtdmz +a’ (1 + 6—22\/) vijdx'dx’

~ 2 1 ) ~ ~ 11
== 14+ =11 = =—-=0u ,
p=p=oc ( Tl PEDP U=

1 1, 5 1 a k
| 1 1
XZ: BCLP'L, Uz:—{vz—'__zliz( U‘|'2V)_Pz:|}a
C C

‘ 1PN equations,
without taking temporal gauge

JH, Noh, Puetzteld, JCAP (2008)



General gauge conditions:

| - a

— P, +nU +m-=U =0,

a a

Harmonic gauge :(Weinberg 1972) n = 4, m = arbitrary,
Chandrasekhar’s gauge : n = 3, m = arbitrary,
Uniform —expansion gauge: n =3 =m,

Transverse—shear gauge : n=0=m.

JH, Noh, Puetzteld, JCAP (2008)



1PN Hydrodynamics (Minkowski):

. 1_d [1_
04+ V- — 3U
0+ V- (ov) = ngdt( + )

. 1 d (1_
@+V-(§V)——[dt< +3U+H>+pV~v],

. 1 ~ . .
V+VNW—VU+§WLT§LQVGﬂ—¢>+H+ﬂ%ﬂg—ﬂﬁ
1 1
4 (L Lsr) s wve 4 T+ 4U + 1+ 2 Vp—v—ip
dt \ 2 0 o dt

11 . ~ .. 1 3
AU + 47Gpo = = [3U —2UAU +2A® + P, + 871G (m2 + §§H+ 5]9) ],

1 - _
0=7 (P, = AP) + VU - dnGov,
0=U—V.

Harmonic gauge: n =4
Maximal Slicing: n=3
Zero-shear Slicing: n=0

1 1 ~ 1 1
goo = — [1 — =2U + — <2U2 - 4@)] . goi = —;Pz', 9ij = (1 + EQV) 0ij-

General gauge: P 4 nU =0.

i =0 vi:erC—[(UJer) — P)]
C



Special Relativistic
Matter with Gravity

Special Relativistic Hydrodynamics + ~0OPN gravity
JH, Noh, ApJ (2016) 833, 180



Minkowski background:

(v) (v)

Metric: Xi = cx,i+x; ) with X' =0
20 - 20 -
ds” = — (1 B _2) c*dt® — QXiCdtd;CZ + (1 + —2> 5ijd33%d33]
¢ c
Assumptions. Weak Gravity Action-at-a-distance
P ) /

Y ¢
- <1, <1, Y51
C C ty

ty ~ 1/vVGo
ty ~ U/c ~ 2w /(kc)

JH, Noh, ApJ 833, 180 (2016)



SR Hydrodynamics with Gravity

Maximal Slicing: K=0

.. do _ 0 1 dp 1 .
Continuity: — V- -v= ——p],
Y a VT @ e (dt 72p>
) do D 1 [dp 1 .
E conservation: — ( —) V- v = _ :
a T \2T 2 VT & (dt 72p)
) dv 1 1 1
M conservation:— Vo |- \V4 —vp |,
dt 72Q+p/62( p+c2Vp)
. ‘ D p v?
Poisson eq: AP + 47G (g -+ 3—2) — 871G (Q 4+ _2) 72_2
C C C
V; d 9, 1

0o=70(1 +1I/c?), wi = — =

Missing in Zero-shear gauge
In trouble with Tolman-

JH, Noh, ApJ 838, 180 (2016) Oppenheimer-Volkoff!



SR MHD with Gravitation

D D7 0 ’ 0
0 E m’ c? —0(20 — W) . ° 0P ;0
— i | +V5 Y = " ~ — i
o\, oY —o0 —o®

B v B —v'BJ 0 0

B, =0
I1
B P p 1 11 v? 1,

E/C2:(Q+ >7 _C_Q—I_ H ’l)j+§c—2[B2< +C2)—C—2(B’Uz>]a

L (B*v' — BiBj’Uj)] :

mi = p 1 i,
Z(Q+—2)’YU + = [vaj+47r

) Y2l 4+ pot + 117

= (o
1L 3252'9' BB ) 4~ | B L (B*u)* 6" — (B0 + B'v?) Bk | b
47r y2 2
L3
2

2
AP = 47d (

— ):4WGEES,
c
E
AV = 47G | o+ 8)—47TG—

2
2’

vivd 1 1
S = (Q+ )’}”U +HZJC—2+§[BQ+C—2(VXB)2]

Noh, JH, Bucher, 877, 124 (2019)



SR effect on Gravitational Lensing

Null geodesic:

A%

ﬁ2=—@+wﬂ

SR Lensing potential equation:
I1
A ((D + \If) — 47TG{2§<1 + C_2>

3 P\ 9 o vl 1, ] 9
—I—C—Q[p-l-(g-l—?)vv -|—Hz'j 2 +87T B +C—2(VXB) .

Noh, JH, Bucher, 877, 124 (2019)



Zero-pressure
irrotational fluid




Linear-order:

.5. + zga — 417G ué = 0, Relativistic/Newtonian correspondence
to second order.
This equation is valid to fully nonlinear

Seco n d -0 rd er: order in Newtonian theory.

19 1
5424 8—471G,u8————[aV (Bw]+ =V - (- Vu).
Cl

Pure relativistic correction

T h i rd =0 I‘d er: appearing from third order.
All terms involve ¢=0@,

1 1
54022 8—4nGu8————[aV (8u)]—|— —V - (u-Vu) /
Cl

1 1 4 1
+ ZE{a[Z(pu — V(AT 'X)]-Vés} — a—2V : |:<p (u -Vu — guV : u)]

2 A 0 | 2
—|—3—(pu V(V. u)—l——[u V(A™ X)]——u VX—3—XV u,
a’ a?

3
XEZgOV-u—u-V<p—|—zA_IV-[u-V(Vgp)—I—qu].

Noh, JH, PRD (2004); JH, Noh, PRD (2005)




Leading Nonlinear Density Power-spectrum

in the Comoving gauge:
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Zero-pressure irrotational fluid in
the comoving gauge (no TT)

Covariant energy-conservation:

| 2078,

- a¥(1 +2¢)

Trace of ADM propagation (Raychaudhury equation):

1 1. 1 . | 20x Kk 4o(1 + @)
¢ +2Hk —4mGopu — —k>+ —x'k, — — | x'Vx:; — = (Ax) | = LI
K4 2Hie = 4nGop — 21+ 3 XK = = [x Xij = 3 ( x)] 1129 (11297

. 1.
6 —Kk =0k +—x"8;
a

[X’”X,ij —3 (AX)zl

b A es 20 i+ |3 () 2 a0
(1 429y |3 K BT ALK X'ea) + X xiele ] s

1+2¢ |3
ADM momentum constraint:

_|_£ - 2pAX.i + ! 2(Ay) .+lﬂk oy ’k_|_§ A _E ! : +l . K
K a2 X ,i [ a2(1 + 2(p) a2(1 + 2(p)2 X (p,l 2 X go,lk X,lkga 2 X,l go 2 1 + 290 X,l ga,k 3 X,kga,l go *
| . RHS = pure Einstein’s gravity corrections,
Newtonian

starting from the third order, all involving @

Curvature perturbation

Definition of kappa + ADM momentum constraint: in the comoving gauge R,

In(l4+2¢)], = ——— | x*¢. iAp — j 3xupi) 9|,
[In(1 +2¢)]; AR |X et xibe = T (xivx +3x40.0) @
L] 1
Identify: k= -—-=V-u
N a

(JH, Noh 2013) \Perturbed part of the trace of extrinsic curvature



Energy-conservation:

§—k+—(1=20)8,x' — 8k =0
a

Trace of ADM propagation:

|
¢ +2Hk — 41God + — (1 —2¢) 5 — S
a
c? Y ¢’ 2 4ct g I
—— (U =d49) |5x" (g + x0) = 5 Q7| + — (X0 xis = 31 0ibx
2¢% ...
= a_C2 x"“hi;| Tensor Vector
ADM momentum constraint: ]
A 3 A c” . 3 .
2 “e—_ -yl _ -y A v .
(K+c azx)‘i +IesK == [(ZsoAx wix’);+ 5 (Piix +x.,A¢>)]
) 1 A
§ = Q, =——V-u=——u,

N

o0 a



Effects of rotation and GW

.1 1 1
84+ —V-u+-=V-(u)=—(V8) [2pu — A~ (VX HY]]
a a a

I ' I
v (u+ ﬁu) +41Gos + —V - (u - Vu)
a a

a

T | 2 |
Newtonian= —2{—§g0u-V(V—u)—|—4V- [ga (u -Vu — guVu)]
a

2 —1 al ija—1 (.2
—|—§XV-u—|—u-(VX+Y—A[u-A (VX Y]] p H2——u A" (a”Z;j)
ada

3
XE2<pV-u—u-V<p—|—§A_1V-(u-VVg0—I—uAg0),

Vector Y =2[u-VVp+ulAp —VA'V.(u-VVp+ulyp).

Tensor Z;; = N;j —2A~ 'V, N*

-
hx T §A *(ViV, +68;A) NY,,,

1 1
azN,-j = —— {u,ijV ‘u+u - u, — 58,1 [(V . ll)2 +u- (Au)]} ,

Cz




NL Density Power-spectrum in the CG
with vector and tensor contributions:

105: ’ ' L

104 [

103}
107}
101

10°F

[
i

1072}

density power spectrum Ps (k) [Mpc/h]?

wavenumber k [h/Mpc]

JH, Jeong, Noh, MN (2016) 459, 1124



NL Velocity Power-spectrum in the CG
with vector and tensor contributions:

10°

104E

103L

102}

[a—
S
W

[E—
<
N

velocity power spectrum Py (k) [Mpc/h]?

p—
<
9}

p—
i
(@)

wavenumber k [h/Mpc]

JH, Jeong, Noh, MN (2016) 459, 1124



GW generated
from scalar pert.
Gauge dependence

TT perturbation generated from Galaxy Clustering
JH, Jeong, Noh, ApJ (2017) 842, 46



Tracefree ADM propagation

1 1 1 - 1 Lr o nw S0\ ] (v)
= <V¢Vj — gfyijA> [5 (ax) —a—@— SWGH] + EV@; {ﬁ [a (Bj) +aC), )} — 8w GIL
o . A —-2K
+hij + ?)th — —Qhw — 87TGHS) = nij,
a \
A 9K Non-linear contributions
.. i _ .
hij + ?)thj o Thw — SWGHEJ) = Sij
/TT projection
_ k¢ _ 1 o, 1 1 -1 [ % 1 ke
Sij = Pij Nke = Nyy — §’}/¢jnk + 5 (VZVJ - g’h’jA) (A + 3K) {nk —3A (n |k£)}

2V (A +2K) 7 [y = a7 (07 )|

Scalar contribution to second order

1 Co1 1/
niy = — [a (20X + eaxg +eaxa)] + =3 (R — 4o —3eaes) + — (X’ i Xtk — KX,z%j)
Lo .
T3 2% 0 — Hx i+ X6 — 2 (@ + @) ay — aiay — 20060 5] + 817G (1 +p) v,
1

1 S 1
_g'}/z‘j{ﬁ [a (2pAx + 20" X k)] + — (RAX — 4pAp - 30 or) + — (X’kMX,kzw — Kx”“x,k)

1
+— [20Ax — HaAx + aAx — 2 (a + ¢) Ao — afay —2a%p ] 487G (1 + p) v'kv’k}.
a

without taking temporal gauge



Gauge transformation:

T = a + () =+ with =0
To linear order: X =a (5 + 7/) 3 \IJEU) = Bz@) + Ci(v)/

1 / (v v v ~ 1 ~(v v v
26) . B =B e, Goq-te OV =0 g,

=)
|
=
|
|
)
N
)
|
@
"
+
7N

R /

/
G=p—Le0 v—y—a® "=k +(3H+ )ag, T=0v— £ 5:5—%50:54—3(14—10)%50

Gauge-invariant combinations:

1

B B B K B )
Xv =X av, Xe =X H(pa XR_X—FSH—}—GA—Q’ X5—X+3(1+w)Ha

o, =9 —aHv, ¢, =p—Hy.

