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General Relativity

Gµ� = 8�GTµ�

Spacetime is not solid object 
but dynamical one.

gravity
(spacetime)

matter

In1915, Einstein proposed.



Test of GR in the solar system

perihelion shift of Mercury

GR correctly predicted the 
observed value.
(correction to Newtonian is

)

observed value 

prediction in Newtonian

42��.7/century

5557��.0/century

5599��.7/century



Test of GR in the solar system
deflection of light 

In 1919, firstly observed
by Eddinton et al.

Shapiro time delay

In 1968, firstly observed
by Shapiro et al.



Observational constraint
Will, LRR (2014) deflection angle

(at the rim of Sun)
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Indirect evidence of GW

l Indirect evidence from binary 
pulsar (PSR B1913+16)
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Novel prize in 1993: 
Hulse & Taylor

�Ṗ

Ṗ
= 0.003± 0.002
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Will, Living Review of Relativity (2014)

Good agreement with GR
at the precision of ~0.1%.
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Why modify gravity?
The current Universe is accelerating, but the physical mechanism
is still unknown. 

l Introducing a new energy 
component in the Universe
(e.g. scalar field) 

l Modifying general relativity
at cosmological scales 

l cosmological constant  

Gµ⌫ + ⇤gµ⌫ = 8⇡GTµ⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Why modify gravity?
The current Universe is accelerating, but the physical mechanism
is still unknown. 

l Introducing a new energy 
component in the Universe
(e.g. scalar field) 

l Modifying general relativity
at cosmological scales 

l cosmological constant  

Gµ⌫ + ⇤gµ⌫ = 8⇡GTµ⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Observation of cosmic expansion 
Planck Collaboration 2018

w(z) = w0 + wa
z

1 + z
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p = w⇢
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dark-energy equation of state

for cosmological constant
w = �1
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The cosmic expansion needs to be close (~10%) 
to the ΛCDM model.



Observation of large scale structure

Current observational data 
from galaxy surveys limit 
the strength of matter 
clustering in the Universe.

Planck Collaboration 2018

The growth rate needs 
to be close (~20-30%) 
to the ΛCDM model.

ΛCDM prediction
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LIGO Hanford 
4 km

LIGO 
Livingston 
4 km

Virgo Italy 
3 km

KAGRA Japan
3 km

GW detector network

2015～

2017～2015～

2019～



Observation schedule
LVK collaboration, LRR (2020?), arXiv:1304.0670v8

today



l GW from 31 BBHs, 3-4 BNSs, 
3.5 NSBHs have been detected so far
(as of Sep. 30)

l The number of events expected (aLIGO, aVIRGO, KAGRA)

Current status of GW obs

GW will be a daily tool to probe for the Universe!

GraceDB (webpage)

Gravitational Wave 
Events (iphone app.)

z ⇠ 1BBH/yr up to⇠ 100� 1000
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GW waveform

depending on
NS or BH

compact binaries (BBH, BNS, NS-BH)

LVC, PRL (2016) 
[GW150914]



GW in modified gravity
There are many modified gravity theories suggested to explain
the cosmic acceleration expansion. These theories modify gravity
at cosmological distance and also affect GW propagation.  
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GW in modified gravity
There are many modified gravity theories suggested to explain
the cosmic acceleration expansion. These theories modify gravity
at cosmological distance and also affect GW propagation.  

general features of modification on GWs
• different propagation speed  
• different amplitude damping (variation of G)
• graviton mass
• additional GW polarizations (scalar & vector pols.) 

GW observation can be utilized for
• testing general relativity directly
• resolving the cosmic acceleration problem
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GW generation
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Psaltis 2008 
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Inspiral-Merger-Ringdown (IMR)
consistency test



Idea

Hofmann et al., ApJL (2016).
Healy and Lousto,  PRD (2017).
Jimenez-Forteza et al., PRD (2017). 

Given masses and spins during inspiral phase, one can
theoretically estimate the mass and spin after the coalescence.

Fitting formula from numerical relativistic simulation.

aIf (m
I
1,m

I
2, ~�

I
1, ~�

I
2)
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,

On the other hand, the final mass 
and spin are directly measured 
from the merger and ringdown 
phases.

