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Observations (Four Pillars +a)

Large-scale structure and 3D power spectrum
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CMB Spectrum
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Planck (2013)

Redshifted sky of 0.38Myr after the Big Bang
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https://www.cosmos.esa.int/web/planck



Statistical analysis of the
quctuatlons
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PERTURBATIONS OF A COSMOLOGICAL MODEL AND ANGULAR
VARIATIONS OF THE MICROWAVE BACKGROUND

R. K. Sacus AND A. M. WOLFE
Relativity Center, The University of Texas, Austin, Texas

Received May 13, 1966 )
Covariant

or 1+ 3 formulation

First, [the linear perturbations are so surprisingly simple that a perturbation analysis
accurate to second order may be feasiblei)using the methods of Hawking (1966). One
could then judge the domain of validity of the linear treatment and{ more important,
gain some insight into the non-linear effects. Second, it would be desirable to describe

fully nonlinear and exact ADM (Arnowitt-Deser-Misner)
or 3+1 formulation

Do we need such a heavy formulation in cosmology?

Sachs and Wolfe, ApJ 147 (1967) 73
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History

e Background: spatially homogeneous and isotropic world model

— Static world model (Einstein 1917)
— Relativistic (Friedmann 1922)
— Newtonian (Milne 1933)

e Structures: general linear perturbations

— Relativistic (Lifshitz 1946)
— Newtonian (Bonnor 1957)
— CMB anisotropy (Sachs-Wolfe 1967)



Gravitation:

e Newton's gravity

— Non-relativistic (no c)

— Action at a distance, violates causality

— No strong pressure, stress and gravity allowed
— No horizon

— No gravitational wave

— Incomplete and inconsistent in cosmology

— ¢ — oo limit of Einstein’s gravity
e Einstein’s gravity

— Relativistic gravity, Simplest
— Strong gravity

e Generalized gravity

— Quantum corrections

— Low energy limit of unified theories (e.g., string theory)



Methods:

e Newtonian:

— Hydrodynamic equations
— N-body method

e Relativistic:

— Finstein’s equation (Lifshitz 1946)

— Covariant equations (1 + 3, fluid-like, u,; Hawking 1966)

— ADM equations (3 + 1, normal hypersurfaces n,; Bardeen 1980, 1988)
— Action (Lukash 1980; Mukhanov 1988)

e Energy-momentum content:

— Hydrodynamic fluids
— Scalar fields

Recommend:

e J.M. Bardeen, Phys. Rev. D 22, 1882 (1980).

e J.M. Bardeen, Particle Physics and Cosmology, edited by L. Fang and A. Zee (Gordon and
Breach, London, 1988), pl.

e H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984).



Three modes:

1. Scalar-type: Density condensation
2. Vector-type: Rotation

3. Tensor-type: Gravitational wave
e Decouple to the linear-order in spatially homogeneous-isotropic background.

— In anisotropic background world model (e.g., Bianchi type I) the non-vanishing shear
in the background will couple all three-types of perturbations.

— To the second order in perturbations the linear order perturbations of all three-types
will source (thus, couple) three-types of perturbation in the second order.



Classical Evolution:

1. Density condensation (Scalar-type): curvature variables in some gauges remain constant
in super-sound-horizon scale

2. Rotation (Vector-type): angular momentum conservation
3. Gravitational waves (Tensor-type): amplitude remains constant in super-horizon scale
e (Scalar, Vector): independently of horizon crossing.

e (Scalar, Vector, Tensor): independently of changing equation of state, changing potential,
changing gravity theories.

Three stages:

1. Quantum generation (quantum fluctuations become macroscopic by inflation)
2. Classical evolution (super-sound-horizon, linear, remains constant)

3. Nonlinear evolution (far inside horizon, Newtonian simulation)



Einstein’s equation

Action:

4
C
S /L%G(R )+ L | V=gd'z,

where g = det(gq) and d(v/—9gLy,) = % —gT%5q,.
Einstein’s equation:

G
A

Gap = Top — Agap.

