Scalar field: (c=1=nh)

Action:

167G

Energy-momentum tensor:

s— | [ : R—%¢’“¢,a—V(¢)] V=gd'z.

1
Tab — ¢,a¢,b — (§¢’C¢,c + V) Gab-

Equation of motion: (V, = a_¢)
gb;cc — V:Cb
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Perturbation:

~

gb(X? t) — gb(t) + 5¢(X7 t)'

Equation of motion:

Background:

g-b'-|—3H(/b—|—V,¢=O.

Perturbation:

6¢+ 3HOp — %&b + Vs = ¢ (k+d) + (2& + 3H¢) a.

Fluid quantities:

1 12 1 12
— 24V p=-d2_V
l'[/ 2¢ _|_ Y p 2¢ )

o= §0¢ — Pa+ V466, bp = ¢dp — ¢Pa— V466,

1. v
(u+po =366, v =0,

- No vector and tensor mode excited.

- no anisotropic stress.
- 0¢ = 0 implies v = 0.

Hij = 0.
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Derivation of (74,75):

(238) gives:

~

RIS ngQg,c;d = QCd (5,@1 - Fidg,e>

" (5,00 - FSO&Z&) + 9" (%g - Ffjcg,e)

" (5,00 - Fgog,o) + 9" (5@ — 0500 — Ff}g,k)
=V3(0) = V3(9) + (V) .00 = V() + Vss06.

Using (37,38) we can derive (73,74)

From (48,237) we have:

. ~ ~ 1 g~ ~ ~ L ooy ~
1) = —p—0u=g"¢.ho— [§gcd¢,6¢,d + V<¢>] = 59" 0000 =V

= L1 20) (64 86) o (64 06) y — V(@) — Vo

2 a?

= 2B~ V(9) 366+ ad? — Vyd

Thus we have p and dp in (75).
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Gauge Issue

e Finstein gravity has spacetime covariance.

e Coordinate invariance — more variables than equations.

= Gauge freedom: freedom to choose some conditions.

“A gauge transformation can be thought of as a coordinate transformation induced
by a change in the correspondence between the physical perturbed spacetime and the
fictitious background spacetime introduced to define the perturbations.”

J. M. Bardeen (1988)
e Spatial gauge freedom: trivial in Friedmann background
e Temporal gauge (hypersurface or slicing) freedom: affect scalar-type mode only

e Exist several fundamental temporal gauge conditions. Except for the synchronous gauge,
the other gauge completely removes the gauge mode — gauge-invariant!

e Fixing gauge — lose no generality.

e Physics is gauge invariant, i.e., does not depend on the gauge condition we choose.
e A known solution in a gauge — all solutions in every gauge.

e Practically, important to take a gauge which suits the problem.

e Usually, we do not know the suitable condition, a priors.
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Gauge transformation:

Transformation between two coordinates z® and z%:
T4 =2 4 £ (x%). (78)
Tensor transformation property between x® and x® spacetimes.

~ o o0z 07~

Ba) = D), wale?) = STE),  twle?) = 5o EualF) (79)
We have, at the same spacetime point:

H(%) = G(1°) — 3£, Tu(2°) = va(2°) — vapE” — g,
/t\ab(aje) — tab(xe) - 2tc(a€C,b) - tab,cgc' (80)

From the gauge transformation property of g.:

AN

/
A=a-(&r+2¢), Bi=Bi-¢,+¢

~ a’ 1
Cij = Cyj — Efogfj’) - 5%j,k€k — " - (81)

Thus, even the Friedmann background (in z coordinate with A = B; = C;; = 0) looks
perturbed in 7% coordinate, and we do not want to confuse such coordinate effects from real
perturbations.
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From the gauge transformation property of 7T:
0fi = 6p— s, 6p=op—p¢, ;=11

Decompose:

1 v (%
& =—¢, &=-¢+€" &, =0

We have

1 —~ —~ .
5ﬁ — 5:“ o /:Lgta 6ﬁ: 5]9 o p€t7 @ = U — _€t7 I = H7 5¢ — 5¢ o qbgtv
a
B = BY 4o, O =) g, =
A -0, 60 =, Y - n

- Scalar-type: affected by &' and &

- Vector-type: affected by fl-(v)

- Tensor-type: gauge-invariant

- \IJZ@) =B 1 aC’Z-(v) is gauge invariant.

l
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Derivation of (80,81,84):

For v,:
) = iy = L8NG 0o ety — (34 €8,) Bila®) + it
= v, (x%) + €b7a@b + Vo, £° =0, (2°) + é’b,avb + V,4.£5,
thus,
V() = va(2°) — va 3" — Ubfbja.
For goo:

Joo(z°) = =@’ (1 + QA) = 900 — 29c(08" 0) — 900,c§°
= —a” (14 2A) — 2g00€" y — goo.0€".