MMR
f
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LVC, PRL 116, 221101 (2016)

GW150914



Recent results from LVC

�af
af

= 2
aIf � aMR

f

aIf + aMR
f

�Mf

Mf
= 2

M I
f �MMR

f

M I
f +MMR

f

LVC, arxiv:1903.04467.

Combined posterior gives
the result consistent with
GR at ~20% precision.

The second peaks?



Future prospect
Carson & Yagi, arxiv:1905.13155

2G detectors
(LIGO, VIRGO, KAGRA) 

~10%

3G detectors
(CE, ET) 

~1%



Post-Newtonian (PN)
consistency test



Post-Newtonian expansion

In a binary system, kinetic energy ~ potential energy.
⇣v
c

⌘2
⇠

����
2GM

c2r

���� =
RS

r
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v/c is a small parameter in the early inspiral
phase of a binary.

gµ⌫ = g(0)µ⌫ + ✏g(1)µ⌫ + ✏2g(2)µ⌫ + ✏3g(3)µ⌫ + · · ·
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Tµ⌫ = T (0)
µ⌫ + ✏T (1)

µ⌫ + ✏2T (2)
µ⌫ + ✏3T (3)

µ⌫ + · · ·
<latexit sha1_base64="VvB4RPwKrdPn59SBfARoTzMYOXk="></latexit>

✏ = v/c
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Einstein eq. at each order can be solved one by one.



Post-Newtonian (PN) waveform

�ins = 2⇡ftc � �c � ⇡/4 +
3

128
(⇡Mf)�5/3

7X

k=0

'ku
k

<latexit sha1_base64="crSH8Hyd9Zq27Kso/EKuusNqV84="></latexit>

A0 =
1p

6⇡2/3dL
M5/6f�7/6

<latexit sha1_base64="1QBe3VWLXD+3Yi7Nyk9HG4TzQkc="></latexit>
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hGR(f) / Ains e
i�ins
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,

u ⌘ (⇡Mf)1/3
<latexit sha1_base64="n5p0ojBgN+mo7Tqq4xmqwkGkijw="></latexit>

A0 = 1, A1 = 0, A2 = �323

224
+

451

168
⌘, · · ·
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'0 = 1, '1 = 0, '2 =
3715

756
+

55

9
⌘, · · ·
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TaylorF2: f-domain waveform up to 3.0PN in amplitude & 
3.5PN in phase

0.5 PN
e.g. Khan et al., PRD (2016)

phase

amplitude



Intuitive understanding
LVC, PRL (2016) 
[GW150914]

low freq
larger separation
low velocity
lower PN order
is more important



Parametrized-post 
Einsteinian (ppE) formalism

Yunes and Pretorius, PRD (2009)

Tahura & Yagi, PRD (2018)

0.5a PN
0.5(b+5) PNh(f) = (1 + ↵ua) ei�u

b

hGR(f)
<latexit sha1_base64="hf8TIkM/9H6YIPRTui8KsW10BMc="></latexit>

a
b



Tahura & Yagi, PRD (2018)



Current constraint on 
phase modification

Yunes, Yagi, Pretorius, PRD (2016)



Current constraint on 
amplitude modification

Tahura et al., arXiv:1907.10059

from GW150914



Future constraint
Chamberlain & Yunes, PRD (2017)for GW150914

-like BBH

ground-based
detectors

space-based
detectors



Generalized IMR (gIMR) formalism

Li, Pozzo, et al., PRD (2012)

h(f) = ei��gIMRhGR(f)
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pi ! (1 + �pi) pi
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coefficients for
each PN order

phase modification on GW waveform

Meidam et al., PRD (2018)

IMR PhenomPv2 waveform   

l for inspiral PN part

l for merger-ringdown part

↵0, · · · ,↵5, �0, · · · ,�3
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Khan et al., PRD (2016)

��gIMR =
3

128⌘

7X

i=0

'i(⇡Mf)(i�5)/3�'i
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Current constraint

(-1PN) &        (0.5PN) 
are absolute values of deviation.
'�2
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'1
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Low PN orders are better
constrained.

