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Fully NL & Exact 
Pert. Theory

JH, Noh, MN 433, 3472 (2013) 
JH, Noh, Park, MN 461, 3239 (2016) 
Gong, JH, Noh, Wu, Yoo, JCAP 10, 027 (2017)



Perturbation method:
v Perturbation expansion
v All perturbation variables are small
v Weakly nonlinear
v Strong gravity; fully relativistic
v Valid in all scales
v Fully nonlinear and Exact perturbations

Post-Newtonian method:
v Abandon geometric spirit of  GR: recover the good old 

absolute space and absolute time
v Newtonian equations of  motion with GR corrections 
v Expansion in strength of  gravity

v Fully nonlinear
v No strong gravity; weakly relativistic
v Valid far inside horizon 
v Case of  the Fully nonlinear and Exact perturbations



Convention: (Bardeen 1988)

Decomposition, possible 
to NL order

No TT-pert!

Inverse metric:

Exact!

No TT, spatial gauge condition:
Spatial gauge

Noh, JH, MNRAS 433, (2013) 3472; Noh, JCAP 07 (2014) 037

Fully Nonlinear Perturbation Equations
without taking temporal gauge condition



Metric convention without fixing 
temporal gauge (slicing) condition:

Exact inverse metric:

TransverseTracefree

Transverse

Spatial Gauge taken

Gong, JH, Noh, Wu, Yoo, JCAP 10, 027 (2017)



Gong, JH, Noh, Wu, Yoo, JCAP (2017)

Without any assumption:

ADM intrinsic curvature

All spatial indices raised and lowered by δij

TTT



Temporal gauge (slicing, hypersurface):

Except for synchronous gauge, complete 
gauge fixing.
Remaining variables are gauge-invariant 
to fully NL order!

Applicable to fully NL orders!

Perturbed trace of 
extrinsic curvature
~Maximal Slicing 

Remnant gauge mode



Post-Newtonian 
Approximation

Chandrasekhar, ApJ (1965) 142, 1488: 1PN, Minkowski
JH, Noh, Puetzfeld, JCAP (2008) 03, 010: cosmological
Noh, JH, JCAP (2013) 08, 040: as a limit of FNL PT



1PN convention: (Chandrasekhar 1965)

Identification:

1PN equations, 
without taking temporal gauge

PT 1PN

JH, Noh, Puetzfeld, JCAP (2008)



General gauge conditions:

JH, Noh, Puetzfeld, JCAP (2008)

(Weinberg 1972)



1PN Hydrodynamics (Minkowski):

Harmonic gauge:   n º 4
Maximal Slicing:   n º 3
Zero-shear Slicing: n º 0

General gauge:



Special Relativistic 
Matter with Gravity

Special Relativistic Hydrodynamics + ~0PN gravity
JH, Noh, ApJ (2016) 833, 180



Minkowski background:

Metric:

Assumptions: Weak Gravity Action-at-a-distance

JH, Noh, ApJ 833, 180 (2016)



SR Hydrodynamics with Gravity

Continuity:

E conservation:

M conservation:

Poisson  eq:

Maximal Slicing:   K º 0

Missing in Zero-shear gauge
In trouble with Tolman-
Oppenheimer-Volkoff!

JH, Noh, ApJ 833, 180 (2016)



Noh, JH, Bucher, 877, 124 (2019)

SR MHD with Gravitation



SR effect on Gravitational Lensing
Null geodesic:

SR Lensing potential equation:

Noh, JH, Bucher, 877, 124 (2019)



Zero-pressure 
irrotational fluid



Linear-order:

Second-order:

Third-order:
Pure relativistic correction 
appearing from third order.
All terms involve φ=φv

Relativistic/Newtonian  correspondence 
to second order. 
This equation is valid to fully nonlinear 
order in Newtonian theory.

Noh, JH, PRD (2004); JH, Noh, PRD (2005)



Jeong, Gong, Noh, JH, ApJ (2011) 722, 1

Unreasonable effectiveness of 
Newton’s gravity in cosmology!

Vishniac MN 1983

Jeong et al 2011

Pure Einstein

Leading Nonlinear Density Power-spectrum 
in the Comoving gauge:



Zero-pressure irrotational fluid in 
the comoving gauge (no TT)

ADM momentum constraint:

Covariant energy-conservation:

Trace of  ADM propagation (Raychaudhury equation):

RHS = pure Einstein’s gravity corrections,
starting from the third order, all involving 

Definition of  kappa + ADM momentum constraint:

Identify:

Newtonian

Curvature perturbation 
in the comoving gauge R

(JH, Noh 2013) Perturbed part of  the trace of  extrinsic curvature



Energy-conservation:

Trace of  ADM propagation:

ADM momentum constraint:

Tensor Vector



Effects of rotation and GW

Vector

Tensor

Newtonian



NL Density Power-spectrum in the CG
with vector and tensor contributions:

JH, Jeong, Noh, MN (2016) 459, 1124 

TT

T



NL Velocity Power-spectrum in the CG
with vector and tensor contributions:

JH, Jeong, Noh, MN (2016) 459, 1124 

TT
T



GW generated 
from scalar pert.

