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Alm

Understand the basic theory behind
guantum chemistry calculation

Learn running quantum chemistry program
Understand what the output is saying

Get a feeling of what method to use for
what problem



Grading

 Oral Presentation (15-20 minutes) by
student in class: 25%

Report on the calculation that they
performed and compare with experiment if
available

« Homework (Once): 25%
» Test on the last day: 50%



Schedule

. Born Oppenheimer Approximation, LCAO
H,* calculation

. H, homonuclear and heteronuclear
diatomic molecule, Restricted Hartree
Fock.

. Unrestricted Hartree Fock, Roothan
Equation, Basis Set Gaussian Calculation
Input/structure optimization.

. Potential Energy Surface, Barrier
Transition State.



Schedule

5. Electron correlation (DFT, MP2, QCISD,
CCSD, CASSCF, MRCI, G2 G3)

6. Vibrational Spectroscopy, Electronic
Spectroscopy

7. Force field parametrization, intermolecular
potential

8. Molecular dynamics simulation of liquid



Born-Oppenheimer
Approximation

Kaito Takahashi



Atomic Units

For quantum systems such as electrons and molecules
It IS easier to use units that fit them=ATOMIC UNIT

Use mass of electron (not kg)

Use charge of electron (not coulomb)

Use hbar for angular momentum (not kg m? s1)
Use 4rg, for permittivity (not C? s? kgt m=3)

TABLE 9.1
Atomic Units and Their SI Equivalents

Property Atomic unit SI equivalent
Mass Mass of an electron, m, 9.1094 x 1073 kg
Charge Charge on a proton, e 1.6022:% 10~1?C
Angular momentum  Planck constant divided by 27, i 1.0546 x 1073 J-s
. dmeyh? i
Length Bohr radius, ag = i 52918 x 107!'m
mee*
4 )
. mee e’ 2 18
Energy = = Ey, 43597 x 107'°]

167 2€2h2 " dmegag
Permittivity Ky =4me, 11127 % 100%™




Proteins, Molecules

You always write where the nucleus is but you never write
the electrons or the electrons are written as a line!!!

YOU ARE ALREADY ASSUMING BORN-OPPENHEIMER
APPROXIMATION



Full Problem
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Born-Oppenheimer Approximation
In words

Mass of electron versus mass of nucleus
1 <<< 1830 (at least)

electron moves much faster than nucleus, so electron can instantly
adjust to change in nuclear coordinate, so nucleus moves in an average
field made up by the electrons

At a given value for the nuclear geometry R, there exist a well defined
electronic state distribution

¢, (r;R)

This electronic state depends on position of nucleus, but not on the
momentum



BO Approximation in equation 1

oS, P 1,
H=T+V=-or->Vi- —V2+V(r,R)
2me,1 2 |1M|

=T, +Ty+V=T,+V+T,, =H+T,,

170 . 1 - 2 - 1 : 1 2
H (r,R):——ZVi +V(r,R) T =— ZM—V,

H¥(r,R)=Eq  ¥(r,R)

H'(r;R)g (rR)=E,(R)g' (r;R)
[ ¢ (r;R)gel (r;R)dr = 5,

¥(rR)=7z " (R)g'(rR)



BO Approximation 2

Born-Oppenheimer Approximation

(ziMl P ER)lR)- B

HO(rR)gs (1R )= E,(R)g,' (r:R)

Nuclear wavefunction is given by solving the rest!

N

Hy (R)va(R) Eo NUva(R)

N
o ®)-(- 33 L viviR)
=1 |
The nucleus is moving in an potential that is the result of
averaging the contribution coming from the electron at a
given nuclear geometry! In essence you have separated the
motion of the electron and nucleus.



Potential Energy Curve

 Molecular Mechanics Force Field
e Ab Initio electronic state calculation
« Semi empirical calculation

Most accurate will be to used ab initio methods and solve the
electron Schrodinger equation, but that requires too much time so
people have used equations such as harmonic oscillators and cosine
functions to model the potential energy curve and used it for
molecular dynamics simulations.