LVC, PRL123, 011102 (2019)LVC, arxiv:1903.04467

from 
BBH

from GW170817



Open problems

l Modification on GW is not limited to the “known” waveforms 
in GR, e.g. PN expansion up to 3.5PN or parameters in the
IMR Phenom waveforms.

l The ppE and gIMR parametrizations have a problem 
when multiple GW events are combined to constrain their 
deviation parameters.

h(f) = (1 + ↵ua) ei�u
b

hGR(f)
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GW speed and 
modified dispersion relation



Constraints on GW speed 
before GW170817

From the observations of ultra-high energy cosmic rays (UHECR) 

If graviton propagate with subluminal speed, it looses energy 
due to gravitational Cherenkov radiation.

Moore & Nelson 2001

applied only to subluminal case

From arrival time difference between LIGOs
Cornish et al. 2017

GW150914
GW151226
GW170104

6.9± 0.30ms
1.1± 0.18ms
3.0± 0.30ms

�0.42 < �g < 0.45

⇠ 10
33

Hzat



Measuring GW speed

arrival time difference between GW and short GRB

�g �
c� vg

c

�⌧int = 10 sec , D = 200Mpc |�g| < 5⇥ 10�16

|�g| <
c�⌧int

D
�⌧int : uncertainty of intrinsic time delay

Nishizawa & Nakamura (2014)



GW170817

The arrival time delay between
a GW and a sGRB was ~1.7 sec
after propagating the distance
of ~40 Mpc.
�3⇥ 10�15 <

cgw � c

c
< 7⇥ 10�16
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LSC + Fermi + INTEGRAL, ApJL 848, L13 (2017)



More details
Dmin = 26Mpc,measured values

l superluminal

l subluminal

GW
photon

⌧obs = 1.7 sec

GW
photon

⌧obs
�g �

c� vg

c

⌧int

�7⇥ 10�16 < �g  0
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<latexit sha1_base64="eHXWMu9WPQel3bANRmp3f0dQdHc="></latexit><latexit sha1_base64="ksjBWklA3XEw6lfshWc1pZsyk9w="></latexit><latexit sha1_base64="ksjBWklA3XEw6lfshWc1pZsyk9w="></latexit><latexit sha1_base64="vH+JbUDRs+3sCcxTidWrCY3GDi0="></latexit>

⌧int > 0
<latexit sha1_base64="E6ryN8gdqfaUB0vjby/zML94G6g="></latexit><latexit sha1_base64="ASkgxZDS58Mj3rwPkxjcYUwQoeE="></latexit><latexit sha1_base64="ASkgxZDS58Mj3rwPkxjcYUwQoeE="></latexit><latexit sha1_base64="ZBk41srowQb1Q3e43fdBe1idF+0="></latexit>

⌧int < 10 sec
<latexit sha1_base64="9wgBk789qz8gzAv2t6GXtjbnrS8="></latexit><latexit sha1_base64="MFeEXcRCG3Z3wf1sljvs2V/0GV4="></latexit><latexit sha1_base64="MFeEXcRCG3Z3wf1sljvs2V/0GV4="></latexit><latexit sha1_base64="S/3FeqZDnZ5Iy/otCTAW3ppaTok="></latexit>



Wave effect of lensing

GW with frequency     can arrive earliar than EM wave by

The geometrical optics breaks down for GW lensed by
mass of . 10

5 M�

✓
1Hz

f

◆

<latexit sha1_base64="4TMWW48lx27dNA6w1Udp3LTW/K0="></latexit><latexit sha1_base64="U+4Jhvy/7HC/yKy798zTtGeVCVg="></latexit><latexit sha1_base64="U+4Jhvy/7HC/yKy798zTtGeVCVg="></latexit><latexit sha1_base64="wrKk9u1QKCjnyIFdYtcSKFFuGcs="></latexit>

