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We study experimentally a short chain of N(≤8) loosely connected spheres bouncing against a
horizontal surface that vibrates sinusoidally at intensity Γ. Distinct states are identified: a base
state of uniform bouncing in-sync with the substrate prevails at low values of Γ, whereas increasing
Γ can induce transitions to two higher states with appreciable storage of energy around one or both
ends of the chain. We find that, in a transitional window of Γ, the chain can even switch sponta-
neously among states, resolving the mystery why different modes of motion can be initiated at the
same position in our previous work along a gradient of vibration [Phys. Rev. Lett. 112, 058001
(2014)]. Preliminary interpretations on the parametric dependences and the optical frequency win-
dow for seeing these transitions are offered, based on the microscopic and statistical evidence in our
experiments up to date.

I. INTRODUCTION

In nature, objects with internal degrees of freedom can
exhibit different states in response to to external excita-
tions. Examples range from a functional biological cell
to just a simple liquid drop on a substrate. In the stud-
ies of granular objects, their response to mechanical vi-
brations has brought a long tradition of scholarly works.
Many experiments have focused on the collective behav-
iors, such as pattern formations [1], segregation and con-
vections [2], diffusivity [3], Leidenfrost effects and shock-
waves [4, 5], just to name a few. A few previous stud-
ies have addressed the different states of vibration with
anisotropic rigid objects. The work by Sano and cowork-
ers has reported the occurrence of directional motion
with a specially shaped mass at the values of the dimen-
sionless acceleration Γ around 1.8 [6]. The simulations
and experiments by Kudrolli and Tsimring’s groups re-
veal that a dumbbell dropped onto a substrate vibrating,
at Γ slightly lower than 1, can react with different bounc-
ing modes including one with a ratcheting motion [7]. A
recent paper by Kubo et al combines experiments, simu-
lations and analytical works on the bifurcations of bounc-
ing modes that are coupled with the chirality of the ob-
ject [8]. The discussions in those studies focus primarily
on the change of the translational motion, without influ-
ence from internal degrees of freedom. Meanwhile, the
behaviors of a long chain of beads have been studied for
the evolution of knots on a vibrating stage[9] and in many
cases used as a metaphor of polymers [10], given its large
number of internal freedoms.

We have demonstrated in our recent work [11] that a
short granular chain, with just a limited degree of internal
freedom, can be used as a representation of a soft dissi-
pative object and leads to interesting discoveries along
a spatial gradient of vibration: a dramatic divide in its
translational motion is found at locations of Γ somewhat
lower than 1.8. We interpret the divide as a result of
the interaction between the finite size of the object and

the spatial gradient. However, the dynamics behind how
the chain chooses among multiple states, apparently in a
stochastic fashion, remains largely unexplained. In our
current work, with the spatial gradient removed, we char-
acterize the spontaneous switching of the states and the
transitions, from both microscopic and statistical points
of view.

II. SETUP AND IMAGING

As shown in Fig. 1, we impose uniform sinusoidal vi-
brations to a chain of N loosely connected metal spheres
(Fig. 1a). The main control parameter are Γ, the peak
acceleration of the base normalized by the gravitational
acceleration g, and the frequency f ∼25Hz typically. Our
mechanical shakers are built by a local manufacturer (Vi-
bration Source Technology, Co. Ltd., Taipei, Taiwan)
and are feedback-controlled. The chain is partially con-
fined by either two acrylic plates in parallel with a sep-
aration slightly larger than the particle diameter d, as
shown in the linear setup in Fig. 1(b), or by concentric
cylinders with the same gap width, as the circular setup
in Fig. 1(c). The linear setup has two versions: L1 is
30cm-long with a straight bottom, while the miniature
L2 has a slightly concave bottom with a radius of curva-
ture 20cm so that the chain never goes beyond the arch
of 8cm. The circular version is designed specially for
statistical experiments, so that observations will not be
interrupted as it would occur when the chain reaches ei-
ther end of a linear channel. Effects of the curvature are
negligible, for that the expected bending to comply with
the channel is only at the order of 10−2radian between
adjacent particles. For both the linear and the circular
versions, the bottom of the channel is made of acrylic
and is roughened at the scale of 0.1mm. We use diffusive
back lighting to image the chain in all cases.
We find that the chain in these quasi-2D setups faith-