Gauge dependence
TT perturbation generated from Galaxy Clustering
JH, Jeong, Noh, ApJ (2017) 842, 46



TT projection

Tracefree ADM propagation

without taking temporal gauge

Non-linear contributions

Scalar contribution to second order



Spatial gauge condition:

To linear order:

Gauge-invariant combinations:

Gauge transformation:

To second order:

Complete spatial gauge fixing
Equivalently, spatially gauge invariant



Spatial gauge condition, to second order:

Using:

We have:

After some algebra … :



Gauge (slicing)



Baryonic matter Power Spectrum 
in the CDM model: linear theory

All Gauge-invariant!
Gauge-invariance 
does not guarantee 
physical observable

}CG

UEG

UCG

ZSG



CG

UEG,ZSG

Free-streaming neutrino damping
Watanabe-Komatsu (2006)

Primordial GW

UCG

Pulsar Timing Array: 10-11~10-7Hz, 
LISA: 10-5~1Hz, LIGO: 10~104Hz



Primordial GW
CG

UEG,

UCG

ZSG

Free-streaming neutrino damping
Watanabe-Komatsu, PRD (2006) 73, 123515Pulsar Timing Array: 10-11~10-7Hz, 

LISA: 10-5~1Hz, LIGO: 10~104Hz



Free-streaming neutrino damping
Watanabe-Komatsu, PRD (2006) 73, 123515

Primordial GW

CG

UEG,

UCG

ZSG (most works in the literature)

Pulsar Timing Array: 10-11~10-7Hz, 
LISA: 10-5~1Hz, LIGO: 10~104Hz



Baryonic matter Power Spectrum 
in the CDM model: linear theory

All Gauge-invariant!
Gauge-invariance 
does not guarantee 
physical observable

}CG

UEG

UCG

ZSG

Power spectra at a fixed time hypersurface.
For observed power spectrum: Jaiyul Yoo’s program: PS along light-cone

Observational 
strategy may tell.



J. Hwang (KNU)
2019.12.02-04
Academia Sinica

Cosmological 
Perturbation Theory



CMB temp. anisotropy and 2D power spectrum

Large-scale structure and 3D power spectrum Type Ia Supernovae and 
acceleration

Primordial 
Nucleosynthesis and 

atomic abundance

Atom, photon, neutrino, dark matter, dark energy

Gravitational wave propagation speed

Observations (Four Pillars +α)



CMB Spectrum

Observation

Theory: Theoretically simplest 

In thermal equilibrium

Li
g
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t 
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ty

Smoot and Scott, Cosmic microwave background (1998) in the 1998 Review of  Particle Physics 

Wavelength



http://www.esa.int/Our_Activities/Space_Science/Planck

Planck (2013)
Redshifted sky of 0.38Myr after the Big Bang

Linear perturbation (near 
equilibrium) is enough!
Theorists are well trainedhttps://www.cosmos.esa.int/web/planck

2.725 ± 0.0003 K = 2.725 (1±10-4) K



cosmic variance
(due to lack of  samples)

Statistical analysis of the 
fluctuations

Planck 2013 results. I. Overview of  products and scientific results [astro-ph/1303.5062]

Theory(model)Observation
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Anglar size

Best matching parameters:
13.797 ± 0.023 Gyr
Age of  the model Universe
4.54 ± 0.05   Gyr

Age of  the model Earth

Einstein’s gravity
Cosmological principle (H-I space)
Dark energy
Dark matter
Inflation (early acceleration era)

Unbelievable success of linear 
perturbation theory!

Sachs-Wolfe effect



Sachs and Wolfe, ApJ 147 (1967) 73

fully nonlinear and exact ADM (Arnowitt-Deser-Misner)
or 3+1 formulation

Do we need such a heavy formulation in cosmology?

Covariant
or 1+3 formulation



Time

Scale Horizon ~ ct
(13.8Gly~4.2Gpc)

Distance between 
two galaxies (~1Mpc)

Early 
acceleration? 
Inflation era

Radiation era Matter era

Quantum 
generation

Relativistic linear stage
conserved evolution

Newtonian 
Nonlinear evolution

recombination
(~380,000yr)

Microscopic (~10-30cm)

Macroscopic (~.1mm)

(~10-35sec) radiation=matter(~10,000yr)
present (~13.8Gyr)

Acceleration?

?

Scenario

Big Bang
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1+3 Approach
Covariant 

Formulation 
Ehlers, J., 1961 Proceedings of  the mathematical-natural science of  the Mainz academy of  science and literature, Nr. 

11, 792 (1961), translated in Gen. Rel. Grav. 25, 1225;
Ellis, G. F. R., 1971 in General relativity and cosmology, Proceedings of  the international summer school of  

physics Enrico Fermi course 47, edited by R. K. Sachs (Academic Press, New York), p104, republished 
in Gen. Rel. Grav. 41, 581; 

Ellis, G. F. R., 1973 in Cargese Lectures in Physics, edited by E. Schatzmann (Gorden & Breach, New York), p1;
Bertschinger, E., 1995, astro-ph9503125.



ua

hab 

1+3

Time-like four vector

Spatial projection tensor



Acceleration vector

Shear tensor Expansion scalar

Four vector Projection tensor

Vorticity vectorVorticity tensor

Kinematic quantities:



Energy-momentum tensor:

Energy density Pressure Flux vector Anisotropic stress tensor

Four vector





















3+1 Approach
ADM Formulation 

Arnowitt R, Deser S and Misner C W, 1962 in Gravitation: an introduction to current research, edited by  L. 
Witten (Wiley, New York) p. 227.
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h
ij

3+1

q Arnowitt-Deser-Misner (1962)
q Canonical quantization
q Useful in numerical relativity, cosmology

Time-like normal four vector

Spatial metric tensor



Lapse function Shift vector Three-space metric

Extrinsic curvature Covariant derivative based on hij

Intrinsic curvature



Normal four-vector

ADM Energy ADM Momentum

Pressure Stress






