f
<latexit sha1_base64="A1BLMgNkQWKg0Z+X6haQcgajq+0=">AAACPnichVC7SgNBFD0bXzE+ErURtAiGiFWYtVGsgjaW2cQ8IIawu07i4r7YnQRi8Ae0jVhYKfgPloKNP2CRzspGxEJBS28eIBrUOzBz5txzuNyjuabhC8baUmBoeGR0LDgempicmg5HZmZzvlPzdJ7VHdPxCprqc9OweVYYwuQF1+OqpZk8rx1sdfr5Ovd8w7F3RMPlJUut2kbF0FVBlFIpR2IswboVHQRyH8SSi9fKA4CUE2lhF3twoKMGCxw2BGETKnw6RchgcIkroUmcR8jo9jmOECJvjVScFCqxB3RX6dck7JDGIf1fKpUmdqY06NVIGUWcu+Xw8Xzm/V+XRa/A/pfrV0eRWIEK1rs7GLSh22U6u+o9f/3w7DWzkY43l9kle2L37IK12S27Y3b9Tb9SePocIYpW/hnkIMitJmSWkBXKeBO9CmIBS1ihJNeQxDZSyNJcjhO0cCrdSI/Ss/TSkwakvmcO30r6+ARa+YPb</latexit><latexit sha1_base64="U59E1TxFzfPXtYwvEj0HhgVr9eU=">AAACPnichVC7SgNBFD0bXzE+ErURFAmGiFWYtVGsgjaW2cQ8IIawu07ikn2xuwnEYGmjbcTCSsF/SCnY+AMW+QGbIBYKWnrzANGg3oGZM+eew+UexdY112OsLfhGRsfGJ/yTganpmdlgaG4+41pVR+Vp1dItJ6fILtc1k6c9zdN5zna4bCg6zyqV3W4/W+OOq1nmvle3ecGQy6ZW0lTZI0oqFUMRFmO9Cg8DcQAi8eWW1DldaSWsUBMHOIQFFVUY4DDhEdYhw6WThwgGm7gCGsQ5hLRen+MEAfJWScVJIRNbobtMvwZhizQW6f9SyTSxO6VOr0LKMKLcLgbPFlPv/7oMej0cfbl+deSJ9VDCVm8HjTa0e0x3V7Xvrx1fvqa2k9HGGrthHfbIrlmb3bMHZtbe1FuJJ68QoGjFn0EOg8xGTGQxUaKMd9AvP5awinVKchNx7CGBNM3lOEcTF8Kd8CQ8Cy99qU8YeBbwrYSPT7GChUE=</latexit><latexit sha1_base64="U59E1TxFzfPXtYwvEj0HhgVr9eU=">AAACPnichVC7SgNBFD0bXzE+ErURFAmGiFWYtVGsgjaW2cQ8IIawu07ikn2xuwnEYGmjbcTCSsF/SCnY+AMW+QGbIBYKWnrzANGg3oGZM+eew+UexdY112OsLfhGRsfGJ/yTganpmdlgaG4+41pVR+Vp1dItJ6fILtc1k6c9zdN5zna4bCg6zyqV3W4/W+OOq1nmvle3ecGQy6ZW0lTZI0oqFUMRFmO9Cg8DcQAi8eWW1DldaSWsUBMHOIQFFVUY4DDhEdYhw6WThwgGm7gCGsQ5hLRen+MEAfJWScVJIRNbobtMvwZhizQW6f9SyTSxO6VOr0LKMKLcLgbPFlPv/7oMej0cfbl+deSJ9VDCVm8HjTa0e0x3V7Xvrx1fvqa2k9HGGrthHfbIrlmb3bMHZtbe1FuJJ68QoGjFn0EOg8xGTGQxUaKMd9AvP5awinVKchNx7CGBNM3lOEcTF8Kd8CQ8Cy99qU8YeBbwrYSPT7GChUE=</latexit><latexit sha1_base64="mPEht7hk3mtf/2je0XQs2b7AWO0=">AAACPnichVC7SgNBFD0bXzE+ErURbIIhYhVmbRSroI1lHuYBMYTddRKX7O4su5tADP6AthELKwX/Q7DxByzyAzYiFgpaerNZEA3qHZg5c+45XO5RbUN3Pcb6UmhsfGJyKjwdmZmdm4/GFhaLrmg5Gi9owhBOWVVcbugWL3i6Z/Cy7XDFVA1eUpu7g36pzR1XF9a+17F51VQall7XNcUjKluvxRIsxfyKjwI5AAkElRGxHg5wCAENLZjgsOARNqDApVOBDAabuCq6xDmEdL/PcYIIeVuk4qRQiG3S3aBfl7AgjSD9XyqFJg6mdOhVSRlHktu16Oly/v1fl0mvh6Mv16+OCrEe6tjyd9BpQ9tnBrtqQ3/7+OI1v51LdtfYNXtiD+yK9dkdu2dW+027yfLcJSIUrfwzyFFQ3EjJLCVnWSK9E4QcxgpWsU5JbiKNPWRQoLkcZ+jhXLqVHqVn6WUoDUmBZwnfSvr4BIfCgZY=</latexit>

