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+
W

u,

hab

Time-like four vector

Spatial projection tensor



Kinematic quantities:

Four vector Projection tensor
u,u® = —1 hy =g, + u,u,.

¢ Ld — _ .
ha hb uc;d = Wyp + 90b - ua;b + U, Uy,
Shear tensor Expansion scalar

Oap = Oab o %Ohab > 0 = ua;a y

Acceleration vector

— 1
ua;b = Wyp + Oab + 39hab — Az Uy ,

Vorticity tensor Vorticity vector

— S = b —_ abcd
Ay = Uy = Ug,p U wa=%ﬂ ‘

_ c
ub wcd ’ C")ab - "abcd wu

d

b



Energy-momentum tensor:

Four vector
Tab = HugUy + phab T qaUy + Qs + Ty
Energy density Pressure Flux vector = Anisotropic stress tensor

K= Tabuaub p= %Tabhab 9a = — cduchg Tab = Tcdhfzhg - phab'



Covariant (1 + 3) formulation

Covariant notations

The 1 + 3 covariant decomposition is based on the time-like normalized (uu, = —1) four-
vector field u, introduced in all spacetime points. The expansion (), the acceleration (a,), the
rotation (wy), and the shear (o4) are kinematic quantities of the projected covariant derivative
of flow vector u, introduced as (Ehlers 1961, Ellis 1972, 1973, [25])

hghiuea = hi,hijuea + BB uca = Wap + b = tayy + aqus,

1 -
Oup = O, — gehab, 0=uy, a,=1u,= ua;bub, (204)

where hqy = gup + UqUp is the projection tensor with hgu’ = 0 and he = 3. An overdot with
tilde "indicates a covariant derivative along u“. Thus

1
Ugp = Wb + Tgp + gehab — Qg Up. (205)

We introduce

ab 2

9 _
d Wy = Ww,, 07 =

— c — ab
W =37 UpWed,  Wab = TabedW U, W = g Oup, (206)

DO | =
N | —

where w® is a vorticity vector which has the same information as the vorticity tensor w,,. We
have

b b

W' = wau® = ouu’ = a,u” = 0, ubub;a = 0. (207)
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Indices surrounded by () and || are the symmetrization and anti-symmetrization symbols, re-
spectively, with A ;) = %(Aab + Ap,) and Ay = %(Aab — Apa).

We have the antisymmetric tensor n®°? with n®°? = plebed with n0123 = 1/,/—¢, thus
y n n n U

with €

abed

1
abed _ eabcd

n ) Tlabed — —V —Y€abed;
Ve V

50 g4 5o o
ave e sb cc 52 6% 60 oY
1 epon = 40000 =~ 5o g gt g |
€ 9
51 6 51 o

5e 5% o
abcd _ 15a §bsc b b b
n nefgd = —35[e5f5g] = — 56 5f 59 )
5 85 o
abcd a ¢b 53 5? ash ash

nadenebcd — _6537 77 T]abcd — _24
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an antisymmetric symbol with €123 = ey103 = +1. We have

(208)

(209)



Our convention of the Riemann curvature and Einstein’s equation are:

Uasbe — Uazeh = Ud R gy (210)

Rap — %Rgab + Agap = 8:—4(; ab- (211)
The Weyl (conformal) curvature is introduced as

Cabed = Rapea — % (JacRva + gpaRac — GoelRad — JaaFe) + % (JacGvd — GadGe) - (212)
The electric and magnetic parts of the Weyl curvature are introduced as:

Eu = Compqu‘u®, Hy, = %nac O, ppauu?,

oot = (_nabpandrs + gabpngdrs) ufu" BT — (nabpngdrs + gabpandrs) ufu"H, (213)

where we correct a sign error in Eq. (A13) of [25], see [6]. We have E,, = Ej, and Eu’ = 0,
and similarly for H .
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The energy-momentum tensor is decomposed into fluid quantities based on the four-vector field
u® as

Ty = pigty + P (Gap + Uaip) + Galiy + qulla + Tap, (214)
with

u'q, =0 =u"Tay, Tap=Tpe, 7o =0, (215)