To the background order we have a = a, and the perturbed order:

CL/

EIA_€07O_@£0:A_§O/__£O
a a

1.\ d1 :

— o — (agt) ___ft:@_gt.

a a
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Gauge conditions:
Spatial gauge conditions:

“Since the background 3-space is homogeneous and isotropic, the perturbations in
all physical quantities must in fact be gauge invariant under purely spatial gauge
transformations.”

J. M. Bardeen (1988)

We have two natural spatial gauge fixing conditions:

B-gauge: B=0, B"=0 - £(x,t) x a, S.(U)(x), Remnant gauge mode(89)

]

C-—gauge : v =0, C’Z-(U) — —  £=0, fﬁ(v) =0. Complete gauge fixing(90)

]

The C-gauge (Ci; = ¢vi; + C.@) removes spatial gauge modes completely.

ij
The B-gauge (B; = 0) fails to fix the spatial completely = remaining gauge modes; for 5 we
consider a situation where the temporal gauge condition already completely removed &°.

To the linear-order, the variables y = a(8+ a7) and \I/Z@ = BZ-(U) + aC’i(U) are natural and unique
spatially gauge-invariant combinations.

In the C-gauge we have y = a8 and \Ilgv) = BZ.(U).
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Temporal gauge conditions:

Temporal gauge condition fixes &,
We can impose any one of the following temporal gauge conditions to be valid at any spacetime
point:

synchronous gauge: a=0 — ¢'(x) Remnant gauge mode
comoving gauge: v=0 — =0
zero-shear gauge: Y =0 — =0
uniform-expansion gauge: k=10 — & =0
uniform-curvature gauge: 0=0 — & =0
uniform-density gauge: ou=0 — =0
uniform-pressure gauge: dp=0 — & =0
uniform-field gauge: do=0 — & =0

Except for the synchronous gauge condition, each of the other temporal gauge fixing conditions
completely removes the temporal gauge mode.
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Introduce systematic notations for gauge-invariant combinations:

=p—HX=9p—H -~ H(x—¢&) =9 Hx =y, (91)
Gauge-invariance means its values is independent of coordinate. We have:

px = — Hx = ¢ly=0, (92)

thus, ¢, is the same as ¢ variable in the zero-shear gauge where we set x = 0 as the hypersurface
condition, and wvice versa.

Temporally gauge-invariant combinations:

. 1
Oph = O — fiav, oy =@ —Hx, v =v-——X,

H H
oy = —aHv, 5= — EM = —g&% - (93)

These are completely (i.e., both spatially and temporally) gauge-invariant.

“Many gauge-invariant combinations of these scalars can be constructed, but for the
most part they have no physical meaning independent of a particular time gauge, or
hypersurface condition.”

J. M. Bardeen (1988)

33



Gauge strategy:

e There exist several (in fact, infinite number of) hypersurface (slicing or temporal gauge)
conditions available, and all of which have corresponding gauge-invariant counterpart. For
example, for o we have:

5:“’07 5,[1’907 5:“/%7 6:“)(7 5”5# = 07 R (94)

“While a useful tool, gauge-invariance in itself does not remove all ambiguity in phys-
ical interpretation, ...”

J. M. Bardeen (1988)

e Often, mixed usage of different gauge invariant combinations is useful.
e Use the available temporal gauge conditions as the advantage.

“The moral is that one should work in the gauge that is mathematically most conve-
nient for the problem at hand.”

J. M. Bardeen (1988)

e Start without fixing the temporal gauge condition.
e Design equations for easy implentation of gauge conditions.