time lag of 0.1 sec
✓
1Hz

f

◆

<latexit sha1_base64="TET16svRS4PK6xT/4zNrjqbf/sI="></latexit><latexit sha1_base64="m0A0U9FoGZxjr50XYCU5fg3eiRA="></latexit><latexit sha1_base64="m0A0U9FoGZxjr50XYCU5fg3eiRA="></latexit><latexit sha1_base64="nhY5I9um2/ort+FGqgKGBcvmiVY="></latexit>

Takahashi, ApJ (2017)

relevant to space-baced 
detectors (LISA, DECIGO)



Massive graviton

GW phase shift

Will, PRD (1998) 

From the observation of BBHs,
mg . 5.0⇥ 10�23 eV

<latexit sha1_base64="jw/s4AsP2fXAwDdHZq9jdB6ulBI="></latexit>

LVC, arxiv:1903.04467

mg . 6.8⇥ 10�23 eV
<latexit sha1_base64="XbYtkQrZg8RVnGDsmioSi4rutUs="></latexit>

Bernus et al., PRL (2019)
Stronger than recent one from the Solar system

(at 1.0 PN)

propagation speed

E2 = m2
gc

2 + p2c2
<latexit sha1_base64="7EW0uysomPGzZ2i5dpMcSmfwdpQ="></latexit>

vg
c

=
1

c

d!

dk
⇡ 1�

m2
gc

4

2E2
<latexit sha1_base64="kv3qTWlNL+ycA2J+BaF4Yj49orQ="></latexit>
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Other constraints

Galaxy  cluster 

CMB 

Goldhaber & Nieto 1974

Weak lensing Choudhury et al. 2004

Dubovsky et al. 2010

The above is static bounds based on the modification of 
Newtonian potential (background level).

Th new bound obtained from BBH is dynamical and for the
tensor pol of a GW. 
Mass constraints on scalar and vector pol modes of GW are 
NOT so strong and graviton mass could be quite massive.

