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Outline

® Basic formalism — QCD on a space-time lattice
® Numerical computation — hardware, algorithms and analysis

® From lattice to physics — results and challenges
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Basic formalism
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Quantum chromodynamics

/ o
" The Standard Model
N e

http://en.wikipedia.org/wiki/Standard Model
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http://en.wikipedia.org/wiki/Standard_Model

Lagrangian

1 L
Locp = —2—g2TrFWF“ + q(iv, D, —m)q
NZ?-1
Dy = 0, +iA, Au= ) TiA; m = diag(m, ma, ms, - --)
a=1

F,, =—-iD,,D)=0,A, —0,A,+ 1A, A

1
re=T" [T T =if"T Te(T°T°) = o

® |agrangian consists of |+Nr free parameters:

® bare coupling (g), bare quark masses (my)

® once fixed, theory completely predictive
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Lagrangian

1 L
Locp = —2—g2TrFWF“ + q(iv, D, —m)q
NZ?-1
Dy = 0, +iA, Au= ) TiA; m = diag(m, ma, ms, - --)
a=1

F,, =—-iD,,D)=0,A, —0,A,+ 1A, A

1
re=T" [T T =if"T Te(T°T°) = o

g(z) = Qz)q(z)  Q(z) € SUN)

A, (z)— Q(CB)AM(x)QT(:E) — ZQ(x)aM(ZB)QT(.CE) D,q(z) = Q(z)D,q(z)
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Important properties

® Chiral symmetry: classical level, massless quark limit
U(Nf)p x UNf)r D SUN;)y xU(1) g x U(1)4

® Anomalous U(I)a: at quantum level; important consequences
for lattice discretization of fermions

® Chiral symmetry breaking:
® SU(Nf)L X SU(Nf)R X U(l)B — SU(Nf)V X U(l)B

® pseudoscalar meson octet are pseudo-Goldstone bosons;
ninth pseudoscalar meson is not

® quark masses explicitly break chiral symmetry:

m2 o< (Mmy +mq) My X (Myg+ms) My ~Agep
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Important properties

® Asymptotic freedom: strength of interaction decreases with
increasing momentum transfer Q between quarks; conversely,
at low energies, perturbation theory becomes unreliable

Q

i Boln(Q2/A2)

D. Gross, D. Politzer, EWilczek

® Confinement: low-energy degrees of freedom are different
from fundamental degrees of freedom
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Lattice regularization

® Nonperturbative phenomena require a honperturbative
treatment (e.g., chiral symmetry breaking, confinement)

® [attice regularization:
® offers a gauge-invariant nonperturbative framework
® is ideally suited for numerical simulation
® typically defined in Euclidean space-time
® powerful tool, yet has some fundamental limitations:
® connecting Euclidean space observables to physics

® numerical: sigh problems, signal/noise
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Lagrangian in Euclidean space-time

1 L
LSCD = Q—QZTI'FWF“ + (v, D, +m)q

T = ’VZL — ’hjl ”YEL =1 { Vs W} = 204

Y5 =727 =1 {¥%%wur=0

® Gamma matrices are Hermitian
® Continuum Dirac operator: D(m)=~,D, +m
® satisfies ys-Hermiticity: ~ v5D(m)ys = —D(—m) = D' (mn)

® has paired eigenvalues: +iX+m
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Discretization of space-time

r = a{ni,ng, N3, N4} n, €7

T/ |
q(x) = / / d'pq(p)e™” /\\

q(p) = ; q(z)e” " T

L4

® Usually a hypercubic lattice

® |nverse lattice spacing (1/a) acts
as a UV cut-off

® Discretization explicitly breaks
Poincare symmetry
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Constructing lattice actions — guiding principles

In order to minimize fine-tuning of operators in the quantum theory,
lattice discretization should preserve a maximal amount of symmetry

® Preserve gauge invariance

® Preserve maximum number of global symmetries as possible:
® hypercubic symmetry (discrete rotations, reflections, etc)
® discrete translational symmetries

® chiral symmetry?! (massless quark limit)
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L attice derivatives

: 1
Forward difference operator:  9uq(z) = —[a(z + ae,) — q(x)
Backward difference operator: 0%q(z) = ! [q(z) — q(x — ae,,)]
a
e . l—eiwn
Op = ———— = ip, [1 +O(ap)] 9y = . ~ ipy [1 + O(ap)]
L. 1 . . .
Symmetric difference operator: 5 (Ou +03) — %Sm (apu) = Dy

: : « 1
Lattice Laplacian: ~050 = — sin” (aT“) = A(p)
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Naive fermions

Choice of derivative matters: individually, these
lead to forward/backward propagation only

_ * 1 YuPp + M
Dnaive(m) — 7 (&u T 8,u) +m Dnaz’ve( ) _ ]32 i m2
Propagator poles located at:
W = 1Py
([ p— _ 1
w(p) = - sinh ™" v/ (ap)2 + (am) pj = —sin (ap;)
w(p) = v/p?+m? ap — 0
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Fermion doublers

Brillouin zone:

(TT,TT,17)

Continuum

a w

(T7,77,0)

(0,0,0) (11,0,0)

® Poles in propagator indicate 29-1 doubler modes, appearing at
each corner of the Brillouin zone

® Doublers represent physical degrees of freedom in continuum;
too many for QCD....
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Nielsen-Ninomiya’s no-go theorem

A fermion discretization cannot simultaneously
satisfy the following conditions:

|. absence of doubler modes

invariance under continuum chiral symmetry

locality of the fermion operator D

W N

correct continuum limit
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Absence of chiral anomaly

® Doubler modes are a fundamental problem — intimately
related to chiral symmetry and anomalies in gauge theories

® |attice gauge theory constructions are finite and therefore
must be free of anomalies

® in a lattice chiral gauge theory, doubler modes are necessary
to cancel off anomaly
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Nielsen-Ninomiya’s no-go theorem

® Must sacrifice one of the no-go theorem conditions — results
in a2 wide variety of fermion actions

® Many fermion actions in use today
® actions give the same continuum limit, up to flavor content

® have different advantages/disadvantages in terms of chiral

properties, renormalization requirements and computational
cost
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An abundance of fermion actions...