To the nonlinear order, see section VI of [37].
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Hydrodynamic Perturbations
From (57,58), (58,61,62), (60,62), (59,62), (58), (60) and (56,58,60) we can derive (Bardeen 1980):

A+ 3K
a2 Px = _47TG5MUJ (95)
. A+ 3K
Oty + 3HOp, = " la(p +p)vy, + 2HII], (96)
1 0Py 2A+3K 11
' Hyo, = = - 97
vy + Huv, a(ax+u+p+3 = ,LH‘P) (97)
1 A+3K 2 : A
oo+ 2H ey = AT G2, Spe+ 2 (30 + = )11 . 08
o+ 2Hky = dnGop, + [p 3( +a2>] (98)
A+ 3K
Ky = —; Uy, (99)
oy + o, = —8mGII, (100)
oy + Hpy, = —47G(pn + p)av, — 8nGHIL. (101)

(95) ~ Poisson’s equation
(96) ~ Mass conservation (Continuity) equation
(97), (98) ~ Momentum conservation (Euler) equation

Newtonian Correspondence: §u,, ., v, (k) ~ do, 5P, u.
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Derivation of (96,99):

(61) in the comoving gauge gives:
Oty + 3H (O + 0py) = (4 p) (ky — 3Hav,) .

(58) in the comoving gauge gives

A+ 3K A+ 3K A+ 3K
- Xv = —"">5 — =

Ky =
a? a

02
This gives (99).
(62) in the comoving gauge gives

1 2A+ 3K
a, = —— | Opy + —+—H :
3  a?

Combing these equations give (96).
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Density fluctuation:
From (95-97) we can derive (c

2="L and w = Z) (Nariai 1969; Bardeen 1980):
S i M

. : A

oy + (2432 —6w)HS, + | — 2= — 4nGu(1 — 6¢% + 8w — 3w?
S 5 2 S

K

a2

+12(w — )= + (3¢? — 5w)A] d, = stresses. (105)

This can be written in a compact form for general K, A, and p(u) [17]:

1 H? 3 1 A

W ¢ Mév — =6, = stresses. (106)

a*H |a(p+p) \ H a’

In super-sound-horizon scale without stresses we have a general solution:
H “a(p +p)

C' and d: relatively growing and decaying solutions in expanding phase.
Newtonian: (w = 0)

. T A
O +2H8 + | — vl —47TGQ]5: 0. (108)

Incorrect one in the synchronous gauge (o = 0) [24] (for w = const., K =0 = A):

) . A
6 +2H) + | — 2= — 4nGu(1 + w)(1 + 3w)

> 5§ =0. (109)

Weinberg (72), Peebles (93), Coles-Lucchin (95,02), Moss (96), Padmanabhan (96), Longair (98), Peacock (99), ...

37



Curvature fluctuations:
For K = 0, we can show (next page):

B H? ( a ) o I1
T G ut pa \H X p+p
_ HCEA H N QAH
v — - cT 35 )
v 47TG(,LL—|-]?>CL2¢X w4 p 3 a?
where 6p = 2ou + e.
Ideal fluid:
We have e = 0 =11, thus
B H? (a ) . Hch
Po = drG(pu+p)a HYY) o T 4G (1 +p)a2gpx'

Scalar field: .
We have (next page) e = —i;—?;c%gpx and II = 0, thus,

HA

H? a
Pov = (
4rG(p+p)a

Thus, in the case of a field, simply set ¢ — 1.
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Derivation of (110,111):

We have:
v =p—aHv=¢, —aHv, = o, + H 8rGHII
po = —alv=p—allv = o+ mar—5 (b + Hoy + 87GHLD
H? a ' I1
= — +2H*—— 114
1nG(p+ pla (H*OX) [+ p (114)
where we used (101) and background equation with K = 0.
We have:
. . o . H
Oy = (p —aHv) = (¢, —aHv,) =, —aH |0, + H—i—ﬁ Uy | - (115)

Using (95,100,97,101) we can show (111).
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Derivation of (113):
A minimally coupled scalar field can be regarded as a fluid with the fluid quantities in (75):