Spatial gauge condition:

vy=0= C',L-(v) I:> E=0= f,gv) |:> & = 0 Complete spatial gauge fixing
Equivalently, spatially gauge invariant
To second order:

= a’ o 0 / o Lo ofd 0, 1 (a" a?\
Cij = Cij_gf Yij — &alg) + Baug ) — | Cij ‘|‘2 Cw f—ﬁf,if,j +¢£ Ef +§ F—i_a_g § | Vi

a/
Cij — Ego%j — &(ily) + Cijs



Using:
Cij = ©Yij + 7,45 + C((Z;) + hij
We have:

R 1

F=7- %6— 5 (A4 3K)™ [Cﬁ —3AT (Ck"“)] |

O — 0™ ™ L oA 42K [c”k VA"

1 1

()]

hij = hij +Cij = 57iCk + 5 (v v, 3%-]-A> (A+3K)" ek —3a7t (e,

OV (A +2K) [l = VAT ()| = hy + Py i

Spatial gauge condition, to second order: v = 0= C(v)

§=-S(A+3K) ek —3a7 (M,

6 =2(a+2K) 7 el - wiat (e,

1 ; a [
Cz’j:< X(z+‘I’E )>§])——§ £ — (h;j+22hm’)§o+§o

After some algebra ... :

1 Kt
hijx — hijx — 2(12 7Dij Xx.k Xx.0




iy (x,1) = (Qi)g e [h(k, e (k) + Tk, e ()]
1 _ _ 1
eij(k) = NG eilk)e; (k) —eik)e;(k)l, - €;(k) = —= [ei(k)e;(k) + ei(k)e; (k)]

Gauge (slicing) W, = g(kn), W, = g(kn) - 1—15a2k;2 W, = g(kn) — 2%@5;2
Ws = g(kn) — %5@5}212 (1 - %a;];{?) (1 + % |1;2Hq2’2> .
(C)C(K)) = (2m)*5" (k + K') Po(k) po=C,  b=—2tC

(el )b (1)) = (2)°87 (k + K)5 P, (k)

144 1 1 >
Puulhon) = 5o s [ 40 [0 000,)° Pola) Pe(lk = a) W2 (k..



Baryonic matter Power Spectrum
in the CDM model: linear theory

A [h~! Mpc]
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o ucc | Gauge-ihvariance
| does not guarantee
5 ] e .. physicall observable
L NETT 1 | T T ]
L N .
o Nl
e
=
O C lll 1 1 ll| llI
104 10-2 10-2 101



Wavenurnber k |h/Mpc]

1074 1073 10 10“ 10° 10* 102
m— 1 + 1 +* *~ **1r * Y rr1 ' ‘T *rr1 T ‘* '
10 2=06
1 k3P (k)
Q) k) = x UCG
s ewlh) = oo
-] | - JSSc @ T : 1IGW (r =0.1)
3? Primordial GW — 10W (7’ — 0. 1) + Hl/
N
\g 10_12 —_ QGW, ZS, UE
S UEG, ZSG == 2G'W. Co
e —: 2GW, UC
W W i M
10~ 18 L1 13113 AN w ' .|k\ Lii
10~ 19 10—18 10—17 10~ 16 10~ 15 10~ 14

.. frequency I/[HZ] Free- streamlng neutrino damping
Pulsar Timing Array: 10-11~10-7Hz, Watanabe-Komatsu (2006)

LISA: 10>~1Hz, LIGO: 10~10%Hz



wavenumber k [h/Mpc]
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10 8F 12H?2 272
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frequency V[HZ] Free-streaming neutrino damping
Pulsar Timing Array: 1011~ 10-7Hz, Watanabe-Komatsu, PRD (2006) 73, 123515

LISA: 10>~1Hz, LIGO: 10~10%Hz



wavenumber k [h/Mpc]
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100 2 =10
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10-8F caw (k) 12H2 272

—~ 10710k
zﬁ Primordiaslgw S S == : 1IGW (r =0.1)
\E 10—12 — 1GW (T‘ = Ol) + HV
&
G — 2GW, ZS, UE

10-141 m— 2GW, Co
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frequency v[Hz| - : : :
ree-streaming neutrino damping
Pulsar Timi ng Array: 1011~ 10'7Hz, Watanabe-Komatsu, PRD (2006) 783, 123515

LISA: 10>~1Hz, LIGO: 10~10%Hz



Baryonic matter Power Spectrum
in the CDM model: linear theory

A [h~! Mpc]
104 1000 100
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2 | | | | | II| | | 1 11 II| | | 1 11 Iphysical Observable
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o NG Observational
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Power spectra at a fixed time hypersurface.
For observed power spectrum: Jaiyul Yoo’s program: PS along light-cone
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Observations (Four Pillars +a)

Large-scale structure and 3D power spectrum
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CMB Spectrum
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Planck (2013)

Redshifted sky of 0.38Myr after the Big Bang

—= e

300 —200 —100 0 100 200 300 Linear perturbation (near
equilibrium) is enough!

,UKcmb
2.725 + 0. = 2.725 (110 - -
725 £0.0003 K = 2.725 (1£107) K Theorists are well trained

https://www.cosmos.esa.int/web/planck



Statistical analysis of the
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PERTURBATIONS OF A COSMOLOGICAL MODEL AND ANGULAR
VARIATIONS OF THE MICROWAVE BACKGROUND

R. K. Sacus AND A. M. WOLFE
Relativity Center, The University of Texas, Austin, Texas

Received May 13, 1966 )
Covariant

or 1+ 3 formulation

First, [the linear perturbations are so surprisingly simple that a perturbation analysis
accurate to second order may be feasiblei)using the methods of Hawking (1966). One
could then judge the domain of validity of the linear treatment and{ more important,
gain some insight into the non-linear effects. Second, it would be desirable to describe

fully nonlinear and exact ADM (Arnowitt-Deser-Misner)
or 3+1 formulation

Do we need such a heavy formulation in cosmology?

Sachs and Wolfe, ApJ 147 (1967) 73
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History

e Background: spatially homogeneous and isotropic world model

— Static world model (Einstein 1917)
— Relativistic (Friedmann 1922)
— Newtonian (Milne 1933)

e Structures: general linear perturbations

— Relativistic (Lifshitz 1946)
— Newtonian (Bonnor 1957)
— CMB anisotropy (Sachs-Wolfe 1967)



Gravitation:

e Newton's gravity

— Non-relativistic (no c)

— Action at a distance, violates causality

— No strong pressure, stress and gravity allowed
— No horizon

— No gravitational wave

— Incomplete and inconsistent in cosmology

— ¢ — oo limit of Einstein’s gravity
e Einstein’s gravity

— Relativistic gravity, Simplest
— Strong gravity

e Generalized gravity

— Quantum corrections

— Low energy limit of unified theories (e.g., string theory)



Methods:

e Newtonian:

— Hydrodynamic equations
— N-body method

e Relativistic:

— Finstein’s equation (Lifshitz 1946)

— Covariant equations (1 + 3, fluid-like, u,; Hawking 1966)

— ADM equations (3 + 1, normal hypersurfaces n,; Bardeen 1980, 1988)
— Action (Lukash 1980; Mukhanov 1988)

e Energy-momentum content:

— Hydrodynamic fluids
— Scalar fields

Recommend:

e J.M. Bardeen, Phys. Rev. D 22, 1882 (1980).

e J.M. Bardeen, Particle Physics and Cosmology, edited by L. Fang and A. Zee (Gordon and
Breach, London, 1988), pl.

e H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984).



Three modes:

1. Scalar-type: Density condensation
2. Vector-type: Rotation

3. Tensor-type: Gravitational wave
e Decouple to the linear-order in spatially homogeneous-isotropic background.

— In anisotropic background world model (e.g., Bianchi type I) the non-vanishing shear
in the background will couple all three-types of perturbations.

— To the second order in perturbations the linear order perturbations of all three-types
will source (thus, couple) three-types of perturbation in the second order.



Classical Evolution:

1. Density condensation (Scalar-type): curvature variables in some gauges remain constant
in super-sound-horizon scale

2. Rotation (Vector-type): angular momentum conservation
3. Gravitational waves (Tensor-type): amplitude remains constant in super-horizon scale
e (Scalar, Vector): independently of horizon crossing.

e (Scalar, Vector, Tensor): independently of changing equation of state, changing potential,
changing gravity theories.

Three stages:

1. Quantum generation (quantum fluctuations become macroscopic by inflation)
2. Classical evolution (super-sound-horizon, linear, remains constant)

3. Nonlinear evolution (far inside horizon, Newtonian simulation)



Einstein’s equation

Action:

4
C
S /L%G(R )+ L | V=gd'z,

where g = det(gq) and d(v/—9gLy,) = % —gT%5q,.
Einstein’s equation:

G
A

Gap = Top — Agap.

Energy-momentum conservation:

Latin indices a, b, ¢, - - - = spacetime; another latin indices i, 7, k, - - - = space.
Signature convention: (—1,+1,+1,+1).
Curvature convention (Hawking-Ellis 1973):

abe?

a P a a e a e a
Reyqd = Uhae — Thea + Tpalce — T

¢ der

_ d
Ug;be — Ugyeh = udR

1
Ry = R° R=R;, Gu=LRy— §Rgaba

ach’

1
be = §gad (Gbd.c + Gach — Goe.d) -



The energy-momentum tensor is decomposed into fluid quantities based on the time-like four-
vector field u® as (Ehlers 1961, Ellis 1972, 1973)

Tab = HUUsUp +p (gab + uaub) + qaUy + QU + Tap, (6)
with
uCLQa =0= uaﬂ-aba Tab = Tba, ﬂ_g = 0. (7>

1= oc?), p, q, and Ty the energy density, the isotropic pressure (including the entropic one),

the energy flux and the anisotropic pressure (stress) based on time-like u,-frame (uu, = —1),
respectively. We have
— a,, b — 1 ab — cyd — cpd
M = Tabu u-, P = gTabh ’ 4o = —1LcqU haa Tab = Tcdhahb - phab: (8)

where hgy = gap + Ugtp is the projection tensor with hgu’ = 0 and he = 3.