fully reproduce all key features especially the different
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FIG. 1. (Color online) Schematics of experimental setup (not
to scale). (a) Photograph of a typical chain used in the ex-
periment and the relevant dimensions: the sphere diameter
d=2.4mm and the linkage distance δ < 0.23d.(b) The linear
version, primarily for microscopic observations from the front
view. (c) The circular version, with two in-sync cameras ori-
ented in orthogonal directions ensure continuous long-time
recordings. The photographs on the right show examples of
the optical average over a vibration cycle, described in main
text, for the state 0, 1 and 2 in a top-down sequence.

states (referred to as modes) in the previous experiments
in 3D [11]: at values of Γ slightly larger than 1, the chain
remains essentially flat even if it does leave the substrate
periodically; in a substantial range of Γ, the movements
appear to be dominated by the swinging of one or two
end(s) of the chain — see also our Online Supplement for
video demonstrations [12] using our current setup.

To understand the dynamics of the states and their
transitions, we take high-speed videos of the chain. By
zooming in to the magnification of 100 pixels across the
particle, computer-aided centroid algorithm allows us to
detect the center of individual particles to the sensitivity
at the order of O(10µm) [13]. Simply by visual exami-
nation of the high-speed videos, one could also see that
the chain takes off from the substrate just once in every
vibration cycle and that, in the presence of State 1 or 2,
the chain spends a considerable portion of time with a
significant degree of bending, throughout the range of Γ
in our scope of discussion. This fact provides a conve-
nient alternative to recognize the state without resorting
to high-speed imaging: One could set the imaging expo-
sure time ≈ the vibration period and obtain the optically
averaged images like those shown on the right-hand side
of Fig. 1(c). Our computer code then divides the image
of the chain into N segments, calculate the intensity-
weighted centers of each, and make the fully automated
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FIG. 2. (Color online) Illustration of the transition, over time
or the control parameter Γ, with N = 8: (a) Snapshot of the
three states: state 0 with the chain being essentially flat, state
1 with the one end bending upwards, and state 2 with both
ends upwards, captured upon their maximal bending. (b)
Time series of ∆z2max at Γ=1.6, 1.65, and 1.7 , respectively,
at the same frequency f = 25Hz. (c) The 12-minute average
of ∆z2max, at different values of Γ with the same frequency.

judgement on the chain as in one of the three “states” by
comparing the heights of the first and last to the one (or
two) at the center. One great advantage of this algorithm
is that it demands only the normal video frame rates, so
that we can make continuous recordings in practically
unrestricted lengths, on which our statistical analyses
are based. Although the judgements inevitably involve
a threshold hc in making the comparison against noises,
most of the statistics have been verified as reasonably
insensitive to the choice of hc (typically d/4, as detailed
in Ref. [13]), except for certain limitations towards the
small-amplitude limit of our experiments, which will be
revisited in Sec. IV.B.

III. MAIN CHARACTERISTICS

Before describing our particle-tracking and statistical
analyses, it is helpful to demonstrate the spontaneous
switching with data from high-speed imaging of a chain
in our long linear channel (setup L1). Multiple snapshots
are obtained within each vibration cycle, and Fig.2 (a)
demonstrate the front views of different states at their
maximal bending. For each snapshot, we fit each snap-
shot of the chain with an N -degree polynomial, find its
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best fit zN (x), and quantify the bending by

∆z2 ≡

∫
(zN (x)− Zc)