1'2 1 ‘2
M 2¢ _|_ Y p 2¢ Y

Siu = 356 — P+ V86, 0p=dbd— Fa— Ve, (ntp)v= 066,

IT = 0.
We have
Lo .
: sp° =V -V
14 p= ¢ wzgzﬁ—, cﬁz]ﬁ:? @ (116)
pooo50*+V Lo+ Vy
Using the gauge-invariance of e we have:
- 1—cA
e=0p—cou=(1-c) (=9 asy) = (1 —¢3) dpsy = — 0 2Px (117)
In the last step we used 054 = dpt, and (95).
Thus, egs. (110,111) give :
H? a HA
= 20, oy = . 118
T G+ pla (H“OX) T G+ p)ad (118)

which is (113).
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Equations in two gauges:
In an ideal fluid (110,111) give:

H? a : , HCEA
Pov = ( > y  Pu

4G+ p)a \HY T 1nG(u+pla
Combining these (Field-Shepley 1968; Lukash 1980; Mukhanov 1985, 1988):

Hzc (:LL + p) | 2 A Hcs " Z// 2
)ag [ H2 2 SDU o CS?SO'U — CLBW v — ? _i_CSA VI = 0’

2 Px

,LL—l—p ) ZA VD | (1/2)” 2
— =, = ——— — A =0
[ M+p HSOX ] CSaQSOX CL2 U 1/Z +C$ U ,
where
1la a/u+p _
V= 29y, U= Eﬁgpx, CeZ = T = z.

Large-scale solutions:

k2 ["dn
ArG 22’

H [ H
Oy = 47TGC—/ Z2dn + d—.
a a

In the case of a field, simply set ¢? — 1.
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Exact solutions (K = 0 = A w =constant) [37]:

2
a o< t3(1+w o 771+3w aHn = w0’ (124)
thus z o< Z < a, and
2 21-3w)1  (1/2)"  6(1+w) 1
z — A - (125)
s (14+3w?n2  (1/2) (14 3w)??
Thus
v J,(x Y, (x
o= 2= i) 4D ¢ oy (126)
3(1 + w) Jy(x) Yi(z)
Ox = Vi Tpu= 130 (Cl(/f) 7 + ca(k) ) (127)
where
3(1—w)  _ 5+ 3w
—cklnl, v=2—o" W == 2T 128
v=cknl v=or ey YRV S (128)
(95) gives
(1 + 3w)”
by = 6—wx2gpx. (129)
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In the large-scale limit (z < 1) we have

oy o C, da=2017),

p, x C, da= 2", (130)

_3(1— 2(1+3w) _l-w _3(1—w)
0y OX Ca1+3w, da= 27" & O30 , dtT e 0772, dn~ 53w,

The well known solutions in the matter (w = 0) and radiation (w = 1) eras:
mde : 9§, x Ca, da? o Ctg, dt ! oc On?, dn?,
rde: 6, x Ca?, da ! x Ct, dt 2 o Cn?, dn'. (131)

If we consider only the C-mode which is the relatively growing-mode in an expanding phase:

(X, 1) = (;(X)B, (132)
+ ow
gpx(x, t) = 3 SwC(X). (133)

C(x):
- Integration constant of the growing mode.
- Characterizes the large scale evolution.
- Encodes the spatial structure which is preserved.
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Comparison with other notations:

Q= D4 Bardeen (1980)

P Mukhanov et al (1992)
Oy = Oy Bardeen (1980)

—v Mukhanov et al (1992)
Oy = Om Bardeen (1980)

R Liddle and Lyth (2000)
ws = C Bardeen (1988)

“The advantages of &y and &4 as variables are the advantages of working in the
zero-shear gauge, no more and no less, which ... are not overwhelming.”

J. M. Bardeen (1988)
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Minimally coupled scalar field

In the uniform-curvature gauge ¢ = 0 (thus d¢ = d¢,, etc), assuming K = 0, (74) give:

A

5, + 3HS¢, + [ — = le Sy = & (ky + ) + (2¢ + 3H¢> Q.

NV
from metric fluctuation

(56,58,75), (57,75) give:

TG
Q — 4—¢5¢g07
G
Ky = 42 (@5% i ¢5¢¢ + V¢6¢¢> .

Combining these:

0p, + 3HOp, + = =

WV
from metric fluctuation

A H H ¢
2 + Vgpt+2— <3H — =+ 2§>J 0¢p = 0.