LCAO Approximation for
Diatomic Molecules

Kaito Takahashi



H,* Most Simple Diatom

First find ways to solve the electronic wave function
when given distance between to hydrogen nuclel

_1Vz{1 1 } w2 (r:R)=E,(R)¥ (1R)

n

Solve this problem: 1. Use exact solution
2. Use linear combination of atomic orbital
approximation




Atomic Orbital Review

TABLE 7.2

The Hydrogen-like Radial Wave Functions, R,,(r), for

n=12and 32

yaeny
I fZN*
R, (r) = (—) P84
| V3 \24q
R : ( Z)" 27 — 18p + 2p%)e "/
sor)=— | — (27 — 18p + 2p“)eP/°
=57 3(1()> P
1 (2z\** -
Ry (r)= — (—) (6 — p)e P/~
: 7 ‘3(10 £ ¢

4 7 3/2 o
2 2710 \3a,

a. The quantity Z is the nuclear charge, and p = Zr/a,, where
ay is the Bohr radius.

Table 9.3 The spherical harmonics
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LCAO

To make the molecular orbital (the electronic wavefunction for
the molecule) let just add up each atomic orbital (electronic wave
function for the atoms making the molecule)

\PnEI (I’) - CA%S,A(r)Jr CoWis e (I’)

2 &
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Variational Theory 1
()
(Y

N
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trial <l//tria| ‘l//trieﬂ >

E <E

Jici*¢i*|:licj¢jdf ZZCi*HijCJ‘
I_anci =9 *Zn:Cj¢-dr ) chi *S5;C;

Virial = Zci¢i Eia =
i—1

J ]

H; :j¢i*|—|¢jdr ZZCi*Cj(Hi' —E.. sij):o
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Variational Theory 2
ZZC‘*C (H — EyiarSi ) 0

Take derivative with ¢;*
ZCj(Hij trlal IJ)+ZZC *C, ( Cmil SU]ZO
J

Take derivative with C;

ZC (H —Etr.a.S.,)+ZZC *C[ é,lsj 0

Due to stationary condition of the solution

aEtrial — O 8Etrial — O
oc, oc, *

J




Variational Theory
Z CJ(H ij EtriaISij): 0

j
Z C; *(H ij EtriaISij): 0

Hi = EpiaSy Hio —EpiaSie e Hi = Eiiard

n trial~1n
H 21 EtriaIS21 H 22 EtriaISZZ """"""""""" H 2n E'[riaISZn
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Overlap Integral

S(R)=(A|B)=(B|A)Overlap Integral (R dependent)

FIGURE 10.9
The overlap of the 1s orbitals centered on hydrogen
- nuclei located at A and B, a distance R apart. The
A B orange curve is the product of the two orbitals.

2
S(R)=e®| 1+ R+%



Atomic Integral

: 1,1 1 1]
H(R) —<AHA>: Al-ZvV24| = - = }A
. < 2[Rl | el
1 1
=E.+( A—-——A)+—(A|A
: < 3 > R

Electron is assigned one of the hydrogen orbitals: Coulomb
Integral (Atomic Integral)




Exchange Integral

/oY

H

H (R)AB = <A

(A Ly B>+<A

B>: Al-tyey |t 11
2 |IR[ ry| rg

P

|

¥

> R |<A|B>

Electron is assigned to both nuclei, or can exchange from one
nuclei to the other :exchange integral (overlap charge integral)

4

A
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Solve Secular Equation
H(R)AA_E(R) H(R)AB_E(R)S
H(R)BA_E(R)S H(R)BB_E(R)

(H (R)AA - I(E(;Q))Z _(lz (;Q)BA - E(R)S(R))2 i 0
H(R),,TH(R)\s

E.(R)= LTSR) ‘ -

2[5 2

~ 2125 |




Bonding and Antibonding Orbital

Y

A —

(/{,i l/ll
FIGURE 10.14
Surface plots of the molecular orbitals v, (a bonding orbital) and v (an antibonding orbital)

and their squares.



Electron Density Difference

0-

FIGURE 10.15

Surface plots of §, and §_, the difference between the electron density in which the electron is
delocalized over the two nuclei and the electron density in which the electron is localized on
one of the nuclei.



