DIFFERENTIAL SCHROEDINGER

EQUATION

Argument leading to the equation:

1.Consistent with the de Broglie-Einstein postulates
A= h/p v =E/h

2. Consistent with the energy equation
E =p22m +V

3. Linear in wavefunction

if W, and W, are the solutions of the equation,
soisW=c,W, +c,V¥,
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TIME-INDEPENDENT SCHROEDINGER EQUATION

One-dimensional system: free particle

Vix) =0

R ci'y/E.\') )
2m  dx”

p(x) = el

£, EE
¥ix. t)=w(x)e " E = hw
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One-dimensional system: step potential

A, B,
ANNANN—
NNANN> V(x)=V,, x>0
PR WAV AV AT T o We Ve WaN =0, x<0
A

is the potential step with height Vi, > 0.

Boundary conditions:

1 ( - = ) Y7(0) =),
Up(z) = —= (A" + A7) <0, d d

L( ) \/’E [ %u’[)(o) — EwR(O)
Yr(2) =

\/11:1 (B,Peilir + B,e_ik”) r >0
where the wave vectors are related to the energy via

ko = \/2mE [h? and VEs(A, + 4) = /ko(B, + B)

- \/Qm(E_ %)/h.Q- \/_ A — Ay = \/_(B — B;)
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One-dimensional system: step potential

Reflection Coefficient Transmission Coefficient

R =viB*B/NViA¥A T =voC*C/V/ATA

1) E<V,

R=1;, T=0

2)E>YV,

R+T=1
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One-dimensional system: rectangular
potential barrier

A, B, \
AAAAS AAAAE AAAAS V(x) = VolO(x) - O(x - )]
A«-/VVV\ FNANNAN AN is the barrier potential with height Vo >0
|
and width a.
Vol
O(z) =0, 2<0; O(z) =1, 2 >0
X
E >V
‘Q'",’L(I) = A,-Cliko;t + AIC_ikOI x <0 k() — \/2771E/h2 r<0 or z>a

bo(z) = Be™* + Be ™* 0<z<a ‘ >

A, +A;=B,+B;

tko(A, — Ap = ik (B, — B)),

B.,‘C'iakl + Ble—'iakl _ Cr e'iak'o + (wl e—'iﬂk‘o,
ikl(B.,.kal . Ble—'iakl) = ik{)(cre'iak-(, . C[C_iak‘o )
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One-dimensional system: square potential

1)E<V,

Transmission Coefficient

T =v2C*C/V/A*A
1

1 Vi sinh® (k1 a)
+ “IEV-B)

T=|t =

can still be finite if a is small

v

Tunneling Effect

2)E>V,

Transmission Coefficient

T =v2C*C/NV/ATA 1

1 ] R
1412
T = Itl - 1 V2 sin? (ky a) |

+ e 1\Vans

classcal
can be 1 - |
* y
0 — |
. . 0 1 2 3
Transmission .
Resonance Transmission probability of a finte poconunl barrier for
2mVpa/h = T-Dsshed: cassical resut. Sokd ino
Quantum mechanics.
6
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One-dimensional system: particle in a box

EA

Hx)== | V(x)=0 | Hx)==
(barricr) (well) | (barrier)
0 L X

Inside the box
W (x) = Asin(kx) + B cos(kx),

Outside the box

P(x) =0
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kQﬁQ

E = :
2m
The wavefunction must be continuous at the interfaces, meaning that p
(0) =y(L)=0.
e — E. where neZ"
L
E“
n=3
| — __n=2
_,—---—_—--——&n_l= N
0 L X
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One-dimensional system:
simple harmonic oscillator

V(X) = V2 (m w2 x?2)

Wavefunction representations for
the first eight bound eigenstates, n = 0to 7

1
E, = hw (n. aE §)
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Homework#4 (Oct. 4, 2010):

Consider a particle approaching a rectangular potential well V(x).

Here V(x) =V, for x<-(1/2)a and x> (1/2)a; V(x) = 0, for |x| < a/2.

(a)Write down the solution for the eigenfunctions and eignvalues for 0< E < V,,.
(b)Also find the solution for the eigenfunctions and eignvalues for E > V,,.
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