® Wilson: breaks chiral symmetry, O(a) lattice artifacts
® Staggered: fewer (but nonzero) doubler modes

® Ginsparg-Wilson (overlap, domain-wall): breaks continuum
chiral symmetry, but preserves a modified chiral symmetry

® Minimally doubled: single doubler pole, breaks lattice
rotational invariance

® Many others: twisted mass, reduced staggered, Dirac-Kaeler
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Wilson fermions

a
Dw(m) = 77“ (O + ;) — 50;(% +m

D—l( ) ZfY,UJﬁ,u -+ M(p) C3U
v p* + M>?(p)
a
M(p) =m + §A(P)

Continuum

Wilson

® Doubler modes receive a mass ~ |/a

® Wilson term is irrelevant in continuum limit

® Explicit breaking of chiral symmetry implies additive mass
renormalization; additional tuning of operators
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Staggered fermions

S(x) =/ 957 5 gt
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Staggered fermions

S(CIZ) :/Yzfl/a x2/a _x3/a _x4/a

T2 V3 4
(Op + 05)S = 1,75 (0 + 0),) Nu(z) = (1) Zv<n /e
i *
S Drgive(m)S = ST | L4 (9, + 05) +m| S
0, + 0
= Dg(m) X Lspinor Dgi(m) =n,(z) - ; 2+ m
— |5 doublers reduced to 3 (“tastes”)
— Residual taste non-singlet chiral symmetry at m=0:
775(33) _ (_1)x1/a—l—x2/a—|—x3/a—|—x4/a {775777’u} —0 {7757D8t(0)} —0
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Staggered fermions

® Transformation exposes four-fold degeneracy in naive fermions
® Action defined by taking only one component of the four

® Fermion components are spread over the hypercube

® Computationally inexpensive

® Four remaining degrees of freedom (“‘tastes”)

® To achieve the proper number of continuum degrees of
freedom, requires rooting trick; questions about validity due to
non locality of rooted Dirac operator
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Ginsparg-Wilson fermions

V5D + Dvys = aDvys D

Sew = @Dq  invariant under g — e9=aD)g 7 Gei0rs
Proof: 6—i’y59D6—i75(1—aD)9 _ 6—i7596—iD'y5(1—aD)D_19D
_ e—i*y59€—7j(D’y5—any5D)D_16D

_ 6—7375962'7591)
Manifestation of anomaly:

— symmetry transformation depends explicitly on the gauge field
— integration measure is not invariant under flavor-singlet transformation
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Ginsparg-Wilson fermions

V5D + Dvys = aDvys D

Saw = ¢Dq  invariant under

Proof: e~ 159 De—ivs(1—aD)f

q— €

€

&
_ 6—2759627591)

w%(l—aD)q

q — qe

—iq/59€—z’D'y5(1—aD)D_19D
—ify59€—i(D’y5—any5D)D_16D

One solution to the G-WV relation is the overlap operator:

1
Dov:_
a

Dy (—1/a)

i

1/CL Dw( 1/&)_
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Ginsparg-Wilson fermions

® Continuum chiral symmetry restored in the continuum limit,
but violated on the lattice

® Main disadvantage: computationally costly
® Other Dirac operators also satisfy the G-WV relation, e.g,,

® Domain-wall fermions: four-dimensional fermions arise as

zero-modes of a five-dimensional theory with a mass defect
in the fictitious fifth dimension of extent Ls

® Opverlap fermions are equivalent to domain-wall fermions in
the limit of infinite Ls
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Parallel transport

Wilson line:

Le(z,y) = Pe’ Jeqmyy B2 Au(z)
Under a gauge transformation:
Le(2,y) = Qx)Le(z, y)Q (y)

Parallel transport:

TrLe(x,x) — TrLe(z, x)

Le(z,y)q(y)  transforms like q(x)
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Gauge fields defined on the lattice

Introduce gauge link variables on the lattice:
U,(z) = ") = L(z, 2+ ae,) + O(a)

Under a gauge transformation:

Uy(x) — Q(x)UM(@QT(fE + aey,)
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Covariant lattice derivatives

Vuq(z) = = [Uy(z)g(z + ae,) — q(z)] V,.q(z) = Qz)V,q(x)
._’_ ...... ®
x r+ae, T T+ aey
N 1
Via(@) = ~ [a(x) ~ Ul(x —ae)a(x —ae)]  Vig(e) - Q) Vig(o)
@ .- ——
r—ae, x T —aey, T
1 . .
5 (Vi +V5) = D+ 0(a”) ~ViVux DDy + O(a’)

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015

29



Gauge-invariant fermion actions

Gauge-invariant fermion actions are defined by:

SF[U,Q_,C]] :a4ZQ_D[U]q D:DnaiveaDW7Dst7Dov7"°

with the simple replacement:

0, — V, J; — V,

U

Example: Wilson gauge action

1 * A
DW(m) — 5/}/“ (V,u -+ VM) — §vuv,u +m
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Plaquettes, rectangles, and the likes

Py =TrUy(2)Uy (2 + CL@;L)U;E(z + ae, U (x) T+ aey

PW Ty ez’aQFW[HO(a)]

T T+ aey

R, =TrU,(z)U,(x+ ae,)U,(x + QaGM)U;(x + ae, + aeu)Ul(a: + ae, U (x)

Tr + ae,

RMV % Tr 6Z2a2FIUJV[1+O(a,)] -

€T .CE—|—0J€'LL
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Gauge actions

]. A\ A\
SalUl = —73 > > RlepPu +crRy]

T v

4
a
Sc|U] =~ const + (cp + 4CR)@ Sj :Fiu 11+ O(a)]
T v
® Naive continuum limit requires: Cp + 4Cr= |
® Tune CRr to remove higher order lattice artifacts
® Wilson gauge action: Cr=0

o tree-level O(a?) improved Luscher-Weiz action: Cr=1/12
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Quantization of lattice QCD — partition function

Path-integral representation:

Z~ [1av]ldgldg) e S<1-a0 e
[dU] :HdUM(x) D:DnaiveyDW7DstaDova'”
T,

Gauge-invariant integration measure:

/de(U) _ /de(UQ) _ /de(QU) /dU: |

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015
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Quantization of lattice QCD — partition function

Path-integral representation:

Z~ [1av]ldgldg) e S<1-a0 e

— / [dU] e=5¢WY det D[U]

gauge integration volume is
finite; no need to gauge fix
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Quantization of lattice QCD — observables

A general observable can be written as:

_ U . -
OU,q,q) = (9@[1,],.. inin i Qi Qin A

/

generalized index: color, flavor, spin, subset of space-time coordinates
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Quantization of lattice QCD — observables

(O(U,q,q)) = %/[dU][d(ﬂ dq] e~ %cWI=aPIWlao (U, g, q)