A
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Compared with quantum field in curved space:
Equation: [13]

. : A H H _¢
0, +3Hop, + | — o + Vo —|—2E <3H T + 2¢)} d0¢, = 0, (138)
h without r?(etric pert. A from metri;:,ﬂuctuation
. A
¢+3Hp— —¢+Vy=0. <« quantum field in curved space (139)
A\ CI/ 7
Exponential a o< ef’f, or Power-law a o< t? expansions:
. A
00, +3HOop, — gégbgp =0 & QFCS! (140)
Compact form:
H |3 (H. \'| A

Large-scale general solution:

H b H?
= ——00,=C(x)— D(x —dt .
Vs ¢¢90 () \()oa3¢21

transient

(142)
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Quantum Generation: (Mukhanov 1988; [13])

Action:

— ! _1 a — —ad?
s— [ |iog - 5000 - Vo) v=ae

Perturbed action: (Mukhanov 1988)

1

628 = 5 / a3{5q539 — %5%7@'5% + % [a3 (%) ] .5¢i}dtd3x.

Semiclassical decomposition:

(1) = 6(t) + 6d(x.t), 5,=69- L5

Mode expansion:

N dgk ~ ikx |, =t * —ik-x
0p,(x,1) = [ak&bk(t)e + @, 00 (t)e } :
G, a] =0, [al,al] =0, [aka] =0k —K).

Mode evolution equation:

5
H H ;

) . k2 b4 H
0ok + 3HIQK + [? + Ve + 2—(3H — — + Qg)]&bk = 0.
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Equal-time commutation relation:

Bo(x,1),67(x, 1)] = i8*(x — x), 6m = IL)(80d) = a6,
Sidon = ia >,

SOy —

Power spectrum: (Vacuum expectation vs. Spatial average)

,P(S(E(k: t)

3

27r

/<5gb(x+ r t)5¢(x ) yace KT dPr =

where (). = (vac||vac) with ax|vac) = 0 for every k.

k?) —ik-r 73
Piolk,t) = 5 / (56(x + 1. 1)06(x.£) e T dr —

where (
Ansatz:

x= [ [dz] [ Px; P = £ P, Ps = |6,

735(;(/{, t) & 735(;5(/6, t).

Spectral index:

ns—l
Py, < k :

where ¢, =

Pop =

2
H H
_g&b@v thus Py, = Py, = |E’ Pso,

48

3 2
52 100k (t)]"

3
5.2 5ok, t)]7,

(148)
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(150)

(151)

(152)



Inflationary Spectra

Exponential expansion: [13]

Background: a = agefftt) H = constant, ¢ = 0, V = constant.

Equation:

. R
5+ 3HOdi + 061 = 0.

Solution:

0n(t) = L Fl2 [y (R HY (o) + eoR) B k)|,

2
ea(R)|* — |ea(R)[* = 1.

Large-scale power spectra:

2
1/2 o H o ne—1
P@w(k?t) = 2?‘&‘ co(k) —er(k)| o KM
Y2 (i ) = VIGrG lz‘c (k) — cn (k)|
) )= 2\ 2 r !

Bunch-Davies (adiabatic) vacuum:
(k) =1, c(k)=0.

Simple vacuum choice = ng~1, npy~0.
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Power-law expansion: [13]
3+3w)

Background with a oc #%/( o t? with w = constant [31]

I—w)  _ Joaraitw)s 1
V — e ™ w s = hl t
(@) 127G(1 + w)? ¢ 67G (1 + w)

We have

H H ¢\  HJ5(o\T _
V¢¢+2ﬁ(3ﬂ—ﬁ+2g)——@[a (ﬁ)l =0.

Equation:

. . k2
Ok + 3Hopy + ﬁfwk =0,

Solution:

3(w—1)

(158)

(159)

(160)

3p—1

0u(t) = ~ Y0 ey (W) HD (k) + cx(K)H (k)] . v =
e (B)P — fea(h)? = 1

Large scale limit with simple vacuum choice (co =1, ¢; = 0):

3/2—v
1/2 - I'(v) k|n| ng—1
Péq?@(k,t) = laly ( 5 o< k"

23w+ 1)

v—3/2
2 Vigrad Tw) p—1( 2 T
Peo e =V mmmy ) >

For largep = ng~1, npr~0.
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Slow-roll inflation: [23]
i ¢
Slow-roll parameters: €1 = 7, €2 = 7%
For ¢, = 0 and |¢;| < 1: [39]
Power-spectra: (v1 =g +1In2 -2 = -0.729...)