Energy-momentum conservation:

Latin indices a, b, ¢, - - - = spacetime; another latin indices i, 7, k, - - - = space.
Signature convention: (—1,+1,+1,+1).
Curvature convention (Hawking-Ellis 1973):

abe?

a P a a e a e a
Reyqd = Uhae — Thea + Tpalce — T

¢ der

_ d
Ug;be — Ugyeh = udR

1
Ry = R° R=R;, Gu=LRy— §Rgaba

ach’

1
be = §gad (Gbd.c + Gach — Goe.d) -



The energy-momentum tensor is decomposed into fluid quantities based on the time-like four-
vector field u® as (Ehlers 1961, Ellis 1972, 1973)

Tab = HUUsUp +p (gab + uaub) + qaUy + QU + Tap, (6)
with
uCLQa =0= uaﬂ-aba Tab = Tba, ﬂ_g = 0. (7>

1= oc?), p, q, and Ty the energy density, the isotropic pressure (including the entropic one),

the energy flux and the anisotropic pressure (stress) based on time-like u,-frame (uu, = —1),
respectively. We have
— a,, b — 1 ab — cyd — cpd
M = Tabu u-, P = gTabh ’ 4o = —1LcqU haa Tab = Tcdhahb - phab: (8)

where hgy = gap + Ugtp is the projection tensor with hgu’ = 0 and he = 3.

Without losing any generality, we take the energy frame setting ¢, = 0.
Another choice is the normal frame setting u, = n, with n, = 0 but ¢, # 0.



Newtonian Cosmological Perturbations

Hydrodynamic equations:

Continuity (mass conservation), Euler (momentum conservation), and Poisson’s equations:

o0+ V- (ov) =0,

1
4V Vv = —Vp- Vo,
V20 = 47Gy.

Uniform background:

Let v = Hr where H = ¢ is the Hubble parameter and a(t) is the cosmic scale factor.

(9-11) give:

From these we have

G 2F
2 _
H = 3 o+ a?’

where E' is an integration constant.

(10)
(11)



Perturbations:

Introduce perturbations:

0o=0+60=0(1+6), p=p+dp, v=Hr+u, &=0o+5P.

Perturbed parts of (9-11) give:

0
—do+ Hr -Véo+3Hdop+ oV -u+ V- (dpu) =0,

Ot
2u—l—Hr-Vu—kHu—i—u-Vu:—_V(Sp
ot 0+ dp

V25® = 4nGép.

— Voo,

Introduce the comoving coordinate x
r = a(t)x,

thus

a
_ 9
r Ot

— Hx - Vi.

X

0 0
X+(a£‘)‘v’<a

(21)



Neglecting the subindex x, we have

.1 1
5+5V-u:—av-(6u), (22)
1 1 1
1'1—1—Hu—|——V5<I>:——_V—5p——u-Vu, (23)
a apl+0 «a
1
?VQ&D = 471G 0. (24)
We introduce
1 1
=_V.u &d=-Vxu (25)
a a
By applying %V- and %Vx on (23) we have:
: 1 Vop 1
: 1 (V) xVop 1
W+ 2HW = - = . Vu). 2
4+ 25 (1797 aQV X (u-Vu) (27)
Combining (22,24,26)
. : B 1 V - op 1 o1

(22-28) are valid to fully nonlinear order.

10



To the linear order, using dp = v2dp (v, is the adiabatic sound velocity)

. . A
54 2H6 — <47TG§—|— V'S )5:0. (29)
—— a
gravity ~~
pressure
Expanding in a Fourier series § oc e’** where k is the comoving wave-vector with A = —k?,

Jeans criteria (gravity balanced by the pressure gradient) becomes

2Ta 7
AJ = —— = Ugy | =—. 30
J k G@ ( )
A>A;  —  gravity wins —  grow + decay

A< Ay — pressure gradient wins —  oscillate

11



Perturbed World Model

Background metric:

Spatially homogeneous and isotropic Robertson-Walker metric:

ds* = a° [—dnz + %jda:idscj} :

n = conformal time, cdt = adn, a(n) = cosmic scale factor.

Several representations:

o dr?
vijdx'dx! = ; TK s+ 7 (d«92 + sin? ngbQ)
— Kr

1 i .
= dy* + [\/_F sin (\/fxﬂ (d92 + sin? ngbQ)

1
= dx® + dy* + dz?) ,
(1+iK?2)2( )
with
TEL TE\/QZQ—F:UZ"‘ZQ XE/T dr .
14 K7 ’ V1-—Kr?

Three cases depending on the sign of the spatial curvature, K.