_ 1 _ U U
<O(U’ ‘g q)> - E /[dU] c el det D[U]Ogh]ﬂ_ INGIN 5 J1 A7[31,]~' SINGIN " 5 J1

Wick contractions — Slater determinant

i [ DLLI0] D]
11, HtTNIN " 5 J1 . . .
\ '1:_N17]1 [U] T D'I:_NlajN [U] /
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Quantization of lattice QCD — observables

(O(U,q,q)) = %/[dU][d(ﬂ dq] e~ %cWI=aPIWlao (U, g, q)

11, " yININ, 5 ]1 11, 3ININ, 5 ]1

/

— %/[dU] e~ ¢Vl det D[UIO(U)

1
=~ / dU] e~ 55V det D[U]OY Al

= (O(U))v
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Observables — Wilson loop

W(R,T) = (product of link variables, U, along an R x T rectangle )

—TV(R)

L — : 1T — o0

® Wilson loop represents
space-time path taken by a
static quark/anti-quark pair T

® Confining potential— VL
exhibits area-law behavior

® casily verified in strong-
coupling expansion

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015
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Observables — Wilson loop

Example: pure YM,Wilson action 1

/ AUU Uy = ~0jndin

o % /[dU] B E]E]D

® Expand integrand in

® |ntegrate term by term

® | eading contribution E]E]
corresponds to a single ‘

tiling of plaquettes R
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Observables — Wilson loop

Example: pure YM,Wilson action

~ NC—1

O - 0000
W(R,T)~< ! )RT/G2 CE=G====@

N.g?

N e—TRa—2 log(N.g?) O O O O
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Observables — meson correlation functions

M(z) = g (2)lqy(x) r It

‘flavor indices\

(M(2)M(0))v,4.4 L Q O I

/ flavor singlet correlator gets

‘trace over color and spin

Q

<

B
||

“disconnected” contribution
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Observables — meson correlation functions

x 0
M(z) = @ (2)lqy() r rt
‘flavor indices\
Cpm(x) = (M(2)M'(0))v,4.4
Crm(z) = —(Tr [D;l(o,x)rpg—l(x,())rw(]

M:W‘L:f:d,g:u,F:%

e <TI‘ {D;ﬁ(aj’ ())D;l(w, O)}> 75D_1(07 w)%“) — D—lT(J’" O)

U
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Continuum limit

Lattice action depends explicitly on the bare parameters and
lattice spacing

Lattice spacing is a redundant parameter, can be absorbed by
redefinition of the fields and bare parameters:

3/2

a~’~q a3/2¢7 am ¢ g

Lattice spacing set by the choice of bare coupling (g)

In lattice QCD, it is convenient to work with dimensionless
bare parameters (that’s what goes into the computer)
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Continuum limit — Pure YM

da d
dg
Blg) = —a—= = —bog® — bi1g® + O(g")
1 /11 9
bO — A0)2 (ENC — §Nf> >O / bo’.bl are
(4m) universal
1 /34 N2 1 10
by = TN < Ny — —N.N
P (4 < 3 e TN, T3
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Continuum limit — Pure YM

aMphys = Miat(g(a))

\ ;

da dg

Blg) = —a—= = —bog® —big” + O(g") N

In asymptotic scaling region: /

_ 1 —B1
2
Miar(g) = aMypys o< € T g T
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Continuum limit — Pure YM

L measured at bare coupling g

® Scale setting: o = Miat(9)
Mphys
input from experiment
® Continuum limit: aMpphys — 0 g — 0

® corresponds to tuning bare coupling to a critical point
® =0 corresponds to a gaussian fixed point

® All dimensionless ratios of dimensionful quantities are
predictions and have a finite continuum limit
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Continuum limit — 2+ flavor QCD

Three bare parameters: g, My = My, = Mg, My

aMp phys = My 1at (97 arry, ams)

Three physical scales:
(any choice will do, in princple) aMr phys = Mr 1at(g, ami, ams)

aMK,phys — MK,lat (97 anmnyg, ams)

Mk 14 .
Rolat physical value
Mp,lat
defines ams(g)  amu(g)
Mw lat .
— = physical value
Mp,lat PR
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Continuum limit — 2+ flavor QCD

Along the curve of constant physics: {ami(g),ams(g)}

The lattice spacing is given by:

e measured at bare coupling g

Mp,lat (g)
Mp

phys
TS My phys = 938MeV

® |attice spacing a[fm] is convention dependent

® The continuum limit corresponds to taking g to zero,and is
independent of conventions
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Scale setting: string tension

Vi) = Vo — 4 or hep-1at/9208028
r o V=232 g=26.4
.0 -
o= lim 5-V(r)

® string tension extracted
from asymptotic
behavior of the static
quark potential

® phenomenological value:
o'?2 ~ 440 MeV
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Scale setting: Sommer scale (ro)

Alpha collaboration: hep-lat/0 108008

® ro~0.5fm based on
phenomenological

o

2 _

—V = 1.65 1
" or () B -
r=To B
15
® 1o defined in terms of S
force between static & 2f
quarks at intermediate 5 :
distances r .
—2.5

\/1.65—6
o —
0}

0.1l fm

0.067 fm

0.04] fm

L

potential models
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Scale setting: gradient flow (to)

® Computation of string tension and Sommer scale requires
numerical computation of static quark potential:

® computation of Wilson loops of all sizes TxL —
computationally costly

® |arge T extrapolation, estimates get noisy in this regime

e fits toV(R)

® State-of-the-art scale setting based on Gradient flow (to);
numerically simple computation

arXiv:1006.4518
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Scale setting: gradient flow (to)

Evolution of gauge fields in fictitious fifth time dimension
according to a gauge-covariant diffusion equation

Flow has a smoothing effect on field configurations

Key property: gauge fields at flow time t>0 are smooth,
renormalized fields; observables constructed from them
contain physical properties of the system

defined in terms of

Scale to defined as: “flowed” gauge field

1
t*(E)|,_, =03 E= 5 TrFu Fluy

t=to

Many other uses (e.g., defining stress-energy tensor on he
lattice, measuring topological charge,...)
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Universality and improvement

® Continuum limit is independent of the choice of lattice action,
however, the rate at which the continuum limit is reached will
depend on the choice of action

® Can improve actions, by adding irrelevant lattice operators,
which are tuned in some way to remove lattice artifacts at the
quantum level (i.e., Symanzik improvement)