2dx/

∫
dx

in which Zc ≡

∫
zN (x)dx/

∫
dx. As a rough indicator

of the “state”, here we show in Fig. 2(b) the time series
of ∆z2max, which stands for the peak value of ∆z2 found
in multiple snapshots within each vibration cycle. Even
though our images need to accommodate the long chan-
nel therefore do not have the pixel resolution required for
a precision particle tracking (as in the next subsection),
the rise and fall of ∆z2max serves as an effective indicator
of the chain alternating between State 0 and the other
two “excited states”. Furthermore, Fig. 2(c) displays the
values of ∆z2max averaged over 1800 vibration cycles for
experiments of different values of Γ, showing the trend
towards a saturation as Γ increases. However, this indi-
cator does not differentiate the contribution of State 1 or
State 2.
In Sec. III.A, by zooming-in to the highest pixel reso-

lution available, we examine the motion of these individ-
ual particles, quantifying the energy and dissipations in
different states, and establish the timescales of the spon-
taneous switching, at a fixed set of parameters N = 8,
Γ = 1.65 and f =25Hz. In Sec. III.B, we characterize by
statistical analyses the dependence over N , Γ, and f for
these phenomena, with full distinctions among all three
states.

A. Particle dynamics

In this section, we describe results from high-resolution
imaging, with experiments performed with setup L2 to
suppress the horizontal displacements with its small cur-
vature. The suppression of horizontal displacements al-
lows the zoom-in imaging at our full pixel resolution.
These experiments are performed at a fixed set of pa-
rameter N = 8, Γ = 1.65 and f =25Hz.
Figure 3 demonstrates trajectories and speeds of in-

dividual particles in a transition from State 0 to State
1, in a typical pace of about ten cycles. Trajectories are
presented as potential energies (P.E.), speeds as in ki-
netic energies (K.E., the end particles only), with the
sum of energies of all particles (P.E.+K.E.) but normal-
ized by the total number of particles N = 8 for the ease
of comparisons. Figure 3 also demonstrates the quality of
the particle tracking: the data for the height of individ-
ual particles (Zi) appear continuous, and the velocities
(Vi) derived from frame-to-frame subtractions of Zi are
reasonably smooth between collisions, as the combined
results of the high frame rate (2500fps) and a sufficiently
high pixel resolution on the zoom-in images.
Notably, the energies become significantly uneven as

the chain switches from State 0 to State 1. Quantita-
tively, the energy carried by a particle at the swinging
end of State 1 is at the order of g×3mm≈0.03(m/s)2 per
particle, while the sharp dips on the curve of the total
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FIG. 3. (Color online) Time-resolved particle trajectories and
energies during a spontaneous transition from State 0 to State
1, with Γ=1.65 and f= 25Hz = 1/0.04s. The potential energies
(P.E.) of each individual particles are expressed as gZi in
which the two end particles are represented in red and blue
on the top panel, the kinetic energies (K.E.) of the two end
particles as V 2

1 /2 and V 2
8 /2 , and the total energy as (P.E.

+ K.E.)/N for assessing the dissipations. The particle mass
is omitted in these expressions. Motion of the substrate z0 is
indicated on the top panel.
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FIG. 4. (Color online) Close-up observations of the two states,
with substrate movement subtracted, from the data presented
in Fig. 3. (a) The subtracted trajectories, indicating the dis-
tance of individual particles to the substrate. (b) Magnified
display of one vibration cycle in State 0 and State 1, respec-
tively. (c) High-speed snapshots of the chain at State 1, with
two end particles marked by red and blue, analogous to (a)
and (b). The arrows indicate the direction of the end particle.
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energy suggest that the energy loss upon each landing is
around 0.01(m/s)2 × 8. Nevertheless, one shared feature
between State 0 and State 1 is that the descent of the
total energy is about twice steeper than its rising. This
fact suggests a notable asymmetry that can be related to
the ways how the chain loses and regains energies, as will
be shown in the next figure.

By zooming in the response cycles of each state, Fig. 4
shows the contact dynamics. While Fig. 4(a) further
magnifies the particle motion presented in the preceding
figure with the substrate movement subtracted, Fig. 4(b)
demonstrates the dramatic difference in how the chain
interacts with the substrate: In State 0, the trajectories
suggest that all particles land on the substrate within a
narrow time window (roughly the second 1/8-th of the vi-
bration cycle presented with this graph). The re-bounce
of the two end particles are clearly identifiable, whereas
the inner particles stay close to the substrate for nearly
half of the vibration cycle. In contrast, the landings of
individual particles for State 1 spread much wider in time
– starting around the same time relative to the vibration
cycle as in State 0, these landings occur sequentially for
over half of the vibration cycle and end with the ballistic
impact of the end particle. We display four snapshots in
Fig. 4(c) to demonstrate the time sequence of the head-
swinging movement, supplementing our previous inter-
pretations on the rapid horizontal ratcheting associated
with State 1 [11].