R Dependence of Matrix Elements
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Dotted lines are the potential energy curve




Energy Lowering and Rising

Haa
Hag

4E/E, At equilibrium of E,
HuoHag <0;5>0
s Lowering=H,,—E, Reing =E —H,,
o _HAA-I—HAB _HAA_HAB_HAA
oot AA l_l_S 1_8
SH,,—H g _SHAA_HAB

—1-0.5 l_I_S l—S
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1 1
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25

1+S

2
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If S=0 then AE=0, S>0 then AE>0 rising Is more than Iawering!



Bonding Orbital Compare With Exact

E(eV]A

Fig. 2.30 Potential curve of the H” ground state as computed
with a) simple LCAOQO, b) optimized parameter 1, ¢) polarization
term, and d) exact treatment.



Antibonding Oribital

AE_JE,
4

[.0

Exact
0.5

IGURE 10.13

comparison of the energy AE_(R) of the first excited state of Hy calculated from
quation 10.23 with the exact energy.



Addition of Orbitals
w(r)= Y Co, 1)

Adding in the contribution from 2S5
¥ (r;R)=C,| Als)+C,|Bls)+C,|A2s)+ C,|B2s)

n

= 0.7071(| Als) + |B1s))+0.00145( A2s) +|B2s))
Adding in the contribution from 2p,
¥ (r;R)=C,| Als)+C,|Bls)+C,|A2p,)+C,|B2p,)

n

= C,(|Als)+0.1380| ALp, ))+ C, (| BLs)+0.1380|BLp, ))



Additional Orbitals

cesults of Various Calculations of the Ground-State Electronic Energy ofll; R

¢ Enin/En  Req/ag
Is(¢ = 1.000) —0.564 83 2.49
Is(¢ = 1.238) —0.586 51 2.00
Is (¢ = 1.000) + a2p.(¢ = 1.000) —0.56591 2.00
Is(¢ = 1.247) + b2p, (¢ = 1.247) —0.599 07 2.00
Is (¢ = 1.2458) + c2p.(¢ = 1.4224) —0.600 36 2.00
Is(¢ = 1.244) + ¢;2p,(¢ = 1.152) + ¢,3d 2(¢ = 1.333)®  —0.6020 2.00
Exact® —0.602 64 2.00

The molecular orbitals are of the form Y, = cpp5 + cpdp, Where ¢ is given in the table.
-Mulliken, R. S., Ermler, W. C. Diatomic Molecules. Academic Press: New York, 1977.
Bates, D. R., Ledsham, K., Stewart, A. L. Wave Functions of the Hydrogen Molecular lon.
hilos. Trans. Roy. Soc. London, Ser. A. 246, 215 (1953).



Basis Set

e If you use more atomic orbitals to define the
molecular orbital usually the energy gets
closer to the exact solution

Using a bigger basis set to describe the system

* However bigger basis set you need more
time to calculate.



Diatomic Molecules



H,

HW: (1,15 R)
[N RS S SO S S S +1}
2 2 Rl |ral [fsl [l [rs| R

= En(R)qu?I (rl,rZ;R)

Y (r,r,;R)

Above equation is two H,* electrons with electron electron
repulsion

et LA 13 3 e

2 N Irs| 2 ol sl [RI N
I 1 1|,
_ hl+h2+\R\+\r12\ ¥ (r,r,;R)



Spin Orbital and Spacial Orbitals

When you consider more than one electron you have to
consider not only the spacial coordinate r but also the spin
angular momentum s and the Fermi principle:

Define x as the summed coordinate for r and s

e
Wi(x): Wi(r’s)_¢a( ),B(S)

Hartree Product ¥ HP(Xl, Xz): l//-(Xl)wj(Xz)

However the above does not satisfy the Fermi Principle!!
Exchange of electron leads to asymmetric wave function

W)= b ) G )



Slater Determinant
(X1 Xz) ( ( ) (2)_';”1'()(1)%()(2))
¥(x, )= %( e ) )=l )

Asymmetric wavefunction after exchange of electron coordinate

Generalization for n electron system: Slater Determinant

vi(X)  wi(X) v, (%)
R o T
vi(X,)  wi(X)) v, (X.)