Example: Simp[Ua Cj, ] S[U Q7 3Csw&5 Z q O-,uy 37

Opv = _%'[’Vuv /71/] lw %g
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Finite volume and temperature effects

® Finite memory — finite number of grid points
® finite temperature effects, controlled by T
® finite volume effects, controlled by L

® choice of boundary conditions are arbitrary, but some

choices are sometimes better for addressing specific physics
questions

box size: L3xT

S—

X
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Typical Spatial Boundary conditions

® Periodic/anti-periodic: f(x+ L) =+f(x)

® Twisted: f(z+ L) = e ()

/

useful for interpolating between lattice momenta

box size: L3xT

S—

X
Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015
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Finite volume

® Spatial extent should be
larger than the Compton
wave-length of lightest state
(i.e., pions)

L @ ® Periodic lattice: states can

interact with their images

® Typical finite volume
corrections from around-
the-world pion propagation:

~ e_mﬂ'L mﬂ-L z 4
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Finite temperature

® States can propagate “around the world”

® correlation functions will pick up backward propagating
states at large time separations

® asymptotic ‘thermal effects”

® [or correlation functions, around the world contributions can
be summed

Y

o—E(t=T) —Ft o~ E(t+T)

~ € ~Y
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Basic formalism — summary

® [attice QCD degrees of freedom
® Fermion and gauge actions

® Continuum limit/scale setting

e Computation of observables

® Finite volume/temporal extent effects
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Outline

¢ Basic formalism — QCD on a space-time lattice
® Numerical computation — hardware, algorithms and analysis

® From lattice to physics — results and challenges
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Numerical computation
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Evaluation of the path integral

Goal is to reliably compute:

OOy = -

7 = / [dU] e~ %<V det D[U]

® Gauge integration involves NoxL3xT degrees of freedom
® Fermion operator sparse but enormous: NcxNexL3xTxdx2
® Direct numerical integration is impractical

® Problem ideally suited for Monte Carlo
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Evaluation of the path integral 0

General strategy:

) 1 .
Oy =~ / U] e=561) det DIUIOU)
® Generate uncorrelated field configurations: {U',U?,--- Uo7}

® Distributed according to the probability measure:

W(U) = e 5¢lW det D[U]

® Stochastically estimate observables via:

Nconf
1

O ~ 5 3 O™ +0 (N])
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Configuration generation

® Generation of ensembles is performed using Markov Chain
Monte Carlo methods (e.g., Metropolis Method)

® Metropolis updating — requires ergodicity, detailed balance

® autocorrelations — future configurations depend on past
configurations U' - U? - U° — ...

® Dealing with fermion determinants is an added complication
® naive computational cost ~ rank(D)?
® past strategy: quenched approximation (uncontrolled)

® Current state-of-the-art: Hybrid Monte Carlo
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Hybrid Monte Carlo in a Nutshell

7 — /[dU] e~ 9clU] qet DI[U] “integrate in”
pseudo-fermions
_ f —Sc[U]-¢"DIUI "¢
— [ avdsias) Te——
conj. momenta P

= [[dP]idu)[dg"dg] e~ o= 1P)-Selv)-o1 P11 o

N2_1

SklP) = 2 3 TeP(2) Py (o) Pu(a) = 3 T*P(a)
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Hybrid Monte Carlo in a Nutshell

7 — /[dU] e~ 9clU] qet DI[U] “integrate in”
pseudo-fermions
_ f —Sc[U]-¢"DIUI "¢
— [ avdsias) Te——
conj. momenta P

= [[dP]du)[dg"dg] e~ o= 1P)-Selv)-o1 P11 o

— [aPYavastg e vt

H[P,U, ¢, ¢] = Sk [P] + Sc[U] + ¢! D[U] 1 ¢
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Hybrid Monte Carlo in a Nutshell

Z = / dP][dU)[dg1][dg) e~ SxIFI=Solv)=a' DU

N/

Gaussian distributed

[ Draw random P, ¢', ¢ for fixed U J

&

-

? Update U ?

~

(repeat)
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Hybrid Monte Carlo in a Nutshell

Performing updating of gauge links U

® View partition function as a classical system with Hamiltonian:

H[P,U,¢', ¢] = Sk[P] + Sg|U] + ¢' D[U] ¢ [ = (i@

® Regard Q and P as conjugate variables
® |ntroduce fictitious time T (i.e., a fifth dimension)

® For a fixed background field p, define evolution in time T
according to Hamilton’s equations:

d d 0

dr "

H[P,U,¢', )

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015

67



Hybrid Monte Carlo in a Nutshell

H[P,U, ¢, ¢] = Sk[P|+ Sg[U] + ¢' DU}~ "¢ [J = '@
d B d . T
W@ =Pua)  P@) = —5a-HIPU¢"

® Erogodicy/ergodic hypothesis: time average of observables
along an evolution trajectory is equal to its phase-space
average

® C(Classical Hamiltonian H is conserved along the trajectory
® Finite integration steps, results in small nonconservation of H

® Evaluation of fermion force term requires D-inversions
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Hybrid Monte Carlo in a Nutshell

Z = / dP][dU)[dg1][dg) e~ SxIFI=Solv)=a' DU

N/

Gaussian distributed

[ Draw random P, ¢', ¢ for fixed U J

&

[ Evolve U and P for fixed ¢ a distance 7 J (repeat)
- D

Accept/reject new configuration

according to P,.. = min(1, e °H)
g y
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Hybrid Monte Carlo in a Nutshell

® HMC evolution requires many linear solves of form: Dz =y
® can be solved cheaply, iteratively
® but inversion cost grows as chiral limit approached

® Method is exact

® errors in numerical integration of Hamilton’s equations takes
system away from constant energy surface

® such errors removed with Metropolis accept/reject step

® Acceptance rate is controllable by integration step size AT

® Many algorithmic improvements
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Thermalization and autocorrelations

Deficiency of MCMC: future configs depend on the past
Autocorrelation times are algorithm dependent

Long distance quantities typically have longer autocorrelation
times (e.g., topological charge, large Wilson loops)

Critical slowing down in continuum/chiral limits

Example: Pure SU(3) gauge theory on an 323x72 lattice; f=6.17 (heat bath)