2

120 H B -
Pso|rg 27T’g.b‘{1+€1+ [’Yl—l—lll <k|77m(2€1 62)} x k :
—H
7)}\/@2) s = 167TG§{1 + €1 -+ [’yl + In (k‘n’)} 61} X ]{TLT.

Spectral indices:

o1 OInPeo
nsg—1= 8?;/::%:2(261_62)’ nTE—C_

Classical spectra:
For Harrison-Zel’dovich (ng — 1 = 0 = ny) spectra with K =0 = A:

(@) = (@) + (@)1 = 2Py + TT4Z =P
Thus

ro = (a3)7/(a3)s = 13.8|e1| = 6.9n7.

o1

(164)

(165)

(166)

(167)

(168)



Gravitational wave: [ig
For K = 0 we have:

1 SO0 I S .
0*Sw = / a’ (C(“.C(W _ —O“)j,kc(t)@’“) dtd*z. (169)

167G J L2

We consider Hilbert space operator @(;)

3 3
A1) B d°k () d’k 2 : ik-x ~ (0
OZ] (X, t) = / (27‘(‘)3/20 (X t k) /W £ & hgk(t)@gkeij (k) —|—hC )

and expand |2[:

[Grte, G = 0000 (k — K'),  zero otherwise, (170)
where ¢ = 4+, X; egj) and el(.jx ) are bases of plus (+) and cross (x) polarization states with

e!l) (k)e")i (k) = 26,p. Using

]

hg(X, t) = 5/ (27‘(‘)3/2 C;Jt) (X, t; k)e(@ j(k) = /(271_—)3/2 [6 k hgk(t)agk + h.c.|, (171)

(169) becomes
52Saw = %/ Z (hg - —h *hy k) dtd®z. (172)

The equation of motion becomes (v, = Zghg and z, = a):

B B A~ 1 zg
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Equal time commutation relation:

AN

() hit) — () halt) = 4nG.

For z)//zy = ng/n* with n, = constant (173) has an exact solution:

pactn) = L2 (e (R HED Hlal) + ) B (ki | VARG, v, =

oo (k)|* = Jea (k)] = 1.

Power spectrum:

k3 .
Pa ) (k,t) = ) /<C(B)(X+ r, 1) CD(x, 1)) aee KT dr,

with ax|vac) = 0 for all k. We can show

P (k QZPA (k, 1) —222 Q}hgk

he(x, 1), he(x', £)] = AnG8(x —X), R, (x,t) = 0L )Ohy =

(174)

(175)

(176)

(177)

Each hg in Eq. (172) can be corresponded to a minimally coupled scalar field without potential

with a normalization hg VarG gb Assuming equal contributions from each polarization:

731/(?)_ 1/2 \/ﬁl/2
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Planck 2018 results. X. Constraints on inflation

Tensor-to-scalar ratio (70.002)
0.10 0.15

0.05

0.00

C
0’70(9
Lo

I

TT,TE,EE4lowE+lensing
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for n and r at k = 0.002 Mpc™! from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint

68 % and 95 % CL regions assume dng/dInk = 0. (Starobinsky 1980) to lowest order,

Starobinsky, A. A.,1980, Phys. Lett., B91, 99 2 12
Starobinsky, A.,1983, Sov. Astron. Lett., 9, 302 ng—l=-=, r=~— (48)
Mukhanov, V. F. & Chibisov, G., 1981, JETP Lett., 33, 532



Best-fit Inflation models
R*-inflation suggested by Starobinsky (1980)

1 R?
/= 87G (R+ 6M2) ’

Conformal transformation to Einstein frame gives a scalar field with potential [15, 20]
2
vV — 3M (1 B e—\/167rG/3q§>2.
327G

For vVG¢ > 1 we have slow-roll inflation.
We have

le d (bk’
Ny =1In(ac/ay) = Hdt = H—¢ ld(b,

ik Pk @ Pe V:¢
where we used the slow-roll conditions in ‘~’ sign:

2 8rG

In the slow-roll stage we have [20]

1 [3 H H 3 _ ¢ 1 3

FETIVEGY YTEET TN TRy TN TNy
Spectral indices are [20]
2 9 3
— 1 ~2(2¢ — ~—— — ~ 26 ~ ———.
ns (261 — €9) N, 2ng7 nr €1 2ng
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1 - S1(; .. . .
= (3 +v) I c 7; V%3H¢+V¢:O = 3H¢+V,=0.