mg . 10�29 eV
<latexit sha1_base64="8tie1+hxVnYPRKar+yA1czxV5cs="></latexit>

mg . 10�31 eV
<latexit sha1_base64="5zAmnPz6Tty6V7OYj7fsUoVj86Y="></latexit>

mg . 10�30 eV
<latexit sha1_base64="hUzO7eRba4PcBPUxA8EN2VSroCA="></latexit>



Modified dispersion relation
E2 = p2c2 +A↵p

↵c↵
<latexit sha1_base64="6Ls5bbnXO5IQDWN/K1bFHfcC7Z4="></latexit>

↵ = 2
<latexit sha1_base64="osbF6MOPG+wptl3W6egp0UKJ7Ww=">AAACRXichVBNSwJRFD1jX2YfWm2CNpIYreRpRREEUpuWfuQHqMib6ZmD48wwMwom/YGWEbSwTUG/pEX9gRb+hmiV1LKuoxAl1X3w7nnnnsPjHtnUVNthrCt5xsYnJqe8076Z2bl5f2BhMWsbDUsRGcXQDCsvc1toqi4yjupoIm9agtdlTeTk2kF/nmsKy1YN/chpmaJU5ye6WlEV7hCVL3LNrPK9WDkQYhHmVnAURIcghGEljMAlijiGAQUN1CGgwyGsgcOmU0AUDCZxJbSJswip7lzgDD7yNkglSMGJrdF9Qq82YYM0Bun/UnH6sf9Li7pMyiDCwiz7z5fT7/+66tQdVL9cvzoKxDqoYMfdQaUNTZfp76oM/M3Tq9f0bircXmO37Jk9sRvWZffskenNnnKXFKkOfBRt9GeQoyAbi0Q3IlvJzVB8fxiyFytYxToluY04DpFAxk3wAh1cSw/Si9ST3gZSjzT0LOFbSR+fFVuEUg==</latexit>

↵ = 0
<latexit sha1_base64="4Id8elKqhnr4m0Dx5VxliOLPwPA=">AAACRXichVBLSwJRGD1jL7OHVpugjSRGK7n2oAgCqU1LH/kAFbkzXXVwnBlmRsGkP9Aygha2KeiXtKg/0MLfEK2SWtbnKERJ9V2437nnO4fLd2RTU22Hsa7kGRufmJzyTvtmZufm/YGFxYxtNCxFpBVDM6yczG2hqbpIO6qjiZxpCV6XNZGVa4f9ebYpLFs19GOnZYpinVd0tawq3CEqV+CaWeX7rBQIsQhzKzgKokMQwrDiRuASBZzAgIIG6hDQ4RDWwGHTySMKBpO4ItrEWYRUdy5wBh95G6QSpODE1uiu0KtN2CCNQfq/VJx+7P/Soi6TMoiwMEv+8+XU+7+uOnUH1S/Xr448sQ7K2HV3UGlD02X6uyoDf/P06jW1lwy319gte2ZP7IZ12T17ZHqzp9wlRLIDH0Ub/RnkKMhsRKKbke3EVih2MAzZixWsYp2S3EEMR4gj7SZ4gQ6upQfpRepJbwOpRxp6lvCtpI9PEaeEUA==</latexit>

: constant chang of propagation speed
: massive graviton

Mirshekari et al., PRD (2012) 

��↵(f) = sign(A↵)

8
>>>><

>>>>:

⇡DL

↵� 1
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A,e↵

✓
f

c

◆↵�1

(↵ 6= 1)

⇡DL

�A,e↵
ln


⇡GMf

(1 + z)c3

�
(↵ = 1)

<latexit sha1_base64="cJXLWqfb7Ks7D+hCgFNtdBixe0g="></latexit>

D↵ ⌘ (1 + z)1�↵

H0

Z z

0

(1 + z
0)↵�2

p
⌦m(1 + z0)3 + ⌦⇤

dz
0

<latexit sha1_base64="PAhylYUCioPu5fzYA60sQ6K8JLE="></latexit>

�A,e↵ ⌘

(1 + z)1�↵DL

D↵

�
hc|A↵|1/(↵�2)

<latexit sha1_base64="hQLMfuI7TIJVW2y0076vOfet9yg="></latexit>



Current constraint 
LVC, arxiv:1903.04467

from BBH
No constraint on              
has been obtained because 
of no freq dependence.
(constant GW speed)

↵ = 2
<latexit sha1_base64="osbF6MOPG+wptl3W6egp0UKJ7Ww=">AAACRXichVBNSwJRFD1jX2YfWm2CNpIYreRpRREEUpuWfuQHqMib6ZmD48wwMwom/YGWEbSwTUG/pEX9gRb+hmiV1LKuoxAl1X3w7nnnnsPjHtnUVNthrCt5xsYnJqe8076Z2bl5f2BhMWsbDUsRGcXQDCsvc1toqi4yjupoIm9agtdlTeTk2kF/nmsKy1YN/chpmaJU5ye6WlEV7hCVL3LNrPK9WDkQYhHmVnAURIcghGEljMAlijiGAQUN1CGgwyGsgcOmU0AUDCZxJbSJswip7lzgDD7yNkglSMGJrdF9Qq82YYM0Bun/UnH6sf9Li7pMyiDCwiz7z5fT7/+66tQdVL9cvzoKxDqoYMfdQaUNTZfp76oM/M3Tq9f0bircXmO37Jk9sRvWZffskenNnnKXFKkOfBRt9GeQoyAbi0Q3IlvJzVB8fxiyFytYxToluY04DpFAxk3wAh1cSw/Si9ST3gZSjzT0LOFbSR+fFVuEUg==</latexit>