12
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Perturbed metric:

Introduce perturbations:

ds® = —a® (1 + 24) dn* — 2a° Bydndx' + a* (v;; + 2C;;) da'da’. (34)
Decomposition:

A=aq,

B =4+ B,

Cij = @Vij + v + C((ZUI;) + G 7 (35)

Indices of B; and Cj; are raised and lowered using -;;, and the vertical bar is a covariant

derivative based on +;; (or gg’)); Xij) = 35(Xi5 + Xj0).

Scalar-type: a, 5, v, © 4 (2)
Vector-type: BZ( ), C(v) transverse B )‘ =0=C" >Z|Z. 4 (2)
Tensor-type: C;; (¥ transverse-tracefree O™ i = 0= C(WZ 2

(Scalar, Vector, Tensor) perturbations have (4, 4, 2) independent components; (2, 2, 0) com-
ponents are affected by the coordinate transformation.

Linear perturbation assumes all perturbation variables are small. Thus, ignore all nonlinear-
order combination of perturbation variables.

13



Connection and curvature:

Metric:
goo = —a* (1+24), goi = —a’By, gij = a® (vij + 2Cy) .

Inverse metric:
9" = —;—2 (1-24), ¢"= —a—gB", 9" = % (V7 —207) = g =6
Connections:
oo = %/ +A, TIg=A4,;- %/Bi, bo=A"— BY — %/Bi,
P?j = %/%'j — 2%/%'3'14 + B +Ci; + Z%Cij,
0 = %/53‘ + % (Bj“ - B |j> +Cf, Ty =T+ %/WBi + 20 — "

Time derivative convention:

. 0A ,  O0A _
A:E, A = o cdt = adn.

14



Curvatures:

a\’
R0 =0, ROOOi = <_> B;, ROOz’j =0,

a

AN / AN / / I\
o _ (LN _|% 4 a 3 ;o a n @ @\
Ri05 = (Z) Vij — [EA + 2 (;) A} Vi — Ay + By + EB(z‘Ij) + O + ECij +2 <E) Cij,
a 1

0 _
Rk = 2 Ak = Bign + 5(Bijig = Bjlik) = 250

i a’ /i a |i 1 i iy 1ld i i i @
R00j2<_) 5= gAG - A5 (B +B) 45T (B By + 0+ 20

a N 2
i i i T s
Rigje = 20 A 0 = By + By =2 (g) 913 B — 20
; a . . a\’ ; a 2 ; ; 1 |4 ’
R jop = — (vpA" = 03 A,) + (E> VKB’ = (g> (5" = 0i5;) = 3 (B - |~7)

i i a'\? i i

!
" +Ck|5 —C ‘

1a ~ , , : . .
5 {%’f (Bkl + BZk) — Vjk (Be|2 + BZM) + 201 Bje) — 2523(3’%)]

/ /

a . . . ; ;
+E l’ngclél — ’}/jkCé/ + 5]2 }g — 5£C/k: + 2 ((%ng — (%Cjk)}

i i |4 |i
20010k = 2CGme + O o = Co g

15



/

AN / /
Roo = —3 (“-) +3%4 +AA-BY - LB —cir - Lo,
a a a a
Roi— 2% 4 o /B o (& 2B Lap, — Lpi ity ol

/ /

B a\’ a'\ a , a a i
Rij = 2Ky + 1 — ) +2( — Yij (1 = 24) — —Ayij — Ay + By + 2By + v By,

1 a / a"\’ a’ ? a’ (3) vkt k k

1 N/ A / N/ N 2
R==26(L) +(%) 1| —6Za —12[(L) + (%) |a—2a4

a? a a a a a

i a i in a’ ir i i ij
+2B"; + 6EB b +2C" + GECz' —AKC} —2AC; +2C i (- (42)
It is convenient to have (Section 13 in Weinberg 1972):
i i ()i ¢ _ (7)€

B ljk — B |kj — R £jk:B ) Biljk - Bilkj +R" z’jkBﬂa
R ke = ER(V) (Okvie — k) 5 Rz(.;y = §R(7)%j, R0 = 6K. (43)

16



In decomposed form Ricci and scalar curvatures are:

/

0 1 a"\’ a"\’ " a, / N /
RO——3 — ] —6 = a+ 3¢ +3E(90—04)—A04+A(5+7)‘f’EA(B‘i"Y),

1 1 v v
i——z{ ¢ - Za-K@G+)] §<A+2K>(B§>+G§>’)},
| N 2 ‘
jz?{]: E) + 2K 5]-

AN I\ 2 '
—l—{go + — —d +AB+Y)] - Ap—2 [(%) —1—2(%) ]a4Kgp}5§-
|4 1 : ‘ ‘ NIRK
2 | pv)i (V)i (v)i (v)ld
{6+7 (5+7)—a—4 j+T12{a lB S+ B +(C ;T C )H
+CY + 2= (J“)” (A2K)C<Wj]},
AN I\ 2
G
a a a