1.0 - - - - 1.0
¢ c
0.8f - .g 0.8f
¢ )
o
g 06F  TTttcececcicciiiiiiiiiiiiiiiitiitieiinnnns, 8 0.6}
) O
= =
8 o 0.4
o 0.4} e
©
S 0.2¢
0.2} 15
(Al
O.0f=====mmmmmmm et g g ooy 2 T AL S A S a R S At g T
0.0 : : : : .
0 10 20 30 40 50 0 10 20 30 40 50
4@ Atvc
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Lattice field configurations

D. Leinweber, http://www.physics.adelaide.edu.au

Gauge fields configurations can be studies
on an individual basis:

® action density

® configuration topology,
topological charge density,
topological charge

® spectrum of the Dirac
operator; zero modes
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Topological charge

® Gluonic definition of topological charge (not unique)
® configurations require cooling to get integer values
® jumps in charge with cooling iterations due to small instantons

“falling through the lattice”

323x72, SU(3) YM, B=6.17 (2~0.70 fm)

20-. T T T T 1 15 .
15 ] 10
10} - J—
) H 5 )
= 5} M 1 = |
2 ™
S / S
_5} ' -9
| | —
—10t .
! =
_15t .
M 1 1 Il - _1 1 1 1 1 Il 1
0 20 40 60 80 5O 50 100 150 200 250 300

TMCm 00 10 TFlow
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Anatomy of a lattice QCD computation

|. Generate a statistically uncorrelated ensemble of gauge
configurations distributed according to the action for multiple
lattice parameters (e.g., lattice spacing, quark masses, etc)

2. Measure operators on background field configurations

3. Estimate expectation values of operators as ensemble averages
over background gauge field configurations

4. Use theory to connect expectation values of lattice operators
to relevant physical quantities

5. Analysis of data, necessary extrapolations/fits, quantification of
all statistical and systematic uncertainties
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Understanding uncertainties

® Most numerical work quote two types of uncertainties:

® Statistical uncertainties — are controlled primarily by
ensemble size and choice of operators; can be reduced by
increased computing resources and improved algorithms

® Systematic uncertainties — can sometimes be controlled/
estimated/removed using functional forms predicted by
theory (e.g., within an EFT framework)
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Uncertainties — controlled by numerics

® Autocorrelations

® due to algorithmic inefficiency

® critical slowing down as continuum/chiral limits approached
® Equilibration
® Statistical/fitting

® Tuning of lattice parameters
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Uncertainties — controlled by theoretical input

® Continuum extrapolation
® |nfinite volume extrapolation
® Accounting for thermal effects

® Chiral extrapolation
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Consequences of limited resources

® |imited computational resources result in sacrifices...
® quenched — uncontrolled approximation of the past
® simulations at unphysical pion masses

® |imited number of lattice spacings — need 3+ for continuum
extrapolation

® |imited statistics present significant signal/noise challenges:
® disconnected contributions to correlators
® multi-baryon correlators

® glue-ball correlators
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Hardware and algorithms

Performance Development

- P Rapid advances in both hardware
and algorithms have enabled:

— realistic simulations:

e.g., large volumes, light pions
TTEETLTTTTTl —increasingly challenging studies

Michael G. Endres « MIT * Exploring few- and many- body systems on the lattice: from dilute Fermi gases to QCD ¢ Feb 24,2015 79



Survey of ensembles

600

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015

Hoelbling [arXiv:1410.3403]

% | ' ' ' ' x ETMC '09 (2)
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s R — | cee { | e MILC'10
ot > . A ° o MILC'12
o x4 8% e + S ¢¢0.1% 1 |+ QCDSF'10(2)
& o o i - - " . o QCDSF-UKQCD '10
PR 0+ [ _J ° ,
¢t ot 3t . : Ak o . . 4] gﬁ%clolé)
X X & 3 _| 0.3% e 00 o Beo C
o ot W — (2 4 CS!
so ® R, o? = | <y . - PACS-CS '09
W L s, . o= - = RBC/UKQCD '10
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. S . + + +® -
° ° ©
1 _
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0.05 0.1 0.15 100 200 300 400 500 600 700
a[fm] Mn[MeV]

Nf¢= |+1,2+], |+1+] and even |+|+]+]| flavor ensembles
Typical lattice spacings:a > 0.05 fm

Typical pion masses greater than 200-300 MeV; state-of-the-art
down to the physical pion mass

Some simulations include dynamical QED
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Numerical computation — summary

® Algorithms: Hybrid Monte Carlo

® Considerations for carrying out a lattice QCD calculation to
completion

® Understanding and controlling (when possible) systematic/
statistical uncertainties
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Outline

¢ Basic formalism — QCD on a space-time lattice
¢ Numerical computation — hardware, algorithms and analysis

® From lattice to physics — results and challenges
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From lattice to physics
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Survey of LQCD applications

® Weak decays and matrix elements (Amarijit Soni, K to TTTT)
® Hadron structure (Jian-Wei Qiu, parton distribution functions)

® Hadron spectroscopy and interactions — a sampling of
lattice QCD results, enabled by theoretical, algorithmic and
hardware developments

® Nonzero temperature and density: e.g., equation of state,
deconfinement transition, dense QCD (complex Langevin)
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Correlation functions in Euclidean spacetime

Ci5(t) = (0|00} |0)

= (Ci; (£))v

= ZZ{n
/

sum over states

ensemble average

/ over individual

correlators

* _n
jn

Hin) = Eun) 2, = (0|0n)  Z}, = (0]0;]n)
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Effective mass

linear combination of operators

/

v’TC’( t)v = (0] ( o ) e H? (@TU) 0) O, =00

1 VIO + At)w

typically one lattice spacing

exp. suppression at late times

Mess(t) = At o8 v TO(t)

(U/TZi)(UTzl) 1 — e~ (B1—Eo)At

/

ground state energy

(v Zg) (v

Z())

—(E1—FEo)t | ...
Ay } € T

“excited state contamination”
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Effective mass — example: the nucleon

0.35

0.30}

A Meft

0.20f

0.15l

(data courtesy of The College of William & Mary)

s o statistical
_ excite . sta.te hoise
. + | contamination \

. ‘ ground state “plateau” ‘

[5133.581

Illl... I { [T ¢
N et T
aEo = amn t
""" 10 20 30 40 50 60
T/aT

Energies determined via fit to the “plateau region”
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Understanding the origins of noise: pion
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Understanding the origins of noise:
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Variance:
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Understanding the origins of noise: pion

A
EEEEEEEEEEEEEEEEEEEEEEEEENEENENI

Variance:

o*(t) = {IC@®)*)v — W) vl

-~ 6—2Tn7T

S
EEEEEEEEEEEEEEEEEEEEEEEEEENNTDR
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Understanding the origins of noise: pion

s/n~C(t)/o(t) ~O(1)

0.7 0 .
0.65}
S0 sol 5 S jit |
m Syt ittt isthig i \
0.55:- | am.
o0 |
0 10 20 30 40 50 60
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Understanding the origins of noise: nucleon
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Understanding the origins of noise: nucleon

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015

Variance:

o*(t) = {IC@®)*)v — W) vl

cCt)|*~ D 'D'D!
v D—lTD—HD—H
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Understanding the origins of noise: nucleon

Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015

Variance:

o*(t) = {IC@®)*)v — W) vl

-~ G—Smﬁt

Variance is determined
by pion physics
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Understanding the origins of noise: proton

0.20-

0.15|

a Mg for s/n
-
e
=

0.05]

0.00!