Without losing any generality, we take the energy frame setting ¢, = 0.
Another choice is the normal frame setting u, = n, with n, = 0 but ¢, # 0.



Newtonian Cosmological Perturbations

Hydrodynamic equations:

Continuity (mass conservation), Euler (momentum conservation), and Poisson’s equations:

o0+ V- (ov) =0,

1
4V Vv = —Vp- Vo,
V20 = 47Gy.

Uniform background:

Let v = Hr where H = ¢ is the Hubble parameter and a(t) is the cosmic scale factor.

(9-11) give:

From these we have

G 2F
2 _
H = 3 o+ a?’

where E' is an integration constant.

(10)
(11)



Perturbations:

Introduce perturbations:

0o=0+60=0(1+6), p=p+dp, v=Hr+u, &=0o+5P.

Perturbed parts of (9-11) give:

0
—do+ Hr -Véo+3Hdop+ oV -u+ V- (dpu) =0,

Ot
2u—l—Hr-Vu—kHu—i—u-Vu:—_V(Sp
ot 0+ dp

V25® = 4nGép.

— Voo,

Introduce the comoving coordinate x
r = a(t)x,

thus

a
_ 9
r Ot

— Hx - Vi.

X

0 0
X+(a£‘)‘v’<a

(21)



Neglecting the subindex x, we have

.1 1
5+5V-u:—av-(6u), (22)
1 1 1
1'1—1—Hu—|——V5<I>:——_V—5p——u-Vu, (23)
a apl+0 «a
1
?VQ&D = 471G 0. (24)
We introduce
1 1
=_V.u &d=-Vxu (25)
a a
By applying %V- and %Vx on (23) we have:
: 1 Vop 1
: 1 (V) xVop 1
W+ 2HW = - = . Vu). 2
4+ 25 (1797 aQV X (u-Vu) (27)
Combining (22,24,26)
. : B 1 V - op 1 o1

(22-28) are valid to fully nonlinear order.

10



To the linear order, using dp = v2dp (v, is the adiabatic sound velocity)

. . A
54 2H6 — <47TG§—|— V'S )5:0. (29)
—— a
gravity ~~
pressure
Expanding in a Fourier series § oc e’** where k is the comoving wave-vector with A = —k?,

Jeans criteria (gravity balanced by the pressure gradient) becomes

2Ta 7
AJ = —— = Ugy | =—. 30
J k G@ ( )
A>A;  —  gravity wins —  grow + decay

A< Ay — pressure gradient wins —  oscillate

11



Perturbed World Model

Background metric:

Spatially homogeneous and isotropic Robertson-Walker metric:

ds* = a° [—dnz + %jda:idscj} :

n = conformal time, cdt = adn, a(n) = cosmic scale factor.

Several representations:

o dr?
vijdx'dx! = ; TK s+ 7 (d«92 + sin? ngbQ)
— Kr

1 i .
= dy* + [\/_F sin (\/fxﬂ (d92 + sin? ngbQ)

1
= dx® + dy* + dz?) ,
(1+iK?2)2( )
with
TEL TE\/QZQ—F:UZ"‘ZQ XE/T dr .
14 K7 ’ V1-—Kr?

Three cases depending on the sign of the spatial curvature, K.

12
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Perturbed metric:

Introduce perturbations:

ds® = —a® (1 + 24) dn* — 2a° Bydndx' + a* (v;; + 2C;;) da'da’. (34)
Decomposition:

A=aq,

B =4+ B,

Cij = @Vij + v + C((ZUI;) + G 7 (35)

Indices of B; and Cj; are raised and lowered using -;;, and the vertical bar is a covariant

derivative based on +;; (or gg’)); Xij) = 35(Xi5 + Xj0).

Scalar-type: a, 5, v, © 4 (2)
Vector-type: BZ( ), C(v) transverse B )‘ =0=C" >Z|Z. 4 (2)
Tensor-type: C;; (¥ transverse-tracefree O™ i = 0= C(WZ 2

(Scalar, Vector, Tensor) perturbations have (4, 4, 2) independent components; (2, 2, 0) com-
ponents are affected by the coordinate transformation.

Linear perturbation assumes all perturbation variables are small. Thus, ignore all nonlinear-
order combination of perturbation variables.

13



Connection and curvature:

Metric:
goo = —a* (1+24), goi = —a’By, gij = a® (vij + 2Cy) .

Inverse metric:
9" = —;—2 (1-24), ¢"= —a—gB", 9" = % (V7 —207) = g =6
Connections:
oo = %/ +A, TIg=A4,;- %/Bi, bo=A"— BY — %/Bi,
P?j = %/%'j — 2%/%'3'14 + B +Ci; + Z%Cij,
0 = %/53‘ + % (Bj“ - B |j> +Cf, Ty =T+ %/WBi + 20 — "

Time derivative convention:

. 0A ,  O0A _
A:E, A = o cdt = adn.

14



Curvatures:

a\’
R0 =0, ROOOi = <_> B;, ROOz’j =0,

a

AN / AN / / I\
o _ (LN _|% 4 a 3 ;o a n @ @\
Ri05 = (Z) Vij — [EA + 2 (;) A} Vi — Ay + By + EB(z‘Ij) + O + ECij +2 <E) Cij,
a 1

0 _
Rk = 2 Ak = Bign + 5(Bijig = Bjlik) = 250

i a’ /i a |i 1 i iy 1ld i i i @
R00j2<_) 5= gAG - A5 (B +B) 45T (B By + 0+ 20

a N 2
i i i T s
Rigje = 20 A 0 = By + By =2 (g) 913 B — 20
; a . . a\’ ; a 2 ; ; 1 |4 ’
R jop = — (vpA" = 03 A,) + (E> VKB’ = (g> (5" = 0i5;) = 3 (B - |~7)

i i a'\? i i

!
" +Ck|5 —C ‘

1a ~ , , : . .
5 {%’f (Bkl + BZk) — Vjk (Be|2 + BZM) + 201 Bje) — 2523(3’%)]

/ /

a . . . ; ;
+E l’ngclél — ’}/jkCé/ + 5]2 }g — 5£C/k: + 2 ((%ng — (%Cjk)}

i i |4 |i
20010k = 2CGme + O o = Co g

15



/

AN / /
Roo = —3 (“-) +3%4 +AA-BY - LB —cir - Lo,
a a a a
Roi— 2% 4 o /B o (& 2B Lap, — Lpi ity ol

/ /

B a\’ a'\ a , a a i
Rij = 2Ky + 1 — ) +2( — Yij (1 = 24) — —Ayij — Ay + By + 2By + v By,

1 a / a"\’ a’ ? a’ (3) vkt k k

1 N/ A / N/ N 2
R==26(L) +(%) 1| —6Za —12[(L) + (%) |a—2a4

a? a a a a a

i a i in a’ ir i i ij
+2B"; + 6EB b +2C" + GECz' —AKC} —2AC; +2C i (- (42)
It is convenient to have (Section 13 in Weinberg 1972):
i i ()i ¢ _ (7)€

B ljk — B |kj — R £jk:B ) Biljk - Bilkj +R" z’jkBﬂa
R ke = ER(V) (Okvie — k) 5 Rz(.;y = §R(7)%j, R0 = 6K. (43)

16



In decomposed form Ricci and scalar curvatures are:

/

0 1 a"\’ a"\’ " a, / N /
RO——3 — ] —6 = a+ 3¢ +3E(90—04)—A04+A(5+7)‘f’EA(B‘i"Y),

1 1 v v
i——z{ ¢ - Za-K@G+)] §<A+2K>(B§>+G§>’)},
| N 2 ‘
jz?{]: E) + 2K 5]-

AN I\ 2 '
—l—{go + — —d +AB+Y)] - Ap—2 [(%) —1—2(%) ]a4Kgp}5§-
|4 1 : ‘ ‘ NIRK
2 | pv)i (V)i (v)i (v)ld
{6+7 (5+7)—a—4 j+T12{a lB S+ B +(C ;T C )H
+CY + 2= (J“)” (A2K)C<Wj]},
AN I\ 2
G
a a a

—12 [(%/)lJr (%/)2] a— 12K ¢ + 2A [(5+7’)’+3%(5+7’) —04—2901 }

" a_/ I
+ 60" +6— (3¢' — )
a

17
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Energy-momentum tensor:

Perturbations:
To(x,t) = Top(t) + 6Twp(x,1), H=p+0u, D=p—+0op, =y=adll (46)
Four vector:
= —a(l+A4), w=av, u = %(1—A), i = 2 (v' + B'), (47)
where we used u%u, = ¢®uup = —1.

Fluid quantities (energy frame, thus ¢, = 0):

~

T0 = —p—op, T)=(u+p)vi, T, =(p+6p)d +II,. (48)
Decomposition:
v = —v,; + UZ-(U),
_ 1 ! LR S (R ()

Indices of v;, 11I;; etc are raised and lowered using ~;;.

18



Kinematic quantities: (c =1)

ADM metric quantities:
N=1/v/—9g" =a(1+A) <« lapse function,
N; = gpi = —a®’B; « shift vector,

hij = gij = a’ (755 + 2C;;)  + three space metric,
1
R — —
02
K;; < extrinsic curvature.

6K —4(A+3K)p| < intrinsic scalar curvature,

Kinematic quantites in the normal frame (n,):

~

0 =—-K' =3H — K < expansion scalar,
~ 1 1 ; .t
oij = —Kij + gKlljhz‘j = Xilj — g%‘jAX + CL\I’EZ-|>J-) + aQCi(;) < shear tensor,

w;j =0 < vorticity tensor,
ai=(InN),=a,; < acceleration vector,

where we introduced

v v (v ; . A
X=a(f+ay), \IJUEBi()JraCZ-(), k=0K; =3Ha— 30— —x.
a

]

Thus xy = shear, &k = perturbed expansion, ¢ = perturbed curvature

19
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Basic Equations:

Background:
Gy and G! — 2G)):
8t K A
=" 2
3 ey
a 4G A
— = L (u+3p) + =
5 (n+3p)+5

{4+ 3H (u+p) =0.

(55) follows from (53,54).

20
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Scalar-type perturbation: (Bardeen 1988) [5, 12]

Definition of x:

A
/4;53H04—3gb—gx.

Gy, G, G — 36:G and G — Gy

A+ 3K
Hr + +2
a

A+ 3K
02

. A
k+2HK + <3H+—2>Oz—47TG(5,u+35p),
a

0 = —4rGou,

K+

X = 127G(p + p)av,

X+ Hy —¢p—a=8rGIL
Ty, = 0 and T}, = 0:

1
ope+ 3H (dp + 0p) = (1 +p) (n—?;HomLaAv),

= — +
a*(pu+p) a  a(p+p)

Temporal gauge condition not imposed yet.

Sp 4 =
p+3 a?

[a*(p+pp] 1 #( 2A+3KH)_

21



Vector-type perturbation:
GY, GZ andTbb—O

A+ 2K ,
57 U = —87G(p+ p)vi”,

v 120" = grGmi!”,

a'(p+p)l”] A2k 1Y
a*(p + p) 2a> p+p

For vanishing anisotropic stress:

(v)

Angular momentum ~ [a‘g(,u +p)-a- v,

Tensor-type perturbation:

G}:
. . A—2K
¢4 3HCY — ==l = sean?.
a
For K = 0:
L s m) A o
3 ( C ) — ECM — stress.