Even though some details of the contacts might remain
unresolved with our current image resolution, cross refer-
encing Fig. 3(c) and Fig. 4(b) reveals that, in both State
0 and State 1, the chain spends roughly half of the vibra-
tion cycle in a free flight — starting at around t =0.92s
and 1.36s, for instance, as also marked by the vertical
dashed lines where the total energy start to plateau (with
some noises reflecting measurement errors, such as ne-
glected energies in rotation or horizontal movements).
In addition, these zoom-in observations support our pre-
ceding interpretation on the steep descent in the total
energy: The dissipations occurs mostly with the first
landings within about 1/8-th of the vibration cycle. The
slower rise of the total energy in Fig. 3(c) reflects the sub-
strate’s supply of energy to “grounded” particles by push-
ing them upwards in a relatively more gradual manner,
lasting about 1/4-th of the vibration cycle, until the free
flights take place – please refer to Fig. 3(a) for the phase
of substrate movements as well. Further thoughts on the
relation of these phenomena to the takeoff and landing
of a simple point mass will be discussed in Sec. IV.A and
with numerics supplied in Appendix.

We show in Fig. 5 the spontaneous switching among
all three states, at the same experimental condition as
in Fig. 3 for a much longer timescale. The energies here
are shown by the average over each vibration cycle. The
alternation of averaged height of the end particles, or
equivalently their P.E., stands outs as the most effective
indicator of the switching among three states.

One might expect the total energy to exhibit three dis-
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FIG. 5. (Color online) Spontaneous switching among the
three states, represented by the relevant mean energies, in
analogy to Fig. 3 but for a much larger timescale: the P.E.
and K.E. of the two end particles, and the sum of energies
along the entire chain, with a bracket 〈· · · 〉cyc standing for
computing the mean over exactly one vibration cycle. The
numbers 0, 1, and 2 on the top indicate the state of the chain,
switching with intervals marked by the dashed lines.

tinct levels, instead of just two as shown by the bottom
graph. This apparent degeneracy in energy can be ex-
plained as we take into account a bias in State 1 due to
the use of a slightly curved channel (setup L2): As re-
ported in Ref. [11], the chain exhibits a strong tendency
to move towards the active side at State 1. While the
slight curvature successfully stops the chain from mov-
ing out of our imaging zone, one of the unintended con-
sequences is that the baseline of P.E. for a particle at
the swinging end in State 1 shifts upward as the chain
moves uphill (as shown by the video images), at a typi-
cal amount of g×2mm≈0.02(m/s)2 per particle per unit
mass – as is also shown by the gradual rise of the height
of one of the end particle (but not the other one that
stays around the valley of the channel) during State 1.
The rise roughly compensate the expected gap between
State 1 and State 2, which might have appeared as a a
few sharp steps in P.E. and K.E. upon the activation of
State 1 but are evened out later as the chain climb up-
wards. Some other features in the curve of total energy
can also be consistently explained by this effect, such as
the slow descent (t ≈ 42s) versus the steep rise (t ≈ 50s),
because the uphill movement of the chain at State 1 is
inherently fast in comparison to the gradual sliding to-
wards the valley of the channel when this head-swinging
ceases to exists (in State 0, or becomes symmetric as in
State 2).

Most importantly, the information from Fig. 5 and
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FIG. 6. (Color online) Comparison of chains at different
lengths with N= 5,6,7 and 8, based on the probabilities of
finding a chain at the specified state(s) during a recording of
65000 consecutive vibration cycles (= 2600s) at f =25Hz, as
functions of Γ.