What Happens If we use direct
product of H,* solutions

“|‘>: ‘A>+‘B> ‘\Ptrlal> 705(2)‘+>2 18(2)(+>2
2+ 25 1
“[4)]+),| 75 (@@p(2)- a(2)p0)

[+)[+), = ( Als), +[B1s), (| Ats), +[B1s),)

Hamiltonian does not include any spin terms so we could obtain
the R dependence of the energy using only the spatial part of the
electronic wavefunction

2<+‘1<+‘H‘+>1‘+>2(R)



Potential Energy Curve

2<++1<+

N

H

+)J+),(R)

5 Incorrect Dissociation!

—1).9

LA

FIGURE 10.23
Both the optimized (orange) and the ¢ = 1 (black) molecular orbital energies calculated with
Equation 10.41. In neither case does the energy go to the correct limit of —1 E, as R — oc.



What 1s the Problem of incorrect
dissoclation
+)+), = (| A1s), +|B1s), Jx (| A1s), + |B1s),
- |A15>1| A15>2 + Bls>l| Bls>2+ | Als>l| Bls>2 + Bls>1| Als>2

First two terms have 2 electrons on one of the atoms: IONIC
H,: and Hg; H, and H;:

Last two terms have one electrons on each one of the atoms:
Valance Bond

H,- and -Hj; H,- and -Hjq

)] +), = [1)+]vB)



Solution: Configuration Interaction

Two 1S orbitals can make T\WO molecular orbitals
Why not use the two and make combinations

1)‘ > 1)( > 1)‘ > p (1)( _>1
¥,) = ¥,) =
“Cla)s), p)e), T et)), sl
\Pl>~\++>(aﬁ—ﬂa) \¥,) ~|-—)ap - pa)
Configuration 1: two Configuration 2: two
electron in bonding orbital electron in antibonding orbital

W) =|++)af - pa) W,) = |——)aB - pa)



Configuration Interaction

W, )=C,|¥,)+C,|¥,)=C|++)+C,|——)
++) ~ (| Als), +|B1s), )x( ALs), +|Bls), )
=|Als) | Als) +|Bls) |Bls) +|Als) |Bls) +|Bls) |Als)
q A15>1 _‘ B:I'S>1)>< q A]'S>2 _‘ BlS>2)
- ‘ A]'S>1‘ A18>2 +‘ Bls>1‘ BlS>2 _‘ Als>1‘ BlS>2 _‘ BlS>1‘ A13>2

U

2

=)

U

W )=C|¥,)+C,|¥,)=(C,+C,)[lon)+(C,-C,)VB)

By correct selection of the value for C, and C, you get no
lonic wavefunciton contribuiton at long bond length



H2 Potential Curve Revisited

6 8

(§
e

1.1

FIGURE 10.25

The configuration-interaction energy E(; of the ground-state energy of H, for ¢ = 1 (dashed
curve) and for an optimized value of ¢ (dotted curve) plotted against R. The “exact” results of
Kolos and Wolniewicz (solid curve) are shown for comparison.



e
) ’ =t

R Dependence of Expanstion
Coefficients

R/a,

N

6 FIGURE 10.27
A plot of ¢; and ¢, for the optimized value
of ¢ in Equation 10.53 against R. Note that

€L~ | / \2 and Cy =¥ l \2 48 R — oo



Use of more orbitals
+)~ C,(|ALs)+ a| Alp, )+ C,(|B1s)+ a|B1p,))

TABLE 10.4
Results of Various Calculations of the Ground-State Energy of H,

Wave function e Enin/En  Regq/ag
MO  Minimal basis set 1.000 —1.0991 [.603
MO  Minimal basis set 1.193 —1.1282 1.385
Hartree—Fock® —1.1336 1.400
Cl Minimal basis set 1.000 —1.1187 1.668
Cl Minimal basis set 1.194 —1.1479 1.430
CI Minimal basis set with polarization —1.1514 1.40
Cl  Five terms”® —1.1672  1.40
ClI 33 terms* —1.1735 1.40
Trial function with > 13 terms ¢ —1.1735 1.40
Trial function with r;, with 100 terms © —1.1744 1.401

Experimental ' —1.174 1.401




Detalls



BO Approximation 2

(I:I — By )\P(r, R)= 0
Jor(r R)(F' ~ B )2 Zn(R)g (r;R)dr =0

[ (FRNA® + Ty — Eupe )i (r:R)dr =0
j¢ﬁl*(r;R)(Ho+fNu Eeinu )i r R dr=0

gzmmw "(rR)H" - ElNu)w (rR)or]