Amplitude of CZ.(;) remains constant in the super-horizon scale.

22
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Derivation of (60,64,66):

G’; — §5§G’£ gives:

1 1 .
pe (vivj - g%‘jA) (X + Hx — ¢ — a—8rGII)
Lo\ L ()
+ (a ‘I’um) — 8nG -1l
(1) ) A—=2K ® _

We can decompose (68) to three different types of perturbations:
First, by applying V' on (68) we can derive an equation.
Second, by applying V'V’ on (68) we can derive another equation.

From these three equations we can show that the three perturbation types decouple from each
other and give (60,64,66).

23



Scalar field: (c=1=nh)

Action:

167G

Energy-momentum tensor:

s— | [ : R—%¢’“¢,a—V(¢)] V=gd'z.

1
Tab — ¢,a¢,b — (§¢’C¢,c + V) Gab-

Equation of motion: (V, = a_¢)
gb;cc — V:Cb

24
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Perturbation:

~

gb(X? t) — gb(t) + 5¢(X7 t)'

Equation of motion:

Background:

g-b'-|—3H(/b—|—V,¢=O.

Perturbation:

6¢+ 3HOp — %&b + Vs = ¢ (k+d) + (2& + 3H¢) a.

Fluid quantities:

1 12 1 12
— 24V p=-d2_V
l'[/ 2¢ _|_ Y p 2¢ )

o= §0¢ — Pa+ V466, bp = ¢dp — ¢Pa— V466,

1. v
(u+po =366, v =0,

- No vector and tensor mode excited.

- no anisotropic stress.
- 0¢ = 0 implies v = 0.

Hij = 0.

25
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Derivation of (74,75):

(238) gives:

~

RIS ngQg,c;d = QCd (5,@1 - Fidg,e>

" (5,00 - FSO&Z&) + 9" (%g - Ffjcg,e)

" (5,00 - Fgog,o) + 9" (5@ — 0500 — Ff}g,k)
=V3(0) = V3(9) + (V) .00 = V() + Vss06.

Using (37,38) we can derive (73,74)

From (48,237) we have:

. ~ ~ 1 g~ ~ ~ L ooy ~
1) = —p—0u=g"¢.ho— [§gcd¢,6¢,d + V<¢>] = 59" 0000 =V

= L1 20) (64 86) o (64 06) y — V(@) — Vo

2 a?

= 2B~ V(9) 366+ ad? — Vyd

Thus we have p and dp in (75).

26
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Gauge Issue

e Finstein gravity has spacetime covariance.

e Coordinate invariance — more variables than equations.

= Gauge freedom: freedom to choose some conditions.

“A gauge transformation can be thought of as a coordinate transformation induced
by a change in the correspondence between the physical perturbed spacetime and the
fictitious background spacetime introduced to define the perturbations.”

J. M. Bardeen (1988)
e Spatial gauge freedom: trivial in Friedmann background
e Temporal gauge (hypersurface or slicing) freedom: affect scalar-type mode only

e Exist several fundamental temporal gauge conditions. Except for the synchronous gauge,
the other gauge completely removes the gauge mode — gauge-invariant!

e Fixing gauge — lose no generality.

e Physics is gauge invariant, i.e., does not depend on the gauge condition we choose.
e A known solution in a gauge — all solutions in every gauge.

e Practically, important to take a gauge which suits the problem.

e Usually, we do not know the suitable condition, a priors.

27



Gauge transformation:

Transformation between two coordinates z® and z%:
T4 =2 4 £ (x%). (78)
Tensor transformation property between x® and x® spacetimes.

~ o o0z 07~

Ba) = D), wale?) = STE),  twle?) = 5o EualF) (79)
We have, at the same spacetime point:

H(%) = G(1°) — 3£, Tu(2°) = va(2°) — vapE” — g,
/t\ab(aje) — tab(xe) - 2tc(a€C,b) - tab,cgc' (80)

From the gauge transformation property of g.:

AN

/
A=a-(&r+2¢), Bi=Bi-¢,+¢

~ a’ 1
Cij = Cyj — Efogfj’) - 5%j,k€k — " - (81)

Thus, even the Friedmann background (in z coordinate with A = B; = C;; = 0) looks
perturbed in 7% coordinate, and we do not want to confuse such coordinate effects from real
perturbations.

28



From the gauge transformation property of 7T:
0fi = 6p— s, 6p=op—p¢, ;=11

Decompose:

1 v (%
& =—¢, &=-¢+€" &, =0

We have

1 —~ —~ .
5ﬁ — 5:“ o /:Lgta 6ﬁ: 5]9 o p€t7 @ = U — _€t7 I = H7 5¢ — 5¢ o qbgtv
a
B = BY 4o, O =) g, =
A -0, 60 =, Y - n

- Scalar-type: affected by &' and &

- Vector-type: affected by fl-(v)

- Tensor-type: gauge-invariant

- \IJZ@) =B 1 aC’Z-(v) is gauge invariant.

l
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Derivation of (80,81,84):

For v,:
) = iy = L8NG 0o ety — (34 €8,) Bila®) + it
= v, (x%) + €b7a@b + Vo, £° =0, (2°) + é’b,avb + V,4.£5,
thus,
V() = va(2°) — va 3" — Ubfbja.
For goo:

Joo(z°) = =@’ (1 + QA) = 900 — 29c(08" 0) — 900,c§°
= —a” (14 2A) — 2g00€" y — goo.0€".

To the background order we have a = a, and the perturbed order:

CL/

EIA_€07O_@£0:A_§O/__£O
a a

1.\ d1 :

— o — (agt) ___ft:@_gt.

a a
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Gauge conditions:
Spatial gauge conditions:

“Since the background 3-space is homogeneous and isotropic, the perturbations in
all physical quantities must in fact be gauge invariant under purely spatial gauge
transformations.”

J. M. Bardeen (1988)

We have two natural spatial gauge fixing conditions:

B-gauge: B=0, B"=0 - £(x,t) x a, S.(U)(x), Remnant gauge mode(89)

]

C-—gauge : v =0, C’Z-(U) — —  £=0, fﬁ(v) =0. Complete gauge fixing(90)

]

The C-gauge (Ci; = ¢vi; + C.@) removes spatial gauge modes completely.

ij
The B-gauge (B; = 0) fails to fix the spatial completely = remaining gauge modes; for 5 we
consider a situation where the temporal gauge condition already completely removed &°.

To the linear-order, the variables y = a(8+ a7) and \I/Z@ = BZ-(U) + aC’i(U) are natural and unique
spatially gauge-invariant combinations.

In the C-gauge we have y = a8 and \Ilgv) = BZ.(U).
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Temporal gauge conditions:

Temporal gauge condition fixes &,
We can impose any one of the following temporal gauge conditions to be valid at any spacetime
point:

synchronous gauge: a=0 — ¢'(x) Remnant gauge mode
comoving gauge: v=0 — =0
zero-shear gauge: Y =0 — =0
uniform-expansion gauge: k=10 — & =0
uniform-curvature gauge: 0=0 — & =0
uniform-density gauge: ou=0 — =0
uniform-pressure gauge: dp=0 — & =0
uniform-field gauge: do=0 — & =0

Except for the synchronous gauge condition, each of the other temporal gauge fixing conditions
completely removes the temporal gauge mode.
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Introduce systematic notations for gauge-invariant combinations:

=p—HX=9p—H -~ H(x—¢&) =9 Hx =y, (91)
Gauge-invariance means its values is independent of coordinate. We have:

px = — Hx = ¢ly=0, (92)

thus, ¢, is the same as ¢ variable in the zero-shear gauge where we set x = 0 as the hypersurface
condition, and wvice versa.

Temporally gauge-invariant combinations:

. 1
Oph = O — fiav, oy =@ —Hx, v =v-——X,

H H
oy = —aHv, 5= — EM = —g&% - (93)

These are completely (i.e., both spatially and temporally) gauge-invariant.

“Many gauge-invariant combinations of these scalars can be constructed, but for the
most part they have no physical meaning independent of a particular time gauge, or
hypersurface condition.”

J. M. Bardeen (1988)
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Gauge strategy:

e There exist several (in fact, infinite number of) hypersurface (slicing or temporal gauge)
conditions available, and all of which have corresponding gauge-invariant counterpart. For
example, for o we have:

5:“’07 5,[1’907 5:“/%7 6:“)(7 5”5# = 07 R (94)

“While a useful tool, gauge-invariance in itself does not remove all ambiguity in phys-
ical interpretation, ...”

J. M. Bardeen (1988)

e Often, mixed usage of different gauge invariant combinations is useful.
e Use the available temporal gauge conditions as the advantage.

“The moral is that one should work in the gauge that is mathematically most conve-
nient for the problem at hand.”

J. M. Bardeen (1988)

e Start without fixing the temporal gauge condition.
e Design equations for easy implentation of gauge conditions.

To the nonlinear order, see section VI of [37].
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Hydrodynamic Perturbations
From (57,58), (58,61,62), (60,62), (59,62), (58), (60) and (56,58,60) we can derive (Bardeen 1980):

A+ 3K
a2 Px = _47TG5MUJ (95)
. A+ 3K
Oty + 3HOp, = " la(p +p)vy, + 2HII], (96)
1 0Py 2A+3K 11
' Hyo, = = - 97
vy + Huv, a(ax+u+p+3 = ,LH‘P) (97)
1 A+3K 2 : A
oo+ 2H ey = AT G2, Spe+ 2 (30 + = )11 . 08
o+ 2Hky = dnGop, + [p 3( +a2>] (98)
A+ 3K
Ky = —; Uy, (99)
oy + o, = —8mGII, (100)
oy + Hpy, = —47G(pn + p)av, — 8nGHIL. (101)

(95) ~ Poisson’s equation
(96) ~ Mass conservation (Continuity) equation
(97), (98) ~ Momentum conservation (Euler) equation

Newtonian Correspondence: §u,, ., v, (k) ~ do, 5P, u.
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Derivation of (96,99):

(61) in the comoving gauge gives:
Oty + 3H (O + 0py) = (4 p) (ky — 3Hav,) .

(58) in the comoving gauge gives

A+ 3K A+ 3K A+ 3K
- Xv = —"">5 — =

Ky =
a? a

02
This gives (99).
(62) in the comoving gauge gives

1 2A+ 3K
a, = —— | Opy + —+—H :
3  a?