upper limit
|A↵| . 10�19 peV2�↵

<latexit sha1_base64="rkTaiXdhRzMJyxZFq7fysO8E1ZE="></latexit>



Interpretation of the result
E2 = p2c2 +A↵p

↵c↵
<latexit sha1_base64="6Ls5bbnXO5IQDWN/K1bFHfcC7Z4="></latexit>

E2 = p2c2
"
1 +

1X

n=1

⇠n
n!

✓
E

EQG

◆n
#

<latexit sha1_base64="IYyHCZjEaJ+7+q1qRKsqEKCvpHY="></latexit>

At the order of                    ,n = ↵� 2
<latexit sha1_base64="DzSZcAt0BSAoB8COzl3XT6EJpxs=">AAACR3ichVBLSwJRGD1jL7OHVpugjSRGm+RqRREEUpuWPvJBKnJnuurgODPMjIJJf6C10CIKCvolbeoHtPA3tGhRVMs+HxAl1Xfh3nPPdw4f35FNTbUdxjqSa2R0bHzCPemZmp6Z9frm5tO2UbcUkVIMzbCyMreFpuoi5aiOJrKmJXhN1kRGru53+5mGsGzV0A+dpikKNV7W1ZKqcIeoI303zzWzwtciRV+AhViv/MMgPAABDCpm+NrI4xgGFNRRg4AOh7AGDptODmEwmMQV0CLOIqT2+gKn8JC3TipBCk5sle4y/VqEDdIYpP9LxWlid0qTXpmUfgSFWfSeLSbf/3XV6HVQ+XL96sgR66CE7d4OKm1o9pjurkrf3zg5f0nuJIKtFXbDntgju2Yddsfumd54VW7jInEBD0Ub/hnkMEhHQuH10GZ8IxDdG4TsxhKWsUpJbiGKA8SQork62rjElfQgPUtv0kdf6pIGngV8K5f0CYOyhAI=</latexit>

EQG ⇠ |A↵|1/(2�↵)
<latexit sha1_base64="gmKxJIO9krRtgNT1vq7dSXSBsDI="></latexit>

For               or              ,   ↵ = 3
<latexit sha1_base64="XHEMN1tU1Vx6ipb4LJIZzc/GTwQ=">AAACRXichVBNSwJRFD1jX2YfWm2CNpIYreSZRREEUpuWfuQHqMib6ZmD48wwMwom/YGWEbSwTUG/pEX9gRb+hmiV1LKuoxAl1X3w7nnnnsPjHtnUVNthrCt5xsYnJqe8076Z2bl5f2BhMWsbDUsRGcXQDCsvc1toqi4yjupoIm9agtdlTeTk2kF/nmsKy1YN/chpmaJU5ye6WlEV7hCVL3LNrPK9WDkQYhHmVnAURIcghGEljMAlijiGAQUN1CGgwyGsgcOmU0AUDCZxJbSJswip7lzgDD7yNkglSMGJrdF9Qq82YYM0Bun/UnH6sf9Li7pMyiDCwiz7z5fT7/+66tQdVL9cvzoKxDqoYMfdQaUNTZfp76oM/M3Tq9f0bircXmO37Jk9sRvWZffskenNnnKXFKkOfBRt9GeQoyC7EYnGIlvJzVB8fxiyFytYxToluY04DpFAxk3wAh1cSw/Si9ST3gZSjzT0LOFbSR+fFzWEUw==</latexit>