+, rR(NU)ZZ erI’ 0




BO Approximation 3
R[4 (1RA® - Ey o b (r:R)ar

:ZZm(R)[(Em(R)_EeI,NU)<nHm>r]:(En(R)_EeI,NU)Zn(R)
[ (RN S 20 (R) (R o
=g { imi fji (R)¢y (r:R)dr

n)=v,(x) <m\ W * (%)
Using Bra-Ket

Notation (n%/m) j W,

<nwm>: (n|m)=(n|m) :Iwn (X (x)d






BO Approximation 5

J-¢r?|*(r;R)(E (R +TNU INU) )( r R dr=0

=z< -%IEN;MiIvfm>z (R)+§< —%iilV.m>V.zm(R)
[_;iMllva (R)];(n(R)JrZC 7(R)=Eu o 2a(R)



BO Approximation 6

Born-Oppenheimer Approximation ignore C, -

(ziMl P ER)lR)- B

HO(rR)gs (1R )= E,(R)g,' (r:R)

Nuclear wavefunction is given by the expansion coefficient!

N

Hy (R)va(R) Eo NUva(R)

N
o ®)-(- 33 L viviR)
=1 |
The nucleus is moving in an potential that is the result of
averaging the contribution coming from the electron at a
given nuclear geometry! In essence you have separated the
motion of the electron and nucleus.



Separation of Variables
by Time Scale

HO(riR)g;' (R )=E,(R)g; (R)
H NU (R )an\l,\tfjn (R): E o %nN,tJn (R)
¥(r.R)=4; (rR)za, (R)

Now you can say nuclear wave function on the n-th electronic state

You can write the energy of the electron as a function of the nuclear
coordinate and consider it as a potential that the nucleus feels.



Adiabatic Approximation

Include diagonal coupling term C__

1o N1
R
<an>:1—>V,<an>:V,_[¢§'*(r;R)¢ne' (r;R)dr

zzjqﬁﬁ'*(r;R)V,gbﬁ'(r;R)dr:O
Vi[ o (riR)g (riR)dr
= 2[4 (rR)Vig: (r;R)dr+2j¢§'*(r;R)(V,¢ﬁ' (r;R)fdr=0

ens{ ) s et s




on | E10(p0) ¢

Solve the hydrogen atom

2urcor\  or) A4rg,r

2 2 2
_ 1 a(sineij—h _12 82}w(r,¢9,¢)

24 r°sin@ 06

00 ) 2ur?sin®é o¢

=Ey(r,6,9)

n

Y|mI (‘91¢):

4 4 2

8(90h2 ’ 32r°elhn’ 87, a,n°
B 1/2
21 +1 (I _‘ml‘)!
2 (I +\m,\)!_

P™(cos 6)

(27[1)1,2 exp(im ¢)

e A N e



Solution: Configuration Interaction

Two 1S orbitals can make T\WO molecular orbitals
Why not use the two and make combinations

a(l)+), 1X>

1)‘ >1 18(1)(_>1

WG, s, T, pe)),
‘P1>~\++>(aﬁ—ﬂa) P, ) = |——)epf - ﬂa)

e, al)-) Jal)s), s,

B=Ch)), a@)n), T Ch)s), p2)),
Py) = |+ =)= |- +)ea ¥,) %[+ —)af—|-+)Ba

1)), al)-) ), s,

=Gy, a2 T Cse)), AR,
W) ~ |+ -)Ba~|-+)ap W)~ (| +-)—|-+))Bs



Symmetry of Spacial Orbitals

W) = |+ +)(af - pa) '¥,) =]~ —)ap - for)
¥,) ~ (=) ~|=+) b W)~ |+ —)af—|-+) pa
Ws) x|+ —)Ba—|-+)ap ) ~ (+-)—[-+))88

If you exchange the position/spin of electron 1 and electron 2
¥, )and |, ) stay the same sign

W, )and |¥,)and |¥;)and |V, )invert the same sign

Hamiltonian is invariant over exchange of electron
so only ¥, mix with ¥,
1 1 1 1 1 1 1 1

H=|-=V’+-=V’°+ S _ n
22 Rl Tl Tl Tl )