Combing these equations give (96).
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Density fluctuation:
From (95-97) we can derive (c

2="L and w = Z) (Nariai 1969; Bardeen 1980):
S i M

. : A

oy + (2432 —6w)HS, + | — 2= — 4nGu(1 — 6¢% + 8w — 3w?
S 5 2 S

K

a2

+12(w — )= + (3¢? — 5w)A] d, = stresses. (105)

This can be written in a compact form for general K, A, and p(u) [17]:

1 H? 3 1 A

W ¢ Mév — =6, = stresses. (106)

a*H |a(p+p) \ H a’

In super-sound-horizon scale without stresses we have a general solution:
H “a(p +p)

C' and d: relatively growing and decaying solutions in expanding phase.
Newtonian: (w = 0)

. T A
O +2H8 + | — vl —47TGQ]5: 0. (108)

Incorrect one in the synchronous gauge (o = 0) [24] (for w = const., K =0 = A):

) . A
6 +2H) + | — 2= — 4nGu(1 + w)(1 + 3w)

> 5§ =0. (109)

Weinberg (72), Peebles (93), Coles-Lucchin (95,02), Moss (96), Padmanabhan (96), Longair (98), Peacock (99), ...
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Curvature fluctuations:
For K = 0, we can show (next page):

B H? ( a ) o I1
T G ut pa \H X p+p
_ HCEA H N QAH
v — - cT 35 )
v 47TG(,LL—|-]?>CL2¢X w4 p 3 a?
where 6p = 2ou + e.
Ideal fluid:
We have e = 0 =11, thus
B H? (a ) . Hch
Po = drG(pu+p)a HYY) o T 4G (1 +p)a2gpx'

Scalar field: .
We have (next page) e = —i;—?;c%gpx and II = 0, thus,

HA

H? a
Pov = (
4rG(p+p)a

Thus, in the case of a field, simply set ¢ — 1.
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E%‘)  Pe = 4G (1 +p)a2%<'

(110)

(111)
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Derivation of (110,111):

We have:
v =p—aHv=¢, —aHv, = o, + H 8rGHII
po = —alv=p—allv = o+ mar—5 (b + Hoy + 87GHLD
H? a ' I1
= — +2H*—— 114
1nG(p+ pla (H*OX) [+ p (114)
where we used (101) and background equation with K = 0.
We have:
. . o . H
Oy = (p —aHv) = (¢, —aHv,) =, —aH |0, + H—i—ﬁ Uy | - (115)

Using (95,100,97,101) we can show (111).

39



Derivation of (113):
A minimally coupled scalar field can be regarded as a fluid with the fluid quantities in (75):

1'2 1 ‘2
M 2¢ _|_ Y p 2¢ Y

Siu = 356 — P+ V86, 0p=dbd— Fa— Ve, (ntp)v= 066,

IT = 0.
We have
Lo .
: sp° =V -V
14 p= ¢ wzgzﬁ—, cﬁz]ﬁ:? @ (116)
pooo50*+V Lo+ Vy
Using the gauge-invariance of e we have:
- 1—cA
e=0p—cou=(1-c) (=9 asy) = (1 —¢3) dpsy = — 0 2Px (117)
In the last step we used 054 = dpt, and (95).
Thus, egs. (110,111) give :
H? a HA
= 20, oy = . 118
T G+ pla (H“OX) T G+ p)ad (118)

which is (113).

40



Equations in two gauges:
In an ideal fluid (110,111) give:

H? a : , HCEA
Pov = ( > y  Pu

4G+ p)a \HY T 1nG(u+pla
Combining these (Field-Shepley 1968; Lukash 1980; Mukhanov 1985, 1988):

Hzc (:LL + p) | 2 A Hcs " Z// 2
)ag [ H2 2 SDU o CS?SO'U — CLBW v — ? _i_CSA VI = 0’

2 Px

,LL—l—p ) ZA VD | (1/2)” 2
— =, = ——— — A =0
[ M+p HSOX ] CSaQSOX CL2 U 1/Z +C$ U ,
where
1la a/u+p _
V= 29y, U= Eﬁgpx, CeZ = T = z.

Large-scale solutions:

k2 ["dn
ArG 22’

H [ H
Oy = 47TGC—/ Z2dn + d—.
a a

In the case of a field, simply set ¢? — 1.
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Exact solutions (K = 0 = A w =constant) [37]:

2
a o< t3(1+w o 771+3w aHn = w0’ (124)
thus z o< Z < a, and
2 21-3w)1  (1/2)"  6(1+w) 1
z — A - (125)
s (14+3w?n2  (1/2) (14 3w)??
Thus
v J,(x Y, (x
o= 2= i) 4D ¢ oy (126)
3(1 + w) Jy(x) Yi(z)
Ox = Vi Tpu= 130 (Cl(/f) 7 + ca(k) ) (127)
where
3(1—w)  _ 5+ 3w
—cklnl, v=2—o" W == 2T 128
v=cknl v=or ey YRV S (128)
(95) gives
(1 + 3w)”
by = 6—wx2gpx. (129)
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In the large-scale limit (z < 1) we have

oy o C, da=2017),

p, x C, da= 2", (130)

_3(1— 2(1+3w) _l-w _3(1—w)
0y OX Ca1+3w, da= 27" & O30 , dtT e 0772, dn~ 53w,

The well known solutions in the matter (w = 0) and radiation (w = 1) eras:
mde : 9§, x Ca, da? o Ctg, dt ! oc On?, dn?,
rde: 6, x Ca?, da ! x Ct, dt 2 o Cn?, dn'. (131)

If we consider only the C-mode which is the relatively growing-mode in an expanding phase:

(X, 1) = (;(X)B, (132)
+ ow
gpx(x, t) = 3 SwC(X). (133)

C(x):
- Integration constant of the growing mode.
- Characterizes the large scale evolution.
- Encodes the spatial structure which is preserved.
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Comparison with other notations:

Q= D4 Bardeen (1980)

P Mukhanov et al (1992)
Oy = Oy Bardeen (1980)

—v Mukhanov et al (1992)
Oy = Om Bardeen (1980)

R Liddle and Lyth (2000)
ws = C Bardeen (1988)

“The advantages of &y and &4 as variables are the advantages of working in the
zero-shear gauge, no more and no less, which ... are not overwhelming.”

J. M. Bardeen (1988)
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Minimally coupled scalar field

In the uniform-curvature gauge ¢ = 0 (thus d¢ = d¢,, etc), assuming K = 0, (74) give:

A

5, + 3HS¢, + [ — = le Sy = & (ky + ) + (2¢ + 3H¢> Q.

NV
from metric fluctuation

(56,58,75), (57,75) give:

TG
Q — 4—¢5¢g07
G
Ky = 42 (@5% i ¢5¢¢ + V¢6¢¢> .

Combining these:

0p, + 3HOp, + = =

WV
from metric fluctuation

A H H ¢
2 + Vgpt+2— <3H — =+ 2§>J 0¢p = 0.

A
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Compared with quantum field in curved space:
Equation: [13]

. : A H H _¢
0, +3Hop, + | — o + Vo —|—2E <3H T + 2¢)} d0¢, = 0, (138)
h without r?(etric pert. A from metri;:,ﬂuctuation
. A
¢+3Hp— —¢+Vy=0. <« quantum field in curved space (139)
A\ CI/ 7
Exponential a o< ef’f, or Power-law a o< t? expansions:
. A
00, +3HOop, — gégbgp =0 & QFCS! (140)
Compact form:
H |3 (H. \'| A

Large-scale general solution:

H b H?
= ——00,=C(x)— D(x —dt .
Vs ¢¢90 () \()oa3¢21

transient

(142)
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Quantum Generation: (Mukhanov 1988; [13])

Action:

— ! _1 a — —ad?
s— [ |iog - 5000 - Vo) v=ae

Perturbed action: (Mukhanov 1988)

1

628 = 5 / a3{5q539 — %5%7@'5% + % [a3 (%) ] .5¢i}dtd3x.

Semiclassical decomposition:

(1) = 6(t) + 6d(x.t), 5,=69- L5

Mode expansion:

N dgk ~ ikx |, =t * —ik-x
0p,(x,1) = [ak&bk(t)e + @, 00 (t)e } :
G, a] =0, [al,al] =0, [aka] =0k —K).

Mode evolution equation:

5
H H ;

) . k2 b4 H
0ok + 3HIQK + [? + Ve + 2—(3H — — + Qg)]&bk = 0.
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Equal-time commutation relation:

Bo(x,1),67(x, 1)] = i8*(x — x), 6m = IL)(80d) = a6,
Sidon = ia >,

SOy —

Power spectrum: (Vacuum expectation vs. Spatial average)

,P(S(E(k: t)

3

27r

/<5gb(x+ r t)5¢(x ) yace KT dPr =

where (). = (vac||vac) with ax|vac) = 0 for every k.

k?) —ik-r 73
Piolk,t) = 5 / (56(x + 1. 1)06(x.£) e T dr —

where (
Ansatz:

x= [ [dz] [ Px; P = £ P, Ps = |6,

735(;(/{, t) & 735(;5(/6, t).

Spectral index:

ns—l
Py, < k :

where ¢, =

Pop =

2
H H
_g&b@v thus Py, = Py, = |E’ Pso,
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3 2
52 100k (t)]"

3
5.2 5ok, t)]7,

(148)

(149)

(150)

(151)
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Inflationary Spectra

Exponential expansion: [13]

Background: a = agefftt) H = constant, ¢ = 0, V = constant.

Equation:

. R
5+ 3HOdi + 061 = 0.

Solution:

0n(t) = L Fl2 [y (R HY (o) + eoR) B k)|,

2
ea(R)|* — |ea(R)[* = 1.

Large-scale power spectra:

2
1/2 o H o ne—1
P@w(k?t) = 2?‘&‘ co(k) —er(k)| o KM
Y2 (i ) = VIGrG lz‘c (k) — cn (k)|
) )= 2\ 2 r !

Bunch-Davies (adiabatic) vacuum:
(k) =1, c(k)=0.

Simple vacuum choice = ng~1, npy~0.
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Power-law expansion: [13]
3+3w)

Background with a oc #%/( o t? with w = constant [31]

I—w)  _ Joaraitw)s 1
V — e ™ w s = hl t
(@) 127G(1 + w)? ¢ 67G (1 + w)

We have

H H ¢\  HJ5(o\T _
V¢¢+2ﬁ(3ﬂ—ﬁ+2g)——@[a (ﬁ)l =0.

Equation:

. . k2
Ok + 3Hopy + ﬁfwk =0,

Solution:

3(w—1)

(158)

(159)

(160)

3p—1

0u(t) = ~ Y0 ey (W) HD (k) + cx(K)H (k)] . v =
e (B)P — fea(h)? = 1

Large scale limit with simple vacuum choice (co =1, ¢; = 0):

3/2—v
1/2 - I'(v) k|n| ng—1
Péq?@(k,t) = laly ( 5 o< k"

23w+ 1)

v—3/2
2 Vigrad Tw) p—1( 2 T
Peo e =V mmmy ) >

For largep = ng~1, npr~0.
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Slow-roll inflation: [23]
i ¢
Slow-roll parameters: €1 = 7, €2 = 7%
For ¢, = 0 and |¢;| < 1: [39]
Power-spectra: (v1 =g +1In2 -2 = -0.729...)

2

120 H B -
Pso|rg 27T’g.b‘{1+€1+ [’Yl—l—lll <k|77m(2€1 62)} x k :
—H
7)}\/@2) s = 167TG§{1 + €1 -+ [’yl + In (k‘n’)} 61} X ]{TLT.

