Using 2p, Orbitals Hand waving

s (¢ = 1.000) —(0.564 83 2.49
Is(& = 1.238) —(0.586 51 2.00
Ls (¢ | | | | | ) —0.565 91 2.00

The bonding orbital has

asymmetric distribution around
nuclel

| o N e Better described by a 2p, orbital
Bonding Orbital . .
Polarization orbital! " "




Expectation values of Slater
Determinant



Born-Oppenheimer Approximation

Solve for the electron at a fixed nuclear geometry

Ho(r;R)¥%(r;R) {——Zv +V(r, R)}Pne'(r;R): E.(R)¥(r;R)

Calculate many nuclear geometries to obtain the potential
energy surface
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Problem To Solve

Ho(r;R)¥(r;R)
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Operators and Matrix Elements

Hamiltonian is a sum of one and two electron operators
For example hydrogen molecule

_1V5_1_1_1v§_1_1{1+1}

2 Mo |rs| 2 ol sl [IR M
1 1 chery =tz L 1
= |:h1 + h2 + ‘R‘ + ‘I’QJ h = h(r) = 2 \712 714l 718l
h,,h, :one electron operator — - two electron operator

T I,
Electron kinetic energy

Electron nuclear attraction Electron electron repultion

¥a) = b ) O )



One Electron Operator Matrix Element

(0l J0) = 27 [ e,y (o, 0, o, (%, )=, O, o )
wh( M, (¢, 06, ) =, (6, o, ()

= 27 [ ax,dx, [, O, O 00 s ()
O O (b, (¢, (x, )
v ("0 N(E O, ()
—w,( (¢ (e, O, 0]

Due to orthonormality of the spin orbitals last two are zero
with Integration with respect to X,



One Electron Operator 2

(0]1J0) = 27 [[ ety O "0, N0 o, (¢, ()
O (N0, (x r, 0,)
=2 [y, (x (O, )b, + 27 [y, (¢ (b (¢, D,
=27 ((y )+ )

v+,
(0lnJ0) =2 {(ylhly) + (v Il )

(0lh,|0) = (0]h(r, J0) sosame as the case for (0J,|0)

=2 ((ylhly ) + v, iy, )



wo Electron Operator Matrix Element

<0 10>=2‘1 ([ dxax (w7 (¢, o ()=, O s (x, )
x| O O, ) = (%, s (% ))

=27| dxldlewi*(xl)w (%, )| v (x (%,
+w,-*( )i*( v (i (x,)

—yry (% (% | (O (%)

)l ( 1>wi el w0 )

Since |ry,| Is equal to |r,,| perform interchange of electron 1 and
electron 2 and first and second are the same and third and fourth
are the same
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Two Electron Operator 2

(0l "0} = [T el Gy G il (o ()
(0, el (6 )
=(ij [ij)—(ij | ji)

<ij |kl>:<ji|lk>:<kl|ij>*:<lk | ji>*

Symbols physics people use: (ij||k!) = (ij | k)= ij | k)
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|

i 1] = Gk ] 1) = [[ cxadxar, Oc o, Oc il w0, o ()

So the expectation value of the hamiltonian with the
Slater determinant for two electron system is

(O]H[0) = (w|hlyw: )+ (w; hlwr; )+ (i 1i7) — (i | ji)



Expectation Value of Slater Det

wi%)  wi(X) v, (X,)
‘ L) ) v, (X,)
G e i
wi(X,)  wi(X,) . (X, )

For one electron operators we consider the sum of each
electron, for two electron operators the sum of pairs of

electrons ) )
1 1
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two electron system Hamiltonia n was| h, +h, +

n
one electron operators for n electron system Z h
=1
n n 1
two electron operator for n electron system Z Z‘rij ‘

i=l j>i



Expectation of One Electron Operator of
Slater Det

i=1

Since electron in slater determinant is indistinguishable we
consider for just electron 1 and multiply by the number of
electrons

<w1wz---wn wlwz---wn> VAT A R VA V2R

>n

=1

W//z---l//n> =n{y oDy v,

=2<Wihﬂ”i>

Summation of orbital contributions

<W1'7”2 W,
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Expectation Value of a Two electron
Operator for Slater Det

<W1l//2"'l//n ZZ‘rij ‘_1 gyll/lz--'l//n>
1=l j>i
el v,

Since electron in slater determinant is indistinguishable we solve
for electron 1 and 2 and multiply by the number of pairs

n n 1
W, o Y,
<t//11//2 W Z;,JZ\ | v, w> Wy the
n(n—-1) 4 summation is not
= 5 <Wll//2"'l7”n‘r12‘ W1W2---Wn> j#i
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Hartree-Fock Roothaan
Equation
Electronic Structure

Kaito Takahashi



Hartree Fock Approximation 1

Zh +Z-1:,Z¢.: .
wi(%)  Wi(X) v, (x,)
- w>:iw,(x2) Wi(X,) v, (X,)
N Y1 N
vi(X,)  wi(X,) . (X, )
<wlw2 H Oy, l//n> iZn;<w.h1w.>+1|Zn;Jnl(<u i)~ (i | ji))
<Wi|Wj>:5ij

How do you find the best answer for the spin orbitals?
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Hartree Fock Approximation 2

Variational theory functional minimization with constraint

Sy, })=<w1w2---wn\|4°\%%---%>-%j§n;6ﬁ(<% ly,)-3, )~ min

W, >y, + oy,
3wy + 0w )= Sl f) = 53w ) = 0

S(l })=5<%w2---wn\ﬁ°\%%---%>-i§n;6,-i(5<% v;))=0

J

Swilyy)= (6w lv;)+(wilow,)



artree Fock Approximation 3

5<w1wz---wn\|4 O\W//z---wn> = Zn:<5w-\h1\w- )+ i(w-\hlbwi}

=1

%gg(@jnn—@nm) M CIHRE)

%i}jzn;((ijwin—(ijwo) leg«ullé') (ij] joi))

Remember the exchange relationship of two electron integral
(ij | kI) = <j|||k> (klijy*=(lk | ji)*
1 &Gy
Ezz«léjm |5|J|) ZZ(5|| ji)— 5|||J>)
=1 1

ZZ(5JIIJ (& | ji))

=1 i=1



Hartree Fock Approximation 4
—lel(um (i | i) = ZZ(a‘nu (&5 ij)*)
=—ZZ(5JIIJ ~(3j | ji)*)

%lezll('ﬂlé' |J|J5): ZZ(Iéjlu ~(jai lij))

J =1 j=1

=%ZZ(5'|J' (3 | ji)*)

=1 j=1

:%21“2;«5” [ij)* (& | ji)*)

=L j=



Hartree Fock Approximation 5
N () B A L R T >—iznl€,-i(5<wilt//,>)=c |
Z::nlgji(<5wilw,-> <w|5w,>)=228, (5w7 1w ,))+c I e

1]
5<%w2---wn\ﬁo\%w2--- > <5w\h1\l//>+ (5J|IJ ~{&ij | ji))+cc

=1 lj
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(Sl + 2 3 (1) (31 )= 2, (6w v, o =0

i=1 j=1

>[5l b + D0 [ i (5 O G s )
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