(data courtesy of The College of William & Mary)

3

s/n~C(t)/o(t) ~ e~ (Mp—35ma)t

--.‘azé.SaT

8N
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Understanding the origins of noise: proton

’ — _3Fr
Lepage’s argument: s/n ~ e~ (Fo=3Eo)t

/

signal ground state

(multi-) pion or
vacuum energy

® Generally, variance is governed by the lightest state with
vacuum quantum numbers (and nontrivial valence QN)

® e.g,pions or the vacuum itself

® Multi-baryon systems: exponential degradation with baryon
number, e.g., a ““signal/noise” problem

® Signal/noise problem is intimately related to the “sign-problem”
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Disconnected diagrams
T 0
Generate random sources: 51, 52, s ,SM O
) I
M
Such that: Z fnf;g =140 (M_I/Z)
n=1
Solve: Dn, =&, —— Nn = D¢, I' O I

M
Express correlator in terms of: D1 ~ E 77”571;
n=1

(Cpq()) _ <Tr [D;l(o, r)TD; (z, O)FT] >U

+ (T | Dy (@ o) | e [D(0,0)01]) g,
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Disconnected diagrams
T 0
Generate random sources: 51, 52, s ,SM O
) I
M
Such that: Z fnf;g =140 (M_l/Z)
n=1
Solve: Dn, =&, —— Nn = D¢, I' O I

M
Express correlator in terms of: D1 ~ E 77”571;
n=1

® [wo sources of noise:

® gauge noise — tune M so they are comparable

—

® noise associates with stochastic estimate of D"
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Effective mass — example: the nucleon

(data courtesy of The College of William & Mary)

o/
|;‘z3.53'r

| ° o stat statistical ]
0.30} ] excited state oise

| .+ |contamination \

%:)0'25_' "s ‘ ground stzit/e “plateau” ‘

: lll..I I I [T- le
0.201% ! ll |

- |aEo = amn !
O =920 30 40 50 60

T/a'r

To extend plateau, one can either:  |) reduce contamination at early times
2) reduce statistical noise at late times
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Variance reduction

® (Semi-) recent algorithmic developments for variance
reduction:

e distillation [arXiv:0905.2160]

® dilution [arXiv:0505023]

® |ow mode averaging [hep-1at/040101 1]

® all mode averaging [arXiv:1208.4349]

® signal/noise optimization of sources [arXiv:1404.6816]

® Despite advances, signal/noise remains a significant challenge
for LQCD calculations
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Generalized eigenvalue problem

- : Nucl. Phys. B215, 433 (1983)
Assuming NxN correlator: Nucl.Phys. B339 (1990) 222-252

Nucl. Phys. B339, 222 (1990)
J. High Energy Phys. 04 (2009) 094

C(t) = CT(t)

C(t)vn (t, t()) — )\n (t, to)C(to)Un (t, t())

E, = —0:log A\, (t,t9) + O (e_(EN“_E”)t) to <t < 2t

® (Observation: correlator is like a truncated transfer matrix

® Solutions to generalized eigenvalue problem yield lowest N energy eigenstates,
and operators with maximal overlap

® Enhanced excited state contamination in appropriate regimes
® Works best when operator basis is fairly orthogonal

® Enables extraction of not only sround, but excited states
Michael G. Endres (MIT) ¢ Lattice QCD « PPP || Taipei, Taiwan ¢ May 12,2015 101



Effective mass — example: the nucleon

(data courtesy of The College of William & Mary)

035 e e
- . ) |§L3.5aT

030} ' [
o

%50.25:-
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0.15l

® Other methods exist as well: intuition, Matrix Prony, ...

® New/better methods highly desirable
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Construction of operator basis

A

O, = e,

® Operators should have appropriate quantum numbers
® definite momentum, parity, other quantum numbers

® definite transformation properties of a lattice irrep

cubic group with parity: decomposition
Af

— 48 group elements -

— 10 irreps. Bt e

— pos. and neg. parity irreps. ool T

correspond to even and odd /
respectively

AfoEto T e Ty
E-elIy T T,
AT o AT ETeT o Ty @ Ty

© O Ot e W NN RO

AT Ay 0BTy o1y T; T, &1y
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Construction of operator basis

A

O, = e,
Example:

® A,"irrep contains [=0,4,6....

® T, irrep contains I=1,3,5,...

cubic group with parity:

decomposition

Eta Ty
A;@@T;
JE‘JF@Tfe;TQ+

A;@E+@TJ@T;@T;

AT A, o E- Ty 0Ty @ Ty » Ty ©T,

— 48 group elements

— 10 irreps.

— pos. and neg. parity irreps.
correspond to even and odd /
respectively

SO

© O Ot e W NN RO
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Construction of operator basis

A

O, = e,

® Operators should have appropriate quantum numbers
® definite momentum, parity, other quantum numbers
® definite transformation properties of a lattice irrep
® Target states are extended objects on the lattice

® point sources not ideal

@
. +
' » '+ o—>—
point smeared displaced double displaced
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Construction of operator basis

A

O, = e,

® Operators should have appropriate quantum numbers
® definite momentum, parity, other quantum numbers
® definite transformation properties of a lattice irrep
® Target states are extended objects on the lattice
® point sources not ideal

® |deal choice of operators should generally have:

o e . . .
low statistical noise i —not necessarily compatible!