Spectral indices:

o1 OInPeo
nsg—1= 8?;/::%:2(261_62)’ nTE—C_

Classical spectra:
For Harrison-Zel’dovich (ng — 1 = 0 = ny) spectra with K =0 = A:

(@) = (@) + (@)1 = 2Py + TT4Z =P
Thus

ro = (a3)7/(a3)s = 13.8|e1| = 6.9n7.

o1

(164)

(165)

(166)

(167)

(168)



Gravitational wave: [ig
For K = 0 we have:

1 SO0 I S .
0*Sw = / a’ (C(“.C(W _ —O“)j,kc(t)@’“) dtd*z. (169)

167G J L2

We consider Hilbert space operator @(;)

3 3
A1) B d°k () d’k 2 : ik-x ~ (0
OZ] (X, t) = / (27‘(‘)3/20 (X t k) /W £ & hgk(t)@gkeij (k) —|—hC )

and expand |2[:

[Grte, G = 0000 (k — K'),  zero otherwise, (170)
where ¢ = 4+, X; egj) and el(.jx ) are bases of plus (+) and cross (x) polarization states with

e!l) (k)e")i (k) = 26,p. Using

]

hg(X, t) = 5/ (27‘(‘)3/2 C;Jt) (X, t; k)e(@ j(k) = /(271_—)3/2 [6 k hgk(t)agk + h.c.|, (171)

(169) becomes
52Saw = %/ Z (hg - —h *hy k) dtd®z. (172)

The equation of motion becomes (v, = Zghg and z, = a):

B B A~ 1 zg
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Equal time commutation relation:

AN

() hit) — () halt) = 4nG.

For z)//zy = ng/n* with n, = constant (173) has an exact solution:

pactn) = L2 (e (R HED Hlal) + ) B (ki | VARG, v, =

oo (k)|* = Jea (k)] = 1.

Power spectrum:

k3 .
Pa ) (k,t) = ) /<C(B)(X+ r, 1) CD(x, 1)) aee KT dr,

with ax|vac) = 0 for all k. We can show

P (k QZPA (k, 1) —222 Q}hgk

he(x, 1), he(x', £)] = AnG8(x —X), R, (x,t) = 0L )Ohy =

(174)

(175)

(176)

(177)

Each hg in Eq. (172) can be corresponded to a minimally coupled scalar field without potential

with a normalization hg VarG gb Assuming equal contributions from each polarization:

731/(?)_ 1/2 \/ﬁl/2
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Planck 2018 results. X. Constraints on inflation

Tensor-to-scalar ratio (70.002)
0.10 0.15

0.05

0.00

C
0’70(9
Lo

I

TT,TE,EE4lowE+lensing

TT,TE,EE4lowE+lensing
+BK15

TT,TE,EE4lowE+lensing
+BK15+BAO

Natural inflation
Hilltop quartic model
« attractors
Power-law inflation

0°IIIHHH!

R? inflation|
V x ¢? \
Vo /3 Starobinsky
v Chibisov-M
x ¢

V x ¢2/3

Low scale SB SUSY
N.=50

N.,.=60

i khanov

0.94

0.96

0.98

1.00

Primordial tilt (ng)

Fig. 8. Marginalized joint 68 % and 95 % CL regions for n and r at k = 0.002 Mpc™! from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint

68 % and 95 % CL regions assume dng/dInk = 0. (Starobinsky 1980) to lowest order,

Starobinsky, A. A.,1980, Phys. Lett., B91, 99 2 12
Starobinsky, A.,1983, Sov. Astron. Lett., 9, 302 ng—l=-=, r=~— (48)
Mukhanov, V. F. & Chibisov, G., 1981, JETP Lett., 33, 532



Best-fit Inflation models
R*-inflation suggested by Starobinsky (1980)

1 R?
/= 87G (R+ 6M2) ’

Conformal transformation to Einstein frame gives a scalar field with potential [15, 20]
2
vV — 3M (1 B e—\/167rG/3q§>2.
327G

For vVG¢ > 1 we have slow-roll inflation.
We have

le d (bk’
Ny =1In(ac/ay) = Hdt = H—¢ ld(b,

ik Pk @ Pe V:¢
where we used the slow-roll conditions in ‘~’ sign:

2 8rG

In the slow-roll stage we have [20]

1 [3 H H 3 _ ¢ 1 3

FETIVEGY YTEET TN TRy TN TNy
Spectral indices are [20]
2 9 3
— 1 ~2(2¢ — ~—— — ~ 26 ~ ———.
ns (261 — €9) N, 2ng7 nr €1 2ng
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1 - S1(; .. . .
= (3 +v) I c 7; V%3H¢+V¢:O = 3H¢+V,=0.

(282)

(283)

(284)

(285)

(286)

(287)



Amplitudes become [20]

G
pL/2 1/2
P2 ~ 27r<z5 s MNk P = 167TG— ,/ M, (288)
thus,
3

Invariance of s, and CZ.(;)

under the conformal transformation is proved in [15].
Thus, there exist huge number of Starobinsky’s inflation possible with different appearances in

gravity (e.g., Higg’s inflation based on non-minimally coupled scalar field) [15].
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CMB Anisotropies:

Large angular scale (6 > 1°):
Superhorizon scale at recombination.
Photon geodesic equation [27, 38] (Sachs-Wolfe 1967)

Kk =0 = Kk, (179)
TO (k:“ua)O

_ , 180
TE (kbub)E ( )

Reflect the initial conditions = Window to the early universe, inflation.
Small angular scale (0 < 1°):

Subhorizon scale at recombination.

Boltzmann equation [30]:

ﬁ_ aaf e bcaf_

dA—p%ﬂ—bwpmﬂ—Cm,
V- dS 123
Top = ’ng’p Pabvf
F-Feap, L1l (151
a T 4 [Ferdg

Polarizations (f;;7 = I,Q,U, V) are important as well.
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Sachs-Wolfe effect:

Introduce the photon four-velocity (indices of e’ and de’ are raised and lowered by Yij):

1 : v, . .
V== k'= —— (€ 9 -
a(l/—|—5y), a(e + de') ;
ko = —av (1 —+ 5—V +2A — Bzez) , ki =—av (62' + de; + B; + 2C’ijej) . (182)
%
We have
d Ox* 0 " ; ov ;
X = NG =k 8a <(9() — € ({9 + 80 de 82) . (183)
Thus,
d
184
Gy =, (184)

is a derivative along the background photon four-velocity.
The null and geodesic equations give:

| | 5 | .
Kk, = U? [elei —1+2 (e’éei %Yy + Bje' + C’ijezej> ] =0, (185)
v
2 / ) / /6 5 /
Rk =2 [W) + (—”) +252 - el 9= clge; + A — 2= A
a?| av v v v v

/
+ (BU + 0l 422 OZJ> 9 (A,i _ ﬁBZ) el =o. (186)

a
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To the background order:

ele;=1, voca (187)
Using eqs. (184,185), eq. (186) becomes
d (v ; y
dy (7 " A) = Age' — (By; + Cjj) e'e. (188)
Thus
5 v
R T (159
v E
E

where the integral is along the ray’s null-geodesic path from E the emitted event at the inter-
section of the ray and the last scattering surface to O the observed event here and now.

The temperatures of the CMB at two different points (O and E) along a single null-geodesic
ray in a given observational direction are [27, 3§]

To 1 (k"@)o

T 1+2  (kbay)g

where u, at O and F are the local four-velocities of the observer and the emitter, respectively.
Using eqs. (47,182) we have

(190)

~

) ,
k', = —v (1 + 2 A+ viel) : (191)
%
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Thus

0T
T
0

6T

T

+ v;€e’
E

o) 0 . o
+ / [A,Z-eZ — (BZ-U + C’Z(j) ezej] dy.
L E

The most general expressions: [18§]

5T| 0T’ i0+/0 /+ i 1 1,7 d
B — - — — Oél'e—_ Z"ee
Tlo TIE E 5 14 ’ el Y

+uv; e —/ v jezejdy—/ C:e'eldy.

o 5 il P ]

— V€

~

0T |o is gauge independent as it is a difference between different directions.

For the scalar-type:

O
5%|0 - 5_? B Uy Z i ax‘E +/E (=)' dy.
In matter dominated era with K = 0 = A, in the large angular scale:
0T 1
?|O - _§¢X|E'
Angular anisotropies:
oT oy 5
(e xp) = > am(xr)Yin(e), (a7) = {Jam(xn)[*)x-
Im

o7

(192)

(193)

(194)

(195)

(196)



For K =0 = A, in matter dominated era (Abbott-Wise 1984; Starobinsky 1985 in [1]):

2
(a?)g ‘/ P, (k)ji(kx)dInk, x=-—, (197)
Hy

O3 (1 + 3 2 " gy (kn) ji(kno — k .
(at)r = = Iél]; ]ﬁ P (k) | = Jalhn) jikoio = k) gy, (198)

o kno (kno — kn)?
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Cosmological Perturbations: Summary

Methods:
e Relativistic:
1. Einstein equations (Lifshitz 1946)
2. Covariant equations (1 + 3, u,; Hawking 1966)
3. ADM equations (3 + 1, n,; Bardeen 1980)
4. Action formulation (Lukash 1980; Mukhanov 1988)

e Newtonian:
1. Hydrodynamic equations (Bonner 1957)

Three perturbation types:
1. Scalar-type: density fluctuations
2. Vector-type: rotation
3. Tensor-type: gravitational wave
To linear-order, decouple in Friedmann background

Classical Evolution:
1. Scalar-type: conserved amplitude in super-sound-horizon scale

2. Rotation: angular momentum conservation
3. Gravitational wave: conserved amplitude in super-horizon scale
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Perturbed action: (Lukash 1980; Mukhanov 1988)

1 . 1
20 3 2 2 A 3
5 S—§/a Q <<I> — 0 cbﬂ) dtdz,

where
o =, Q = C’é};@ 4 — ¢ (fluid)
=g Q=4 A -1 (field
o=Cl Q=54 H&—1  (GW)

Yy = ¢ — aHv and ps54 = @ — %6@5: gauge-invariant combinations.

% Generalized gravity theories as well!

Equation of motion (Field-Shepley 1968) v = z® and z = a+/Q):

. . A 1 1/
! (a?’QCI)) — 0124?@ = — [v" — (% + ciA) v] = 0.

a3() az

Large-scale solution:

dt

d(x,t) = C(x) — D(X)/O 30
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Generalized f(¢, R) gravity:

1

L= (6, R) — 50(0)6" 9 — V() + Lo

2

Special cases: (F =

)

SIS

Minimally coupled scalar field

Nonminimally coupled scalar field

Brans-Dicke theory

Generalizes scalar-tensor theory
Induced gravity

R? gravity

F(¢)R gravity

f(R) gravity
Low-energy string theory

I —

I —

R =100, = V(9)
3 (K72 —£0%) R— 5000 — V(9)
OR — w2

Conformally equivalent to Einstein’s theory [11, 15, 21].
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Unified Analyses in Generalized f(¢, R) gravity: [23]

S= [ a3 | 316 R - (936~ V()]

Action 528 =1 [a3Q (cb? _ éqﬂ@ﬂ-) dtdz
i , _ _ w¢P+3F?/2F
Scalar-type: D = sy, Q —(H+F/2F)2
Tensor-type: d = C(t);.’ () = F «——— Dr. Nishizawa, yesterday
Equation a%(a?’QCi)) AP =0
Large scale = C(x) — D(x) f (a3Q)~tdt
Quantization  [B(x,t), D(x',1)] = H50°(x — X
Mode func. For ay/Q < n? (include many inflation models)

Ou(n) = X5 |er () H (k) + (k) HP (k)
cv=1—q |a®]-la®k)P =1

e Unified analysis allows us to handle transitions among gravity theories.
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More generalized Gravity Theories

1. Generalized f(¢, R) gravity: [14, 15, 23]

Szfllf(ab R) - 20(6)0"0, — V(&) + L

~

2. Tachyonic generalization: [22] X =

s—/[%wfum+L]VfW4

3. String corrections: [19]

~

DO —

Lig = &(9)|e1 (R Rupea — AR Roy + )
+2GM 00 + 307,876 + ea(970.)?).