The variables u, p, q, and 7, are the energy density, the isotropic pressure (including the
entropic one), the energy flux and the anisotropic pressure based on u,-frame, respectively. We
have

1
p=Tyuu’, p= 3 Wh, qo = —Toquhl, o = ToahSh — phap. (216)
We may introduce the normal frame vector n, with n; = 0. We have
1
Ug =7 (ng +v4), nv.=0, = =%, (217)

V1=
Frame choice:
We have p (1-component), p (1), q, (3), 7w (5), and u, (3), thus total 13 components to fix Ty,
which has only 10 independent components.
Thus, we have freedom to choose frame vector:

Energy-frame: go =0
Normal-frame: U, = n, with n;, =0

The kinematic and fluid quantities and the electric and magnetic parts of Weyl tensor depend
on the frame.
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Covariant equations

The specific entropy S can be introduced by 7'dS = de+ prdv where € is specific internal energy
density with y = 9(1 +¢), pr the thermodynamic pressure, v = 1/9 the specific volume, and T
the temperature. We have the isotropic pressure p = pr 4+ e where e is the entropic pressure.
Using eq. (220) below we can show

oTS = — (69 + 71%g, + q"., + qaaa) . (218)

Thus, we notice that e, 7 and ¢* generate the entropy. Using a four-vector S* = pu®S + %qa
which is termed the entropy flow density [7] we can derive

1 /T

a ,a ~ a 1 ab
S;a:_f (?—kaa)q —?(GQ—FTF Uab). (219)

The covariant formulation provides a useful complement to the ADM formulation. We sum-
marize the covariant (1 + 3) set of equations in the following. For details, see [7, 8] and the
Appendix in [25].

The energy and the momentum conservation equations follow from uaT“b;b = 0 and hgT“b;b =0,

respectively
it (n+p) 0+ 7% + %, + q“aa =0, (220)
(1 +p) aq + h <pb + e+ qb (wab + 0ap + Ghab) ¢’ =0. (221)
The mass conservation follows from j* = pu” and j%, =0
2+605=0. (222)

68



By applying u® on Eq. (210) we have

(ua;c) aa :C + ua bu + Rabcdu ’U, = 0.

By applying g% on Eq. (223) we have the Raychaudhuri equation

~ 1 4G
9+§92—a“;a+2(02—w)+7T—(,u+3p)—AzO.

By applying n°“*'u, on Eq. (223) we have the Vorticity propagation equation
~ 2 1
hio’ + 3(9w = ofw’ + 2nadeu Aesd-
An equivalent equation can be derived by applying hﬁdhg] on Eq. (223)

~ 2 .
hghg (wcd — &[C;d]) + gﬁwab = ZO[awb]c.
By applying hg‘ dhg) on Eq. (223) we have the Shear propagation equation

~ 2
h;hg (dcd — a(cm) — Ay + Wap + 04c0y + ge%b

1 At
—ghab (w2 + 20'2 — CLC;C) + Eab — 77‘('@[) = 0.
By applying ¢?h” on Eq. (210) we have
2 . 8tG
hab <wbc;c - Obc;c + §Q7b> + (Wab + Uab) ab — 7QCL7
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(224)

(225)

(226)

(227)

(228)



abed

From Eq. (210) we have ujq = 0. Thus, from n*““ugu,y. = 0 we have

W, = 2uwlay, (229)

?

By applying h?gh%nghbcuh on Eq. (210) we have

Hab = 2a(awb) — h;hg (w(ce;f + O'(Ce;f) nd)gefug. (230)
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Weyl-tensor part
From the Bianchi identity Rpj.q.) = 0 we have

. 1 .
Cabcd'd _ Rc[a,b] . _gc[aR,b]7
’ 6
using C%4 in Eq. (213) we can derive the four quasi-Maxwellian equations
47 2
hghGE"., — n*uyol Hye + 3Hfw" = 7T4 <3habub hir' ., — 3wq” + ofq” + mfa® — gé’qa> :
C
he chd abed ¢ E. _ 3E® b 4G ) a abed e e
phadd™ .. + 17" upo  Ege — 3E,w = A (1 +p) W + 0"y [gerd + Tee (W +0%)] ¢
~ ArG
hehb B + (Hé‘;eh;“ - QadHe(“) ey, + o, + 0B — Bl (301’)6 + wb)c) == [ — (u+p) o

. ~ 1 1
_2a(aqb) . hgah? <qc,d + 7:(cd) o (wc(a + O_((:a) 7_(_b)c o §97_(_ab + g (qc;c + aeqt + 7T6d0'cd> hab]’

hghbHCd . (Eg-eh;a - QGdEéa) nb)cdeuC + habUCdHcd + QHab . Hc(a <3O_b)c + wb)c)

L —

; ) nb)cdeuc + Bab ., q° 3w(aqb)} .