«

® large overlap onto target states
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Light hadron spectroscopy

2500 T T T l I | T T I T I T

lattice QCD compared to experiment
(extrapolated to physical point)

2000

= M -

1500 | — -
5\ i o 1 |
3 o L
>, 5
N’ |

1000 - i P L P -

;:..4 anlhes
500 |~ oolo _ ]

ol—t 10y
TP K g M xwy © ¢ N A X E A s = Q

® Summary results: includes MILC, PAC-CS, BMW, QCDSF RBC&UKQCD and
Hadron Spectrum collaborations

® Bars/boxes represent experimentally measured masses/widths
® Agreement: systematics (different for each) are under control
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Glueball spectrum (pure YM)

® Operator basis: gauge invariant combinations of Wilson loops

® Glueball spectrum extracted using variational method (GEVP)

® Continuum limit, identification of continuum quantum numbers

«— % ] /E—<_I
LA ) )
L, LS
— — I_' "
A/’i_d 7 //’j/’7 T—g—}—v L;L7
L,/ L/ Y A
% I_"l
|G AN N
&Z«L@7

JP¢ notation; spin J, parity P and charge conjugation parity C
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arXiv:9901004
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Glueball spectrum (QCD)

| olo IPDGI exlpt | )
] ® ® Anisovich et al. Gregory, et al. [arXiv:1208.1858]
6 T O O Glueball, this work
0
| 0
O Q
>
O 4r 1
= ¢ ! %
% I=0 meson masses
3 = .
0 > - (experiment)
] . ] [ ] 8
O O : <
2 $ ° . ¢ =

1

e 2+| flavors,a = 0.092 fm, 360 MeV pions
® Variational analysis using O(30) glueball operators
® Assignment of quantum numbers a challenge (e.g., multiple ¢ in a lattice irrep)

® Consistent with quenched studies, although continuum extrapolation needed
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Light meson spectrum

negative parity positive parity exotics
0 > ST ' ; >
- o= ___=3 | : 5
— N b ~ — =
I - - i a o
Lol S I T . e —
| b L > s OERT T s -
IS : LS e s @ — 0t— [ 2
| o, T :
a l:'Q o 3++ 4t++ 3t ]
| — | -\@/ [
o g o
2.0} = ™ B
> o o ‘ o/\ _‘Tﬁ/ 3__ - « B B
<) = [E 0 _
O (S < . ' ' 1=+
~— ™~ _—
~ F 2 2
@ - —~
z - I
5C 45l ) ~ .
g > S)
. i — O 2++
3 § r 1+,
r “ o 1++
1.0} @ S
! > —
L - w7 m, = 396 MeV
| = 1—- | isoscalar =
- .
05} : isovector
- . I YM glueball
0-

Hadron Spectrum Collaboration: arXiv:1102.4299

® Isoscalar meson spectrum (labeled J°¢)

® Black/green mixing angle between light/strange quark basis

states; determined from overlap factors obtained from GEVP
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Maiani- Testa no-go theorem/Luscher formalism

® Monte Carlo calculations are performed in Euclidean space; Wick
rotation required for measure positivity of path integral

® single hadron energies remain straight-forward to extract

® in general, scattering matrix elements cannot be extracted from
infinite volume Euclidean space correlation functions

® |uscher developed formalism for relating two particle infinite volume
elastic scattering phase-shifts to energy shifts in a finite volume

® Recent extensions of the formalism to three particles in a finite box
® Polejaeva, & Akaki [arXive:1203.1241]
® Briceno & Davoudi [arXive:1212.3398]
® Hansen & Sharpe [arXiv:1408.5933]
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Luscher’s formula: two particle s-wave phase shifts

pcot 8(p) = S pL - quantization condition for
7L o three-momentum P = |P|
A
1
S(n) = Z nZ AT A > well-defined limit as /A removed

I r,
pcotd(p) = —— +5p” + -+ (higher order shape parameters)

scattering length effective range
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Luscher’s formula: two particle s-wave phase shifts

p ot 8(p) = S pL - quantization condition for
L o three-momentum P = |P|
A
1
S(n) = Z n2 — 12 — 4\ « well-defined limit as A removed
Above assumes: 10— T —T

100}

: |:2<al;sumption on a Sz )/ / /// / /
E—earayan

® s-wave scattering -9
(generalizes to ¢ #0)

S(n)

100}

_150 ..........
® below inelastic threshold n2
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Luscher’s formula: two particle s-wave phase shifts

pcot d(p) = S pL « quantization condition for
rL" \ 2n three-momentum p = |p|

® |f scattering phase shifts are known as a function of
momentum, then the allowed scattering momenta (and
therefore) energy spectrum is predicted in a finite box

» Pn » E, =2v/m? + p2

® |f energies spectrum in known in a finite box (determined via
numerical calculation) then the scattering phase shifts can be
determined at the corresponding scattering momenta

« Pn « E, = 2y/m? + p2
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Luscher’s formula: two particle s-wave phase shifts

0(Pn) « Pn «

E, =2y/m? + p2

® Practical issue:

® Luscher’s formula gives 0(p) for discrete values of p, determined by two-
particle energy eigenstates of the system

® ascan in O(p) requires accessing more energies; changing lattice volume
computationally expensive

® Methods developed for accessing wider range of energies from a single
simulation, e.g.,

® use of asymmetric lattices, include nonzero total momentum operators

® imposing twisted boundary conditions
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=1 P=1 11711 scattering (contains p resonance)

[ mg; =391 MeV e
150
mpr = 854.1 = 1.1 MeV . .

1200  xion Breit-Wigner fit
O\ 2 .3
—— ool Cp = (‘f—Jﬁ—’ — 12.44 0.6 MeV
Ijl ’
fae)

60 1 o L=19fm

-1 _oun | Dudek, Edwards, Thomas
301 s L=29fm [arXiv:1212.0830]
0 I I I I [ [
800 850 900 950 1000 1050 E. / MeV

® Resonances appear as rapid change in scattering phase shift in the corresponding
scattering channel

® Mapping out O requires:
® basis includes single hadron and multi-hadron operators
® determination of many energy levels (e.g., using GEVP)

® use of / = 1form of Luscher’s formula
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Luscher’s formula — bound states

150 ————— T T

pL |

to(p) = S 100} ]

S50t

A s /I/ ) | /{ / ! |

7 :

S(n) = Z g _ArA g /// ....... / ................. /

i —100¢ :

_150.._.4..._.2...0. .21.2.4.. ..... él()

|Beane, et al, hep-lat/0312004] T
2
L>> |al Eoi=-L[1+0 )]  7+pcotd(p)e__.=0

m

finite vol. corrections controlled by YL, where Y is the binding momentum
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Many hadron systems — nuclei

Deuteron Triton Helium-3 Alpha

& @ &

Major challenges:

® Signal/noise (related to sign
problem)

® Contraction problem
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Multi-baryon contractions

- @ O

O O nucleon:
A <

N ~ (¢" CTq)q

/

~ @ o
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Multi-baryon contractions

L 1

( propagators

in all possible
A < : ’ : Eabc(cr)aﬁ

permutations

-
_ 1 —SclU U] U]
(O, q,q)) = E/[dU]e W det DUO . i A i
products of € and CI Wick contractions
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Multi-baryon contractions

( propagators

A < in all possible

permutations
\\. é

-

SH : 191102976 x 2880
SHe : 191102976 x 2880

/ ]‘ \T “He : 110075314176 x 518400

cost/config  ~ 62A42ANu!Nd!

quark perms
(naive)

color spinor
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Multi-baryon contractions

( propagators

A < in all possible

permutations
\\. é

-

SH : 191102976 x 8000
SHe : 191102976 x 8000

/ ]‘ '\T “He : 110075314176 x 46656

cost/config  ~ 62A42AN3N§

quark perms
(determinant)

color spinor
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Multi-baryon contractions

Y4

props. in all
possible perms.

( , )
props. in all
( possible perms. %
_J/
E <N
J

Baa,bﬁ,cv

3
SQ
=
|
antisymmetrized

[
é Jin all
POF:;?bﬁZ ;,nefms ] baryon “blocks”
— . %

Cost:

PR 6A4A Nu'Nd' H : 13824 x 1000
cost/contig 2A Ie : 13824 x 1000

/ /‘ e : 331776 x 2916

color spinor
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Multi-baryon contractions

N\

props. in all
possible perms.

Baa,bﬁ,cv

( , )
props. in all
( possible perms. %
_J/
E <N
J

3
SQ
=
|
antisymmetrized

- :
% props. in all %
— possible perms. ]

S = sparse D = dense

larXiv:1205.0585 field independent

/ contraction list—

D. . compute only once
] 11, ,13A

Si

Ly viza D | = 9]

7:1,...72'314 ily"’yiBA

extremely sparse
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Multi-baryon contractions

® General strategies now exist which eliminate all redundancies
for multi-baryon correlation functions

® unified contraction lists [arXiv:arXiv:1205.0585]
® underlying principle: takes advantage of Pauli exclusion
® exponential reduction in computational cost

e cfficient methods developed for construction of contraction
lists needed: use of recursion relations [arXiv:1207.1452]

and [arXiv:1301.4895]

® Multi-baryon contractions methods enable A>4 calculations,
however signal/noise remains an issue
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Lattice QCD: light nuclei and hypernuclei

| \s=0 : s=—1 & | mqg ~ 800MeV
' v
%u 80
Z 100
160 > body : S. Beane, et al. (NPLQCD),
o i-t;ggy Phys. Rev. D 87, 034506 [arXiv:1206.5219]
-body

d nn SHe “‘He n¥ 3H 3{He 3%He ¢{He H-dib nZ ,,'He

® A<4,strangeness<2
e SU(3) flavor limit, single lattice spacing a~0.145 fm

® |nfinite volume extrapolated
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Isospin breaking effects on hadron masses

® |attice QCD simulations often performed in the isospin limit
® myg~ 140 MeV; mn ~ 940 MeV
® isospin breaking effects are very small by comparison:
® e.g., neutron is heavier than the proton: mn-mp ~ 1.29 MeV

® |sospin breaking effects are only important when numerical
precision reaches a level where they can be measured

® |sospin breaking is nonetheless important in nature, e.g.,
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Isospin breaking effects on hadron masses

® Two sources for isospin breaking:

® strong breaking due to mq>m, (dictated by Yukawa couplings
in the SM of weak interactions)

® clectromagnetic breaking due to Qu # Qq

® According to experiment, contributions to mn-mp are
comparable in size, but opposite in sign; cancelation of effects

® (mN'mP)strong -~ 2.0 MeV
® (mN'mP)e+m ~ '0.8 MeV

® |nteresting to understand interplay of these contributions as a
function of the fundamental parameters of nature
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Introducing lattice QED into the mix

Noncompact lattice formulation of U(1) gauge theory:

F.(x)=0,A,(x) —0,A,(x) 0,, = forward difference lattice operator

Gauge transformations: vanishes on the lattice

A(@) = Au(x) — (o) Fou(@) = Fou (@) - (9400, )a(x)

Gauge invariant lattice gauge action:

1
Lopp = —5F?

4e? K
\ Noncompact action requires gauge fixing
(e.g., Coulomb gauge on the lattice)
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Introducing lattice QED into the mix

Coupling to matter:

/
q(:z:) N eiQaa(x)q(x) Q = djag(Qu’ Qd, -+ )

transforms as a site variable

eiQaAu (x) N eiQa[Au (x)—0,a(x)] eiQaa(az)eiQaAM (:U)ez'anz(a:—l—aeu)

transforms as a link variable

Gauge invariant lattice fermion action:

f Uu(x) — Uu(w)eiQaA“(x)

Sr|U,q,q] = a* ZqD[U]q D = D,pives Dw, Dat, Doy, -+
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Introducing lattice QED into the mix

® Finite volume effects:

® QED is a long-range interaction; expect power-law finite
volume effects — need large volumes

® Finite volume effects accounted for within an EFT
framework [e.g., Davoudi & Savage, arXiv:1402.6741]

® Number of studies using QED quenched approximation:

® can use currently available QCD configs

® numerical tricks for reducing noise: +/-e averaging, exploiting
correlations in ratios of correlators to suppress excited
state contamination

® Recent results for full QCD+QED
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Mass differences, including QED effects

10

AS
T (A=)
S=-1 ——

S=-2 AD

i

C=1

— expefiment
e QCD+QED
() prediction

BMW [arXiv:1406.4088]

AN =n—p
AY =3 — 37
= == _=0
AD = D* — DY
AE,, =St —=t

Acg = AN — AY + AE

e |+]|+]|+] flavors of Wilson fermions

® Full accounting of systematic errors, physical pion masses, continuum limit

® Predictions — errors exceeding those of experiment
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Physics results — summary

® Extraction of energies from correlation functions:

® designing operators with correct quantum numbers, large
overlap onto states of interest

® challenges with signal/noise
® many fermion contractions
® Random sampling of specific applications to:
® hadron spectroscopy and interactions
® nuclei and hypernuclei

® measurement of isospin breaking effects in QCD
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Thank you!
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