Fig. 3 combined shows that the height alternations are
unambiguous and that the switching of states, typically
within ten vibration cycles, is abrupt in comparison to
the durations of each state, which could last a few sec-
onds or even much longer [12]. These are empirical facts
that justify the automated state recognition, described
in Sec. II, based on which we are able to characterize the
transitions by statistical analyses, without knowing the
details of particle motion.

B. Statistical descriptions

The use of the circular channel, combined with the au-
tomated criterion of state described in Sec. II, permits
long-time statistical studies of the states and the transi-
tion over various factors. We use the fraction of counting
among different states during a long recording (typically
105 to 106 vibration cycles) to assess the likelihood of a
chain being in specific states, as a way to characterize the
transition over our control parameters (Γ and f), and to
compare the behaviors of a chain at different lengths.

1. Dependence on chain length

Figure 6 compares the transitions over Γ, for different
chain lengths. One may refer to the rise of the likelihood
for State 1 and 2 combined as a first sign, and that for
State 2 as the second that completes the transition.
The first notable feature is a trend that the first sign

seems to occur at lower values of Γ for a shorter chain.
We will discuss its relation with dissipation in Sec. III A.
We also note that, for N = 5, the separation between
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FIG. 7. (Color online) Probabilities of finding a chain at the
specified state(s) during long recordings: dependence on the
two control parameters: (a) Dependence on Γ at f=15, 25, and
35 Hz, respectively, for a chain with N = 8. (b) Dependence
on frequency f at Γ = 1.7 for the same chain. The additional
data using a chain with N = 5 are also included with dashed
lines. Below 15Hz, we use large error bars to convey the
message that the excessive vibration amplitudes makes the
states sometimes ill-defined, as explained in main text. The
length of recording times vary in these data but are in general
at the order of O(10000) vibration cycles.

the two curves is enlarged dramatically— we believe that
this suggests a length-scale below which the two ends of
the chain are closely coupled: activation of one side of
the five-particle chain somehow hinders the energy accu-
mulation at the other, so that State 2 becomes hard to
maintain, in comparison to the cases for longer chains.

2. Dependence on frequency

Figure 7(a) shows that the transitions over Γ at three
frequencies 15Hz, 25Hz, and 35Hz are qualitatively simi-
lar but do exhibit certain changes over frequency. Com-
plications arise as we vary the frequency further away
from our typical values: At low frequencies, the substrate
vibration can become larger that the particle diameter d
and the chain even flip over sometimes, creating diffi-
culties in defining the states. At high frequencies, the
amplitudes of the chain bending are small so that the
automated criterion of states becomes sensitive to the
threshold value hc. As a result, our observations seem
to reflect an optimal range of frequency, as shown in
Fig. 7(b), for seeing the state transitions under these
practical constraints. In Sec. IV.B., we will revisit the
physical meanings behind such a frequency window, in
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terms of the energy scales involved.

IV. DISCUSSIONS

In this section, we discuss the effects of various factors
on the observed transitions, based on the microscopic and
statistical evidence established so far.

A. Transitions over Γ, with internal dissipations

Empirical facts shown in Sec. III.B reveal that Γ is in-
deed the leading factor for the transition from the domi-
nance of State 0 to that of the higher states, and that the
sharpest changes occur the values of Γ from around 1.5
to 1.7. It is helpful to consider the behavior of a hypo-
thetical point mass taking off from a substrate vibrating
sinusoidally. Using results from elementary calculations
which we adapt partially in Appendix, we note that the
phase of the landing, as a function of Γ only, is quite close
to the valley of the driving motion at Γ ≈ 1.7, above
which the landing occurs in the rising phase of vibration.
Therefore, given the empirical fact that State 0 typically
loses all energies before the next cycle begins, State 0
can be expected to be quite stable at values of Γ well
below 1.7. Above this value, chattering of the end parti-
cles (which are likely to be more excited than the inner
ones) can extend to the rising phase and has a chance
to be amplified to a large-scale swinging motion — we
have made available online our illustrations with N = 8
as Γ approaches 1.65 [12]. However, the rising of an end
particle requires overcoming the restraint from the rest
of the chain, therefore its success appears stochastic: For
instance, Fig. 6 shows that, at Γ = 1.65, the success rate
for a departure from State 0 to higher states is somewhat
below 50 percent.
In addition, evidence shows that dissipations due to