These follow, respectively, from

1 1
—UbUCCade;d, _ §heuf77 abuccabcd —hge hg)ubcabcd;d’ _ §hgg h?) ufnefabuccabcd;d’

(231)

(232)

(233)

(234)

(235)

(236)

where we used the momentum conservation and the energy conservation equations in Eq. (232) and (234), respectively.
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Friedmann equations using the covariant formulation:
To background order (220), (224) gives

ﬁ+(u+p)9—0 (237)
= ArG
0+ §92 + W— (1t +3p) — A = 0. (238)
Using u, and I'{, in Eqs. (47) and (38) we have
. ; a 3
0=u",= —|—Fbu—u 0—|—Fou _3a2:EH’
~ a 1 1.
= pout = pou’ ==’ == (239)
a c
Thus, we have
fr+3H (u+p) =0, (240)
- AnG Ac?
H+H =—— 3p) + ——. 241
v 1 = T () (241
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3+1 Approach
ADM Formulation

Arnowitt R, Deser S and Misner C'W, 1962 in Gravitation: an introduction to current research, edited by L.
Witten (Wiley, New York) p. 227.



3+1

t n  Time-l ur vector

a
/ L h Spaﬁ' metric tensor
1)

d Arnowitt-Deser-Misner (1962)
J Canonical quantization
J Useful in numerical relativity, cosmology



Lapse function Shift vector Three-space metric

Jgoo = —N*+ N'N;, goi = N;,  Gi; = hyj,

1 NP . N'NJ
§00 _ g()z gm _ hzg o

_ma — N27 N2 ’
Extrinsic curvature
1 _gij
Ki; = SN (Nij + Nji — hijo), K =hYK;;,

— 1
Kij — Kij — ghin,

Intrinsic curvature

h)i __ mih)e h)i h)m(h)e h)m (h)i
R =i p00 L ptmpi i p)

km

RM = pWH

19 1k 1) 1) 1] 19

RM = pii g — gWi R = g 2



Normal four-vector

ng=—N, n,

ADM Energy

E =T n'n’

]
=
S?
S
|

ADM Momentum

J — —Tbnb, Sz’j

S = hZ]SZ] SZ, Sz’j — ij

Pressure

Stress



ADM (3+4+1) formulation

In the following, we use tildes in order to clearly distinguish covariant quantities.

ADM notations

Metric is written as

goo=—N°+N'N;, Goi=DNi, Gij = hij,
~00 _ 1 i N 'j_hz'j_NZN]

g = 9 =xm 9= R (242)
where b is an inverse of hy;

h*hj = 6, (243)
and the index of NNV; is raised and lowered by h;; and its inverse. Thus

hij =Gij»  Ni=goi, N=(=g")""% (244)

We can show
V=3 =NVh, §=det(Gy), h=det(h;). (245)

The ADM fluid quantities are introduced as

~

e — 1
E = Tabn“nb J = —Tbnb, S@] = T;'j, S = th@j SZ SU = S@] — gShm, (246)
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where indices of V;, J; and S;; are raised and lowered by h;; and its inverse metric h"/. For the
normal four-vector n, we have

1 , 1 ..
5= —N NZ'EO ~O:_’ = __N" 247
The extrinsic curvature is defined as
| y _ 1
Kij = ﬁ (Nz':j —|— Nj:z’ — hij,O) , K = h”Kij, Kij = Kz’j — ghin, (248)

where the indices of K; raised and lowered by h;; and its inverse. A colon indicates a covariant
derivative based on h;; with the connection

. 1 \/Ez
B (hgjp + harj — i) P(h)kk = §hk£hk6,i = —=. (249)