4. String axion coupling: [19]

1 aoc €
L@::gV@QUbdRmLU%@ﬂ

We can always derive a unified form: [23]

1 . 1
20 _ 3 2 2 . 3
5S_§/aQQD—%$¢QOﬁdx
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143 Approach

Covariant
Formulation

Ehlers, J., 1961 Proceedings of the mathematical-natural science of the Mainz academy of science and literature, Nr.
11, 792 (1961), translated in Gen. Rel. Grav. 25, 1225;

Ellis, G. F. R,, 1971 in General relatrvity and cosmology, Proceedings of the international summer school of
physics Enrico Fermi course 47, edited by R. K. Sachs (Academic Press, New York), p104, republished
in Gen. Rel. Grav. 41, 581;

Ellis, G. F. R,, 1973 in Cargese Lectures in Physics, edited by E. Schatzmann (Gorden & Breach, New York), p1;

Bertschinger, E., 1995, astro-ph9503125.



b
+
W

u,

hab

Time-like four vector

Spatial projection tensor



Kinematic quantities:

Four vector Projection tensor
u,u® = —1 hy =g, + u,u,.

¢ Ld — _ .
ha hb uc;d = Wyp + 90b - ua;b + U, Uy,
Shear tensor Expansion scalar

Oap = Oab o %Ohab > 0 = ua;a y

Acceleration vector

— 1
ua;b = Wyp + Oab + 39hab — Az Uy ,

Vorticity tensor Vorticity vector

— S = b —_ abcd
Ay = Uy = Ug,p U wa=%ﬂ ‘

_ c
ub wcd ’ C")ab - "abcd wu

d

b



Energy-momentum tensor:

Four vector
Tab = HugUy + phab T qaUy + Qs + Ty
Energy density Pressure Flux vector = Anisotropic stress tensor

K= Tabuaub p= %Tabhab 9a = — cduchg Tab = Tcdhfzhg - phab'



Covariant (1 + 3) formulation

Covariant notations

The 1 + 3 covariant decomposition is based on the time-like normalized (uu, = —1) four-
vector field u, introduced in all spacetime points. The expansion (), the acceleration (a,), the
rotation (wy), and the shear (o4) are kinematic quantities of the projected covariant derivative
of flow vector u, introduced as (Ehlers 1961, Ellis 1972, 1973, [25])

hghiuea = hi,hijuea + BB uca = Wap + b = tayy + aqus,

1 -
Oup = O, — gehab, 0=uy, a,=1u,= ua;bub, (204)

where hqy = gup + UqUp is the projection tensor with hgu’ = 0 and he = 3. An overdot with
tilde "indicates a covariant derivative along u“. Thus

1
Ugp = Wb + Tgp + gehab — Qg Up. (205)

We introduce

ab 2

9 _
d Wy = Ww,, 07 =

— c — ab
W =37 UpWed,  Wab = TabedW U, W = g Oup, (206)

DO | =
N | —

where w® is a vorticity vector which has the same information as the vorticity tensor w,,. We
have

b b

W' = wau® = ouu’ = a,u” = 0, ubub;a = 0. (207)

64



Indices surrounded by () and || are the symmetrization and anti-symmetrization symbols, re-
spectively, with A ;) = %(Aab + Ap,) and Ay = %(Aab — Apa).

We have the antisymmetric tensor n®°? with n®°? = plebed with n0123 = 1/,/—¢, thus
y n n n U

with €

abed

1
abed _ eabcd

n ) Tlabed — —V —Y€abed;
Ve V

50 g4 5o o
ave e sb cc 52 6% 60 oY
1 epon = 40000 =~ 5o g gt g |
€ 9
51 6 51 o

5e 5% o
abcd _ 15a §bsc b b b
n nefgd = —35[e5f5g] = — 56 5f 59 )
5 85 o
abcd a ¢b 53 5? ash ash

nadenebcd — _6537 77 T]abcd — _24
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an antisymmetric symbol with €123 = ey103 = +1. We have

(208)

(209)



Our convention of the Riemann curvature and Einstein’s equation are:

Uasbe — Uazeh = Ud R gy (210)

Rap — %Rgab + Agap = 8:—4(; ab- (211)
The Weyl (conformal) curvature is introduced as

Cabed = Rapea — % (JacRva + gpaRac — GoelRad — JaaFe) + % (JacGvd — GadGe) - (212)
The electric and magnetic parts of the Weyl curvature are introduced as:

Eu = Compqu‘u®, Hy, = %nac O, ppauu?,

oot = (_nabpandrs + gabpngdrs) ufu" BT — (nabpngdrs + gabpandrs) ufu"H, (213)

where we correct a sign error in Eq. (A13) of [25], see [6]. We have E,, = Ej, and Eu’ = 0,
and similarly for H .
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The energy-momentum tensor is decomposed into fluid quantities based on the four-vector field
u® as

Ty = pigty + P (Gap + Uaip) + Galiy + qulla + Tap, (214)
with

u'q, =0 =u"Tay, Tap=Tpe, 7o =0, (215)

The variables u, p, q, and 7, are the energy density, the isotropic pressure (including the
entropic one), the energy flux and the anisotropic pressure based on u,-frame, respectively. We
have

1
p=Tyuu’, p= 3 Wh, qo = —Toquhl, o = ToahSh — phap. (216)
We may introduce the normal frame vector n, with n; = 0. We have
1
Ug =7 (ng +v4), nv.=0, = =%, (217)

V1=
Frame choice:
We have p (1-component), p (1), q, (3), 7w (5), and u, (3), thus total 13 components to fix Ty,
which has only 10 independent components.
Thus, we have freedom to choose frame vector:

Energy-frame: go =0
Normal-frame: U, = n, with n;, =0

The kinematic and fluid quantities and the electric and magnetic parts of Weyl tensor depend
on the frame.
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Covariant equations

The specific entropy S can be introduced by 7'dS = de+ prdv where € is specific internal energy
density with y = 9(1 +¢), pr the thermodynamic pressure, v = 1/9 the specific volume, and T
the temperature. We have the isotropic pressure p = pr 4+ e where e is the entropic pressure.
Using eq. (220) below we can show

oTS = — (69 + 71%g, + q"., + qaaa) . (218)

Thus, we notice that e, 7 and ¢* generate the entropy. Using a four-vector S* = pu®S + %qa
which is termed the entropy flow density [7] we can derive

1 /T

a ,a ~ a 1 ab
S;a:_f (?—kaa)q —?(GQ—FTF Uab). (219)

The covariant formulation provides a useful complement to the ADM formulation. We sum-
marize the covariant (1 + 3) set of equations in the following. For details, see [7, 8] and the
Appendix in [25].

The energy and the momentum conservation equations follow from uaT“b;b = 0 and hgT“b;b =0,

respectively
it (n+p) 0+ 7% + %, + q“aa =0, (220)
(1 +p) aq + h <pb + e+ qb (wab + 0ap + Ghab) ¢’ =0. (221)
The mass conservation follows from j* = pu” and j%, =0
2+605=0. (222)
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By applying u® on Eq. (210) we have

(ua;c) aa :C + ua bu + Rabcdu ’U, = 0.

By applying g% on Eq. (223) we have the Raychaudhuri equation

~ 1 4G
9+§92—a“;a+2(02—w)+7T—(,u+3p)—AzO.

By applying n°“*'u, on Eq. (223) we have the Vorticity propagation equation
~ 2 1
hio’ + 3(9w = ofw’ + 2nadeu Aesd-
An equivalent equation can be derived by applying hﬁdhg] on Eq. (223)

~ 2 .
hghg (wcd — &[C;d]) + gﬁwab = ZO[awb]c.
By applying hg‘ dhg) on Eq. (223) we have the Shear propagation equation

~ 2
h;hg (dcd — a(cm) — Ay + Wap + 04c0y + ge%b

1 At
—ghab (w2 + 20'2 — CLC;C) + Eab — 77‘('@[) = 0.
By applying ¢?h” on Eq. (210) we have
2 . 8tG
hab <wbc;c - Obc;c + §Q7b> + (Wab + Uab) ab — 7QCL7
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abed

From Eq. (210) we have ujq = 0. Thus, from n*““ugu,y. = 0 we have

W, = 2uwlay, (229)

?

By applying h?gh%nghbcuh on Eq. (210) we have

Hab = 2a(awb) — h;hg (w(ce;f + O'(Ce;f) nd)gefug. (230)
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Weyl-tensor part
From the Bianchi identity Rpj.q.) = 0 we have

. 1 .
Cabcd'd _ Rc[a,b] . _gc[aR,b]7
’ 6
using C%4 in Eq. (213) we can derive the four quasi-Maxwellian equations
47 2
hghGE"., — n*uyol Hye + 3Hfw" = 7T4 <3habub hir' ., — 3wq” + ofq” + mfa® — gé’qa> :
C
he chd abed ¢ E. _ 3E® b 4G ) a abed e e
phadd™ .. + 17" upo  Ege — 3E,w = A (1 +p) W + 0"y [gerd + Tee (W +0%)] ¢
~ ArG
hehb B + (Hé‘;eh;“ - QadHe(“) ey, + o, + 0B — Bl (301’)6 + wb)c) == [ — (u+p) o

. ~ 1 1
_2a(aqb) . hgah? <qc,d + 7:(cd) o (wc(a + O_((:a) 7_(_b)c o §97_(_ab + g (qc;c + aeqt + 7T6d0'cd> hab]’

hghbHCd . (Eg-eh;a - QGdEéa) nb)cdeuC + habUCdHcd + QHab . Hc(a <3O_b)c + wb)c)

L —

; ) nb)cdeuc + Bab ., q° 3w(aqb)} .

These follow, respectively, from

1 1
—UbUCCade;d, _ §heuf77 abuccabcd —hge hg)ubcabcd;d’ _ §hgg h?) ufnefabuccabcd;d’

(231)

(232)

(233)

(234)

(235)

(236)

where we used the momentum conservation and the energy conservation equations in Eq. (232) and (234), respectively.
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Friedmann equations using the covariant formulation:
To background order (220), (224) gives

ﬁ+(u+p)9—0 (237)
= ArG
0+ §92 + W— (1t +3p) — A = 0. (238)
Using u, and I'{, in Eqs. (47) and (38) we have
. ; a 3
0=u",= —|—Fbu—u 0—|—Fou _3a2:EH’
~ a 1 1.
= pout = pou’ ==’ == (239)
a c
Thus, we have
fr+3H (u+p) =0, (240)
- AnG Ac?
H+H =—— 3p) + ——. 241
v 1 = T () (241
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3+1 Approach
ADM Formulation

Arnowitt R, Deser S and Misner C'W, 1962 in Gravitation: an introduction to current research, edited by L.
Witten (Wiley, New York) p. 227.