n = 1
<latexit sha1_base64="WdPXjoUNZnZVAeD68x7ABCFCGcg=">AAACQHichVDJSgNBFKyJW4xLol4EL8EQ8RR6XFAEIejFYxazQAxhZuzEIbMxMwnE4A8I3sQcPCn4I3rxBzzkDwQPIgqCJ18mA6JBfQ3d1fWqeLySLU11XMa6QmBoeGR0LDgempicmg5HZmbzjtmwFZ5TTM20i7LkcE01eM5VXY0XLZtLuqzxglzf7fULTW47qmnsuy2Ll3WpZqhVVZFcorLGtliJxFiCeRUdBKIPYvArZUbOcYBDmFDQgA4OAy5hDRIcOiWIYLCIK6NNnE1I9focJwiRt0EqTgqJ2DrdNfq1CZukMUn/l0qiib0pLXplUkYR51YlfDqfff/XpdPr4ujL9aujRKyLKja9HVTa0PKY3q5K39887rxmtzLx9hK7Zk/sgV2xLrtj98xovik3aZ65RIiiFX8GOQjyKwlxNbGeXosld/yQg1jAIpYpyQ0ksYcUcjS3hjNcoCPcCo/Cs/DSlwYE3zOHbyV8fAKxYIIr</latexit>

For               or              ,   ↵ = 4
<latexit sha1_base64="o/Erc8sM3PHV1tl/2Yr49jGvzQc=">AAACRXichVBNSwJRFD1jX2YfWm2CNpIYreRZRhEEUpuWfuQHqMib6ZmD48wwMwom/YGWEbSwTUG/pEX9gRb+hmiV1LKuoxAl1X3w7nnnnsPjHtnUVNthrCt5xsYnJqe8076Z2bl5f2BhMWsbDUsRGcXQDCsvc1toqi4yjupoIm9agtdlTeTk2kF/nmsKy1YN/chpmaJU5ye6WlEV7hCVL3LNrPK9WDkQYhHmVnAURIcghGEljMAlijiGAQUN1CGgwyGsgcOmU0AUDCZxJbSJswip7lzgDD7yNkglSMGJrdF9Qq82YYM0Bun/UnH6sf9Li7pMyiDCwiz7z5fT7/+66tQdVL9cvzoKxDqoYMfdQaUNTZfp76oM/M3Tq9f0bircXmO37Jk9sRvWZffskenNnnKXFKkOfBRt9GeQoyC7EYluRraSsVB8fxiyFytYxToluY04DpFAxk3wAh1cSw/Si9ST3gZSjzT0LOFbSR+fGQ+EVA==</latexit>

n = 2
<latexit sha1_base64="JkVqN8KYb+X/MS7r/WyfKWfh6sw=">AAACQHichVC7SgNBFD0bXzE+ErURbIIhYhVmo6IIQtDGMg/zgBjC7jrGJftidxOIwR8Q7MQUVgr+iDb+gEX+QLAQURCsvNksiAb1DsycOfccLvfIlqY6LmNdITA0PDI6FhwPTUxOTYcjM7MFx2zYCs8rpmbaJVlyuKYaPO+qrsZLls0lXdZ4Ua7v9PrFJrcd1TT23JbFK7pUM9RDVZFconLGVrIaibEE8yo6CEQfxOBX2oycYx8HMKGgAR0cBlzCGiQ4dMoQwWARV0GbOJuQ6vU5ThAib4NUnBQSsXW6a/RrEzZJY5L+L5VEE3tTWvTKpIwizq1q+HQ+9/6vS6fXxdGX61dHmVgXh9jwdlBpQ8tjersqfX/zuPOa28zG20vsmj2xB3bFuuyO3TOj+abcZHj2EiGKVvwZ5CAoJBPiSmItsxpLbfshB7GARSxTkutIYRdp5GluDWe4QEe4FR6FZ+GlLw0IvmcO30r4+ASzOoIs</latexit>

EQG & 1019 peV = 107 eV
<latexit sha1_base64="e16KtLOlsEV7wVi8SOxdRr2sN2c="></latexit>

EQG & 109.5 peV = 10�2.5 eV
<latexit sha1_base64="t/77ybyVJQUsyjLWmGccXvsTDes="></latexit>

Amelino-Camelia, 
LRR (2013)

Constraint from GWs is so weak because of low freq of GWs.
For some special theories, the constraint may be useful.