()
7’ vh

N | —

it
Thus
1 . 1 .. 1 ‘
K=—|(N_,—Zhh;,)==|N, - Vi , (250)
) 2 s )

N N vh
where K = K, whereas h = det(h;;). Thus follow

h )

h g = —h*hi'hyg = 2NKY — N'J — N7,

Y

(hk k k :k :k
% = (—2NKf + Nh G+ N )J) + (NKyj — Niy))™

. .
P = (-NK+N,) (251)

)
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()i

The intrinsic curvature R ikl is a Riemann curvature based on h;;:

R(h)l ikt — F(h);f,k . F(m;k,é € F(h)%P(h)Z o F(h)m F(h)l

km 7k /m?
(h) — p(Wk B — ijph) _ phi B0 _ pmy 1 h
Rij =R ikjo R = thij =R, Rij = Rij — §h¢jR( ), (252)

We have antisymmetric tensor
ik LEOijk‘ _ Leom‘k _ iﬁijk’
V=7 NVh N
Noijk = —\/—7560@'1{ = _N\/EEOijk: = — N7,k
Tije = Nijkant” = —%ﬁom, n* =i, = NiIr, (253)

where indices of 7). are raised and lowered by the metric h;;; € e"* is an anti-symmetric symbol
with €% = +1. We have

% O O
T o, = 3101,00,00 = | 67 G 00 |
5§ ok oF
—ijm— — oI5t ST _ (V 5Z J ] —ikl— i

Dimensions are
[ab)
[Tus)

(N = [Ni] = [hij] = ] = 1, [Kyl=L7t, [R™, ] =[A]=L"2,
(E] = [Ji] = [Sy] = loc?]. (255)
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Connection
The connection

~ 1~ _ _ 5
Fgc = §gad (gbd,c + Gedb — gbc,d) )
gives
- 1 . o
0
Coo = ~ (No+N;N'— K;N'N)
_ 1 .
0
i = « (N — EiN7)
~ 1
Ly = — v K
. 1 . . . y . g
o= N (—Np ~ N N+ KjkNJNk) + NN 4 Ny — ONK N, + N# N,
. 1 . L
o = — NN = NEj+ N+ <N'NKj,
- B 1
ik = I )Z L+ NNK
thus,
= 1 1 ho (h)k:
—Ng—NK ]\7Z = ’ re,=r N
CO N 0 + N 3 \/E I + N
Curvatures

Curvature tensors are

NCL — i Ne NCL Ne NCL D N NC D
R%g =T Fbcd +Dylce = Tplgey Ry =R

] ~ ~

~a — pa ~la b L~ o . ~h~ o
¢ bcd — R bcd - 29[ R | + _Rg[[cgd]7 Eoo = Cabcdubuda H, =

~ ghS ~b~d
[c "] 3 U(abg C ghe)dUW U

(256)

(257)

(258)

’ (259)



where the symmetrization of H,. is only over the two indices a and c.
Riemann curvature tensor:

~ 1 1 1 . 1 o1 . .
Ry = — KoY = N NT + NKjk:iNJNk + NKjka:iNj + NKika:jNJ — K KRNy,
~ 1 k

ROOij = N (szg - Kj:i) N,

0 1 1 k 1 k 1 k 1 k

R%0; = _NKij,O - NNJ'U' — K7 Kji, + NKi:ij + NKikN 5+ NKjkN i

~ 1

Ry = N (Kijre — Kik:j) s

Rigy = R™', N'N‘—N (KJQO n K;::ka) — NN*, - KiKuN*N* + NK} (NK} — N',,)

1 |
+ N (N’meo b N N — Ky NFNY — K NENY 4 N K KN, — KjkN’fng)

N (K4 K ) N+ NK® Ny + K KGNEN

R 0jk  — QNKE]]{:] - QNZ[Jk] - QNNZNEKE[]M + 2]\]61{Z

Kk

R = R, N+ %N%’Kjk,o + KN K i + %N,j:kNi = %NiNngg;k - %Ni (N4 e + N' Ko
—K,K;N'+ N'K{Ky + N (K" — Kj.;) .
Ry = R, +2K, Ky - Q%Nin[M], (260)
Row; = RY)N*N'+ N {Kij,o + Ky N® + Nj — (Kpisj + Kpjsg) N* — (KmN’ij + Kk]N’f)}
+N2KFKj 4+ (Kij Ko — K. Kj0) N*NY,
Roij = N (RZ});C - QKi{jKW) — 2N Kyjji);