—12 [(%/)lJr (%/)2] a— 12K ¢ + 2A [(5+7’)’+3%(5+7’) —04—2901 }

" a_/ I
+ 60" +6— (3¢' — )
a

17
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Energy-momentum tensor:

Perturbations:
To(x,t) = Top(t) + 6Twp(x,1), H=p+0u, D=p—+0op, =y=adll (46)
Four vector:
= —a(l+A4), w=av, u = %(1—A), i = 2 (v' + B'), (47)
where we used u%u, = ¢®uup = —1.

Fluid quantities (energy frame, thus ¢, = 0):

~

T0 = —p—op, T)=(u+p)vi, T, =(p+6p)d +II,. (48)
Decomposition:
v = —v,; + UZ-(U),
_ 1 ! LR S (R ()

Indices of v;, 11I;; etc are raised and lowered using ~;;.

18



Kinematic quantities: (c =1)

ADM metric quantities:
N=1/v/—9g" =a(1+A) <« lapse function,
N; = gpi = —a®’B; « shift vector,

hij = gij = a’ (755 + 2C;;)  + three space metric,
1
R — —
02
K;; < extrinsic curvature.

6K —4(A+3K)p| < intrinsic scalar curvature,

Kinematic quantites in the normal frame (n,):

~

0 =—-K' =3H — K < expansion scalar,
~ 1 1 ; .t
oij = —Kij + gKlljhz‘j = Xilj — g%‘jAX + CL\I’EZ-|>J-) + aQCi(;) < shear tensor,

w;j =0 < vorticity tensor,
ai=(InN),=a,; < acceleration vector,

where we introduced

v v (v ; . A
X=a(f+ay), \IJUEBi()JraCZ-(), k=0K; =3Ha— 30— —x.
a

]

Thus xy = shear, &k = perturbed expansion, ¢ = perturbed curvature

19
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Basic Equations:

Background:
Gy and G! — 2G)):
8t K A
=" 2
3 ey
a 4G A
— = L (u+3p) + =
5 (n+3p)+5

{4+ 3H (u+p) =0.

(55) follows from (53,54).

20
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Scalar-type perturbation: (Bardeen 1988) [5, 12]

Definition of x:

A
/4;53H04—3gb—gx.

Gy, G, G — 36:G and G — Gy

A+ 3K
Hr + +2
a

A+ 3K
02

. A
k+2HK + <3H+—2>Oz—47TG(5,u+35p),
a

0 = —4rGou,

K+

X = 127G(p + p)av,

X+ Hy —¢p—a=8rGIL
Ty, = 0 and T}, = 0:

1
ope+ 3H (dp + 0p) = (1 +p) (n—?;HomLaAv),

= — +
a*(pu+p) a  a(p+p)

Temporal gauge condition not imposed yet.

Sp 4 =
p+3 a?

[a*(p+pp] 1 #( 2A+3KH)_

21



Vector-type perturbation:
GY, GZ andTbb—O

A+ 2K ,
57 U = —87G(p+ p)vi”,

v 120" = grGmi!”,

a'(p+p)l”] A2k 1Y
a*(p + p) 2a> p+p

For vanishing anisotropic stress:

(v)

Angular momentum ~ [a‘g(,u +p)-a- v,

Tensor-type perturbation:

G}:
. . A—2K
¢4 3HCY — ==l = sean?.
a
For K = 0:
L s m) A o
3 ( C ) — ECM — stress.

Amplitude of CZ.(;) remains constant in the super-horizon scale.

22
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Derivation of (60,64,66):

G’; — §5§G’£ gives:

1 1 .
pe (vivj - g%‘jA) (X + Hx — ¢ — a—8rGII)
Lo\ L ()
+ (a ‘I’um) — 8nG -1l
(1) ) A—=2K ® _

We can decompose (68) to three different types of perturbations:
First, by applying V' on (68) we can derive an equation.
Second, by applying V'V’ on (68) we can derive another equation.

From these three equations we can show that the three perturbation types decouple from each
other and give (60,64,66).
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