the inter-particles interaction are quite appreciable: even
though our estimate suggests that our particles interact
with the substrate with a restitution coefficient around
0.5, we have found that the mechanical connections be-
tween particles dissipate much more energies than just
the substrate collisions do – see Appendix for further
discussion. We believe that this is the main reason why
a theory of a fully dissipative point mass seems to estab-
lish a baseline for understanding the characteristic Γ for
seeing the first sign of transition. By the same token, it
is also reasonable that, with the chain length N reduced,
the chain is generally less dissipative so that more en-
ergy survives the impact — that seems to explain why
the curve of the first transition shifts towards lower val-
ues of Γ with a shorter chain in Fig. 6: larger amplitudes
of chattering are more likely to be amplified to become
the precursor of the state transition.
The limited degree of freedoms of a short chain offers

the possibilities that the problem may be treated with
existing tools in the studies of dynamical systems. For

instance, what triggers the instability leading to the accu-
mulation of energy towards the end(s) of the chain? Over
the change of Γ, is it possible to interpret the crossover
from the dominance of State 0 to that of the two head-
swinging states as the shrinkage of an existing locking
region in the phase space [14], along with the creation
and growth of new ones? This may be one of the issues
worthy of attentions.

B. Role of frequency and amplitude

Even though Fig. 7 shows that the change of behav-
ior is not as sensitive to frequency as to the dimension-
less acceleration Γ, one should anticipate that the scenar-
ios might change qualitatively, if we make a substantial
change on frequency f , as we assess below.
It is helpful to define a characteristic kinetic energy

per unit mass as

ǫk = (ωZ(0))2 = (Γg/ω)2

where ω = 2πf and Z(0) stands for the amplitude of a
sinusoidally vibrating substrate. This energy is, to cer-
tain degrees, analogous to a granular temperature im-
posed by the vibration. Dimensional analyses suggest
that the height fluctuations among the these loosely con-
nected particles should be around δz = ǫk/g ≈1mm at
Γ = 1.65 and f =25Hz, in consistence with our obser-
vations of the trajectories displayed in Fig. 3. However,
as ǫk goes inversely with ω2, one could anticipate that
the amplitude of the chain bending decreases accord-
ingly and becomes hard to detect: The truth is that, at
35Hz, the chain bending is so small that outcomes of the
automated judgement of states become sensitive to the
threshold value hc we adopt. This contributes partially
to the under-estimation of the true population of events
for State 1 and 2 in Fig. 7(a), although the prevalence
of these two states with increasing Γ is still indisputable.
In addition to the issue of detectability, we should point
out that, as energy level ǫk scales down with increasing
frequencies, the influence of local asperities and dirts be-
come substantial and can render the attempts to extend
our experiment towards its high-frequency limit some-
what impractical.
The low-frequency limit presents a different issue: As

the particles are connected by constraints, one should
expect an upper limit in the fluctuations of potential en-
ergies associated with the height differences among par-
ticles

ǫmax = g × δzmax

per particle per unit mass, with δzmax
∼ O(1)d set by

the constraint between adjacent particles. One could an-
ticipate that, as ǫk scales up with decreasing frequency,
this kinetic energy eventually exceeds what can be ac-
commodated by the bending of the chain [16]. In fact,
as we point out in Sec. IV.B, the chain does flip over at
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low frequencies and presents behaviors beyond what are
intended to be described by the three states. Therefore,
the optimal range of frequency for seeing the state switch-
ing behaviors reflects a matching of the kinetic energy ǫk
as close to ǫmax as possible, such that the appearance of
State 1 and 2 can be identified unambiguously with ease.