(282)

(283)

(284)

(285)

(286)

(287)



Amplitudes become [20]

G
pL/2 1/2
P2 ~ 27r<z5 s MNk P = 167TG— ,/ M, (288)
thus,
3

Invariance of s, and CZ.(;)

under the conformal transformation is proved in [15].
Thus, there exist huge number of Starobinsky’s inflation possible with different appearances in

gravity (e.g., Higg’s inflation based on non-minimally coupled scalar field) [15].
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CMB Anisotropies:

Large angular scale (6 > 1°):
Superhorizon scale at recombination.
Photon geodesic equation [27, 38] (Sachs-Wolfe 1967)

Kk =0 = Kk, (179)
TO (k:“ua)O

_ , 180
TE (kbub)E ( )

Reflect the initial conditions = Window to the early universe, inflation.
Small angular scale (0 < 1°):

Subhorizon scale at recombination.

Boltzmann equation [30]:

ﬁ_ aaf e bcaf_

dA—p%ﬂ—bwpmﬂ—Cm,
V- dS 123
Top = ’ng’p Pabvf
F-Feap, L1l (151
a T 4 [Ferdg

Polarizations (f;;7 = I,Q,U, V) are important as well.
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Sachs-Wolfe effect:

Introduce the photon four-velocity (indices of e’ and de’ are raised and lowered by Yij):

1 : v, . .
V== k'= —— (€ 9 -
a(l/—|—5y), a(e + de') ;
ko = —av (1 —+ 5—V +2A — Bzez) , ki =—av (62' + de; + B; + 2C’ijej) . (182)
%
We have
d Ox* 0 " ; ov ;
X = NG =k 8a <(9() — € ({9 + 80 de 82) . (183)
Thus,
d
184
Gy =, (184)

is a derivative along the background photon four-velocity.
The null and geodesic equations give:

| | 5 | .
Kk, = U? [elei —1+2 (e’éei %Yy + Bje' + C’ijezej> ] =0, (185)
v
2 / ) / /6 5 /
Rk =2 [W) + (—”) +252 - el 9= clge; + A — 2= A
a?| av v v v v

/
+ (BU + 0l 422 OZJ> 9 (A,i _ ﬁBZ) el =o. (186)

a
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To the background order:

ele;=1, voca (187)
Using eqs. (184,185), eq. (186) becomes
d (v ; y
dy (7 " A) = Age' — (By; + Cjj) e'e. (188)
Thus
5 v
R T (159
v E
E

where the integral is along the ray’s null-geodesic path from E the emitted event at the inter-
section of the ray and the last scattering surface to O the observed event here and now.

The temperatures of the CMB at two different points (O and E) along a single null-geodesic
ray in a given observational direction are [27, 3§]

To 1 (k"@)o

T 1+2  (kbay)g

where u, at O and F are the local four-velocities of the observer and the emitter, respectively.
Using eqs. (47,182) we have

(190)

~

) ,
k', = —v (1 + 2 A+ viel) : (191)
%
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Thus

0T
T
0

6T

T

+ v;€e’
E

o) 0 . o
+ / [A,Z-eZ — (BZ-U + C’Z(j) ezej] dy.
L E

The most general expressions: [18§]

5T| 0T’ i0+/0 /+ i 1 1,7 d
B — - — — Oél'e—_ Z"ee
Tlo TIE E 5 14 ’ el Y

+uv; e —/ v jezejdy—/ C:e'eldy.

o 5 il P ]

— V€

~

0T |o is gauge independent as it is a difference between different directions.