3+1

t n  Time-l ur vector

a
/ L h Spaﬁ' metric tensor
1)

d Arnowitt-Deser-Misner (1962)
J Canonical quantization
J Useful in numerical relativity, cosmology



Lapse function Shift vector Three-space metric

Jgoo = —N*+ N'N;, goi = N;,  Gi; = hyj,

1 NP . N'NJ
§00 _ g()z gm _ hzg o

_ma — N27 N2 ’
Extrinsic curvature
1 _gij
Ki; = SN (Nij + Nji — hijo), K =hYK;;,

— 1
Kij — Kij — ghin,

Intrinsic curvature

h)i __ mih)e h)i h)m(h)e h)m (h)i
R =i p00 L ptmpi i p)

km

RM = pWH

19 1k 1) 1) 1] 19

RM = pii g — gWi R = g 2



Normal four-vector

ng=—N, n,

ADM Energy

E =T n'n’

]
=
S?
S
|

ADM Momentum

J — —Tbnb, Sz’j

S = hZ]SZ] SZ, Sz’j — ij

Pressure

Stress



ADM (3+4+1) formulation

In the following, we use tildes in order to clearly distinguish covariant quantities.

ADM notations

Metric is written as

goo=—N°+N'N;, Goi=DNi, Gij = hij,
~00 _ 1 i N 'j_hz'j_NZN]

g = 9 =xm 9= R (242)
where b is an inverse of hy;

h*hj = 6, (243)
and the index of NNV; is raised and lowered by h;; and its inverse. Thus

hij =Gij»  Ni=goi, N=(=g")""% (244)

We can show
V=3 =NVh, §=det(Gy), h=det(h;). (245)

The ADM fluid quantities are introduced as

~

e — 1
E = Tabn“nb J = —Tbnb, S@] = T;'j, S = th@j SZ SU = S@] — gShm, (246)
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where indices of V;, J; and S;; are raised and lowered by h;; and its inverse metric h"/. For the
normal four-vector n, we have

1 , 1 ..
5= —N NZ'EO ~O:_’ = __N" 247
The extrinsic curvature is defined as
| y _ 1
Kij = ﬁ (Nz':j —|— Nj:z’ — hij,O) , K = h”Kij, Kij = Kz’j — ghin, (248)

where the indices of K; raised and lowered by h;; and its inverse. A colon indicates a covariant
derivative based on h;; with the connection

. 1 \/Ez
B (hgjp + harj — i) P(h)kk = §hk£hk6,i = —=. (249)

()
7’ vh

N | —

it
Thus
1 . 1 .. 1 ‘
K=—|(N_,—Zhh;,)==|N, - Vi , (250)
) 2 s )

N N vh
where K = K, whereas h = det(h;;). Thus follow

h )

h g = —h*hi'hyg = 2NKY — N'J — N7,

Y

(hk k k :k :k
% = (—2NKf + Nh G+ N )J) + (NKyj — Niy))™

. .
P = (-NK+N,) (251)

)
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()i

The intrinsic curvature R ikl is a Riemann curvature based on h;;:

R(h)l ikt — F(h);f,k . F(m;k,é € F(h)%P(h)Z o F(h)m F(h)l

km 7k /m?
(h) — p(Wk B — ijph) _ phi B0 _ pmy 1 h
Rij =R ikjo R = thij =R, Rij = Rij — §h¢jR( ), (252)

We have antisymmetric tensor
ik LEOijk‘ _ Leom‘k _ iﬁijk’
V=7 NVh N
Noijk = —\/—7560@'1{ = _N\/EEOijk: = — N7,k
Tije = Nijkant” = —%ﬁom, n* =i, = NiIr, (253)

where indices of 7). are raised and lowered by the metric h;;; € e"* is an anti-symmetric symbol
with €% = +1. We have

% O O
T o, = 3101,00,00 = | 67 G 00 |
5§ ok oF
—ijm— — oI5t ST _ (V 5Z J ] —ikl— i

Dimensions are
[ab)
[Tus)

(N = [Ni] = [hij] = ] = 1, [Kyl=L7t, [R™, ] =[A]=L"2,
(E] = [Ji] = [Sy] = loc?]. (255)

75



Connection
The connection

~ 1~ _ _ 5
Fgc = §gad (gbd,c + Gedb — gbc,d) )
gives
- 1 . o
0
Coo = ~ (No+N;N'— K;N'N)
_ 1 .
0
i = « (N — EiN7)
~ 1
Ly = — v K
. 1 . . . y . g
o= N (—Np ~ N N+ KjkNJNk) + NN 4 Ny — ONK N, + N# N,
. 1 . L
o = — NN = NEj+ N+ <N'NKj,
- B 1
ik = I )Z L+ NNK
thus,
= 1 1 ho (h)k:
—Ng—NK ]\7Z = ’ re,=r N
CO N 0 + N 3 \/E I + N
Curvatures

Curvature tensors are

NCL — i Ne NCL Ne NCL D N NC D
R%g =T Fbcd +Dylce = Tplgey Ry =R

] ~ ~

~a — pa ~la b L~ o . ~h~ o
¢ bcd — R bcd - 29[ R | + _Rg[[cgd]7 Eoo = Cabcdubuda H, =

~ ghS ~b~d
[c "] 3 U(abg C ghe)dUW U

(256)

(257)

(258)

’ (259)



where the symmetrization of H,. is only over the two indices a and c.
Riemann curvature tensor:

~ 1 1 1 . 1 o1 . .
Ry = — KoY = N NT + NKjk:iNJNk + NKjka:iNj + NKika:jNJ — K KRNy,
~ 1 k

ROOij = N (szg - Kj:i) N,

0 1 1 k 1 k 1 k 1 k

R%0; = _NKij,O - NNJ'U' — K7 Kji, + NKi:ij + NKikN 5+ NKjkN i

~ 1

Ry = N (Kijre — Kik:j) s

Rigy = R™', N'N‘—N (KJQO n K;::ka) — NN*, - KiKuN*N* + NK} (NK} — N',,)

1 |
+ N (N’meo b N N — Ky NFNY — K NENY 4 N K KN, — KjkN’fng)

N (K4 K ) N+ NK® Ny + K KGNEN

R 0jk  — QNKE]]{:] - QNZ[Jk] - QNNZNEKE[]M + 2]\]61{Z

Kk

R = R, N+ %N%’Kjk,o + KN K i + %N,j:kNi = %NiNngg;k - %Ni (N4 e + N' Ko
—K,K;N'+ N'K{Ky + N (K" — Kj.;) .
Ry = R, +2K, Ky - Q%Nin[M], (260)
Row; = RY)N*N'+ N {Kij,o + Ky N® + Nj — (Kpisj + Kpjsg) N* — (KmN’ij + Kk]N’f)}
+N2KFKj 4+ (Kij Ko — K. Kj0) N*NY,
Roij = N (RZ});C - QKi{jKW) — 2N Kyjji);

Rijke = RY)
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Riccei tensor:
Boo = N (K,O + KN+ N, - NKVE;; — 2NjK"{i>

1. h

, ] ] . 1
Ry = NK;—NK},+R"N/ — —K;joN + K NINF 4 K (NNJ|

~ N+ KNj)

1 1 . .
— N N + NKjkNJNk:Z- — 2K;;KiN",
~ 1 1 1 1
Ry = Rf.? — K0 = 5Ny + KEKij — 2K, K + ~ (K,-kN’ij + Kjk,N’ii) + NKij;kN’ﬂ, (262)
~ 1 g . _ B
B = - (K,O + N — KN — NK”KM> ,
~ 1 :
0
. w1 ‘ . 1 1 , ‘ Nt
R (Kio— KLaN*) - SN+ KK+~ (KN — KEN, ) + ~ (55— Ke) (263)
Scalar curvature:
_ g 2 . y
R=RW 4+ KKV + K? - ~ (Ko = KiN'+ N, (264)
The electric and magnetic parts of conformal tensors based on the normal frame are
Fi—pgio L (B R NFL RN, CKLNE, £ N ik
I T 9N 3,0 J:k gtk AR g g7ttt ok
1 — —i—=k 1 _—k— 1—(h)i
Y S 1
H(n); = H; = UZM |:Kjk:g + Ehjg ([(7;€ — K]:;nm) , (266)

where indices of F;; and H;; are raised and lowered using h;; as the metric.
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ADM equations derived:

GY component of Einstein’s equation gives

— 2 8t
]

Kl = 5Ki=—J. (267)

68 component of Einstein’s equation using Eq. (267) gives
— —ij 2 167G
R =R, K" - 2K+ " E+2A. (268)
c

The trace of Einstein’s equation using Eqs. (267) and (268) gives

1 : 1 . = —=ij 1 o 4nG

—(Kg— K;,N')+ =N"'"—K;; K’ —-K*— E+S)+A=0. 269
A tracefree combination of Einstein’s equation Ré- — %5;-}252, using Eq. (267) gives

L (=i T Atk | T ATk T ATk

= (ij ~ K N+ RN — KN j>

—i 1 P R —hyi  8mG—i

From ﬁ“ff;b = 0 and ibb = 0 we have the energy and momentum conservation equations

1 . 1 ST L i

— (Fg—E;N')—K|(E+=5|—-5"K;;+— (N“J").=0. 271

N<7O ’ ) ( +3) 3+N2( ):z ( )

1 . | 1 | .

= (Jio = JegNT = TN} — Ky + ~EN, + 8L+ N5/ =0. (272)

Equations (248) and (267)-(272) are a complete set of ADM equations.
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Friedmann equations using the ADM formulation:
To background order (268), (269), (271) gives

2 167G
RW = —ZK? 4 2" F 4 24,
3 ct
1 1 4G
Ko, —ZK?_ E+S)+A=0
N ' 3 a (E+S)+ ’
! E K| E+ 15 =
N 37 )
Using Eqs. (37), (43), (48), (244), (247), (248), (246), (252) we have
1 - P hyi ()i h)i i
N = —50 = a, hz’j = Gij — Clz%'j; h' = 97‘7: F( ?7143 =T 7jkn R( )jkE - R(V) jke>
) _ p) it _ L ey 1oy 6K
R =R R h]R GQVJRU _ERW)_ —
/
- - 3 o ~0~
K=h"K;; = —ﬁh”him — —39 — _EH’ E = Tanbna = TO 07970 = 1,

ij L s T ~ e _ o
S =h"S;; = il Ty =3p, Tij = g1} = gika = azmpéf = a’pyij.
Thus
8rG K N Ac?
32 T T2 37

: 4G Ac?
H+ H* = 5 (n+3p)+ —,

3
f+3H (n+p)=0.

H? =

80

(276)

(277)

(278)
(279)
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