V. SUMMARY

In this work, we study systematically the behaviors
of a short granular chain in response to a sinusoidal vi-
bration of uniform but tunable intensity. The quasi-2D
setup reproduces the multiple states and transitions that
we previously discovered on open channels in 3D . In
certain ranges of excitation intensity, the chain exhibits
spontaneous switching among different states without the
excitation ever changed. This coexistence of possibilities
in different states explains why, in our previous work with
a spatial gradient of excitation [11], qualitatively differ-
ent bouncing modes can occur stochastically at the same
initial position and, in turn, create the dramatic spatial
divide. Microscopic behaviors are characterized by high-
speed imaging and precision particle tracking, helping us
understand the energies and dissipations in detail. Sta-
tistical analyses based on the long series of images at low
frame rates, on the other hand, provide the overviews on
how the chain changes its behaviors over the two control
parameters: the dimensionless acceleration Γ, and the
frequency f .
Unlike a simple bouncing ball for which Γ is the only

control parameter (plus a coefficient for re-bounce), the
linkages along the chain creates substantial dissipations
that seem to create certain stabilities for the different
states despite their switching, making the re-bounce less
relevant, and brings in a dependence on frequency f as
well. By dimensional analyses, we interpret the apparent
frequency window for the emergence of state switching
as the matching of energy scale between the vibrations
and the fluctuations of the chain in gravity.
In our subsequent reports, we will offer an alternative

interpretation of the frequency window by matching the
vibration period to that of the inter-particle dissipation,
based on a model with a series of linearly coupled point
masses. Our subsequent works also characterize the dis-
tinct modes of horizontal displacement that not only re-
flect the different states but also switch spontaneously.
We believe that deeper looks into these switching states
and their displacements help elucidate how the internal
freedom of a soft object, in general, reacts to external
driving and in turn produces macroscopic consequences.
——————-
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FIG. 8. (Color-online) Numerics and empirical assessments
on the particle bouncing against a sinusoidally vibrating sub-
strate — (a) Sample trajectories of z(t) for a non-cohesive
point mass taking off from (O) and landing on (L) a vibrat-
ing substrate of different Γ, in a normalized coordinate. (b)
The functions φO(Γ) = arcsin(1/Γ) that describes the takeoff
phase, and the numerically determined φL(Γ) for the phase
at landing. (c) Empirically measured trajectory of an end
particle in an 8-particle chain, above a substrate vibrating at
Γ=1.45 and f=25Hz. The data (in black dots) are presented
and fitted in an inertial frame described in the Appendix.

APPENDIX

We assess the particle bouncing from both theoretical
and experimental point of views, with some of the re-
sults shown in Fig. 8. In (a) and (b), we show the pre-

dictions for the flight trajectory, z(t), of a non-cohesive
point mass resting and taking off from a vibrating plane
at Z(0) sin(2πft), using elementary calculations — the
phase of landing (φL) is numerically determined by solv-
ing the intersection of the parabolic flight with the sinu-
soidal vibration [13, 15]. Note that the phase φ = 2πft
defines a dimensionless time and that these results are
frequency-independent. They describe the behavior of
one particle at the fully damped limit (with no re-
bounce).
On the other hand, our observations reveal that particles
along the chain do rebounce to a certain degree: The
measured trajectory for an end particle in State 0, as
shown in (c), is presented in an inertial coordinate de-
fined by

Z′

1(t) = Z1(t)− (Z01 + V01(t− t1))

in which Z01 and V01 represent the position and velocity
of the substrate upon the impact at time t1. The best
fits with a parabola of height h0 and h1 are found, re-
spectively, before and after the time of impact t1. We use
e = (h1/h0)

0.5 as our estimate of restitution coefficient,
giving e ≈0.55±0.07 which is consistent with our other
data obtained independently from dropping a single ball
cut from the chain (not shown).
However, we also find that particles other than the end
spheres loose much more energy, presumably because of
being constrained by two linkages rather than just one:
For the 4-th or 5-th sphere in an 8-particle chain, only 20
percent of the landings can be identified with a recogniz-
able re-bounce (with amplitudes never exceeding those of
the end particles), suggesting over 95 percent of their ki-
netic energies are lost immediately upon the landing. We
believe that this is why the simple model of parabolic
flight, with the re-bounce totally ignored, still gives a
reasonable baseline for assessing the behavior of a chain
at different values of Γ before it departs from State 0.