For the scalar-type:

O
5%|0 - 5_? B Uy Z i ax‘E +/E (=)' dy.
In matter dominated era with K = 0 = A, in the large angular scale:
0T 1
?|O - _§¢X|E'
Angular anisotropies:
oT oy 5
(e xp) = > am(xr)Yin(e), (a7) = {Jam(xn)[*)x-
Im

o7

(192)

(193)

(194)

(195)

(196)



For K =0 = A, in matter dominated era (Abbott-Wise 1984; Starobinsky 1985 in [1]):

2
(a?)g ‘/ P, (k)ji(kx)dInk, x=-—, (197)
Hy

O3 (1 + 3 2 " gy (kn) ji(kno — k .
(at)r = = Iél]; ]ﬁ P (k) | = Jalhn) jikoio = k) gy, (198)

o kno (kno — kn)?
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Cosmological Perturbations: Summary

Methods:
e Relativistic:
1. Einstein equations (Lifshitz 1946)
2. Covariant equations (1 + 3, u,; Hawking 1966)
3. ADM equations (3 + 1, n,; Bardeen 1980)
4. Action formulation (Lukash 1980; Mukhanov 1988)

e Newtonian:
1. Hydrodynamic equations (Bonner 1957)

Three perturbation types:
1. Scalar-type: density fluctuations
2. Vector-type: rotation
3. Tensor-type: gravitational wave
To linear-order, decouple in Friedmann background

Classical Evolution:
1. Scalar-type: conserved amplitude in super-sound-horizon scale

2. Rotation: angular momentum conservation
3. Gravitational wave: conserved amplitude in super-horizon scale
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Perturbed action: (Lukash 1980; Mukhanov 1988)

1 . 1
20 3 2 2 A 3
5 S—§/a Q <<I> — 0 cbﬂ) dtdz,

where
o =, Q = C’é};@ 4 — ¢ (fluid)
=g Q=4 A -1 (field
o=Cl Q=54 H&—1  (GW)

Yy = ¢ — aHv and ps54 = @ — %6@5: gauge-invariant combinations.

% Generalized gravity theories as well!

Equation of motion (Field-Shepley 1968) v = z® and z = a+/Q):

. . A 1 1/
! (a?’QCI)) — 0124?@ = — [v" — (% + ciA) v] = 0.

a3() az

Large-scale solution:

dt

d(x,t) = C(x) — D(X)/O 30
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Generalized f(¢, R) gravity:

1

L= (6, R) — 50(0)6" 9 — V() + Lo

2

Special cases: (F =

)

SIS

Minimally coupled scalar field

Nonminimally coupled scalar field

Brans-Dicke theory

Generalizes scalar-tensor theory
Induced gravity

R? gravity

F(¢)R gravity

f(R) gravity
Low-energy string theory

I —

I —

R =100, = V(9)
3 (K72 —£0%) R— 5000 — V(9)
OR — w2

Conformally equivalent to Einstein’s theory [11, 15, 21].
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Unified Analyses in Generalized f(¢, R) gravity: [23]

S= [ a3 | 316 R - (936~ V()]

Action 528 =1 [a3Q (cb? _ éqﬂ@ﬂ-) dtdz
i , _ _ w¢P+3F?/2F
Scalar-type: D = sy, Q —(H+F/2F)2
Tensor-type: d = C(t);.’ () = F «——— Dr. Nishizawa, yesterday
Equation a%(a?’QCi)) AP =0
Large scale = C(x) — D(x) f (a3Q)~tdt
Quantization  [B(x,t), D(x',1)] = H50°(x — X
Mode func. For ay/Q < n? (include many inflation models)

Ou(n) = X5 |er () H (k) + (k) HP (k)
cv=1—q |a®]-la®k)P =1

e Unified analysis allows us to handle transitions among gravity theories.
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More generalized Gravity Theories

1. Generalized f(¢, R) gravity: [14, 15, 23]

Szfllf(ab R) - 20(6)0"0, — V(&) + L

~

2. Tachyonic generalization: [22] X =

s—/[%wfum+L]VfW4

3. String corrections: [19]

~

DO —

Lig = &(9)|e1 (R Rupea — AR Roy + )
+2GM 00 + 307,876 + ea(970.)?).

4. String axion coupling: [19]

1 aoc €
L@::gV@QUbdRmLU%@ﬂ

We can always derive a unified form: [23]

1 . 1
20 _ 3 2 2 . 3
5S_§/aQQD—%$¢QOﬁdx
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