Rijke = RY)

7



Riccei tensor:
Boo = N (K,O + KN+ N, - NKVE;; — 2NjK"{i>

1. h

, ] ] . 1
Ry = NK;—NK},+R"N/ — —K;joN + K NINF 4 K (NNJ|

~ N+ KNj)

1 1 . .
— N N + NKjkNJNk:Z- — 2K;;KiN",
~ 1 1 1 1
Ry = Rf.? — K0 = 5Ny + KEKij — 2K, K + ~ (K,-kN’ij + Kjk,N’ii) + NKij;kN’ﬂ, (262)
~ 1 g . _ B
B = - (K,O + N — KN — NK”KM> ,
~ 1 :
0
. w1 ‘ . 1 1 , ‘ Nt
R (Kio— KLaN*) - SN+ KK+~ (KN — KEN, ) + ~ (55— Ke) (263)
Scalar curvature:
_ g 2 . y
R=RW 4+ KKV + K? - ~ (Ko = KiN'+ N, (264)
The electric and magnetic parts of conformal tensors based on the normal frame are
Fi—pgio L (B R NFL RN, CKLNE, £ N ik
I T 9N 3,0 J:k gtk AR g g7ttt ok
1 — —i—=k 1 _—k— 1—(h)i
Y S 1
H(n); = H; = UZM |:Kjk:g + Ehjg ([(7;€ — K]:;nm) , (266)

where indices of F;; and H;; are raised and lowered using h;; as the metric.
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ADM equations derived:

GY component of Einstein’s equation gives

— 2 8t
]

Kl = 5Ki=—J. (267)

68 component of Einstein’s equation using Eq. (267) gives
— —ij 2 167G
R =R, K" - 2K+ " E+2A. (268)
c

The trace of Einstein’s equation using Eqs. (267) and (268) gives

1 : 1 . = —=ij 1 o 4nG

—(Kg— K;,N')+ =N"'"—K;; K’ —-K*— E+S)+A=0. 269
A tracefree combination of Einstein’s equation Ré- — %5;-}252, using Eq. (267) gives

L (=i T Atk | T ATk T ATk

= (ij ~ K N+ RN — KN j>

—i 1 P R —hyi  8mG—i

From ﬁ“ff;b = 0 and ibb = 0 we have the energy and momentum conservation equations

1 . 1 ST L i

— (Fg—E;N')—K|(E+=5|—-5"K;;+— (N“J").=0. 271

N<7O ’ ) ( +3) 3+N2( ):z ( )

1 . | 1 | .

= (Jio = JegNT = TN} — Ky + ~EN, + 8L+ N5/ =0. (272)

Equations (248) and (267)-(272) are a complete set of ADM equations.
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Friedmann equations using the ADM formulation:
To background order (268), (269), (271) gives

2 167G
RW = —ZK? 4 2" F 4 24,
3 ct
1 1 4G
Ko, —ZK?_ E+S)+A=0
N ' 3 a (E+S)+ ’
! E K| E+ 15 =
N 37 )
Using Eqs. (37), (43), (48), (244), (247), (248), (246), (252) we have
1 - P hyi ()i h)i i
N = —50 = a, hz’j = Gij — Clz%'j; h' = 97‘7: F( ?7143 =T 7jkn R( )jkE - R(V) jke>
) _ p) it _ L ey 1oy 6K
R =R R h]R GQVJRU _ERW)_ —
/
- - 3 o ~0~
K=h"K;; = —ﬁh”him — —39 — _EH’ E = Tanbna = TO 07970 = 1,

ij L s T ~ e _ o
S =h"S;; = il Ty =3p, Tij = g1} = gika = azmpéf = a’pyij.
Thus
8rG K N Ac?
32 T T2 37

: 4G Ac?
H+ H* = 5 (n+3p)+ —,

3
f+3H (n+p)=0.

H? =
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