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A Note on Water Drops

Chun-Tsung Wang

Institute of Physics, Academia Sinica

For many years rainfall simulators have been used frequently to accelerate
research in surface runoff and in soil erosion problems (Mutchler & Hermsmeier,
1963; Chow & Harbaugh, 1965; Wang & Wenzel, 1970). Of the many simulators
used, the method of capillary tube production produces the most uniform size
drop. This drop former was constructed by inserting a length of capiliary tube
through the bottom of a water container. When water slowly flowed from the
capillary tube a steady jet did not occur but rather a series of drops were
formed because of the surface tension force. If the pressure at the tube entrance
is kept constant and the tube has a square sharp edge, the drop formed is a
function of the tube tip geometry, the surface tension force between air and
water, the flow rate through the tube, and the air drag force on the drop. The
relationship between the weight of the drop, tube size, and surface tension
can be approximately expressed as

Drop weight=K. = 4, I @P)

LY

where d, is the outside diameter of the tube, I is the surface tension force
per unit length and K is an experimental constant varying from 0.59 to 1.00
(Manfre, 1966). When the flow rate through the tube approaches zero, Harkins
& Brown (1919) showed that
K=function (tube tip condition, capillary constant) (2)
where capillary constant=_27"/0)*, p is the water density; and K could he
experimentally determined as a function of d,/d, where d is the equivalent
drop diameter.
When the flow rate increases, the analysis of drop production becomes a
complicated one. Mutchler (1965) obtained an experimental relation assuming
| Drop weight=~function (I, d,, ¢, v, &) 3

where q is the flow rate through the tube, v is the kinematic viscosity of water,
g is the gravitational acceleration. Manfre’ & Whorlow (1967) also reported
the relation between drop weight and p%gq/I for a specific tube indicating
that the drop weight increases to a maximum value as p%gq/I™ increases.
However that relationship tends to hold only for high viscous fluid.

The present experimental study was made by using drop formers constructed
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by inserting diffcrent sizes of polyethylene tubes through the bottom ot a
plexiglass container. Tape water was used, and drops produced from the drop
former were collected and weighed to 0.001 gm.

Figure 1 presents data on d vs. q for tubes of outside diameter of 0.047
inch and inside diameter of 0.023 inch. Because many capillary tubes were used
and temperature during measurements varied between 65° and 74°F, a certain
scattering was observed. However it is clearly seen that as the flow rate
increases, the drop weight also increases until pulsating occurs. After that
drop weight tends to decrease. Worthington (1881) suggested that it might be
due to the influx of water through the residual neck into the lower portions
after drop has begun to seperate. Many researchers (Manfre’, 1966; Edgerton
et. al, 1937) studied drop formation problems, but as the air resistance and
dynamic surface tension force remain unclear, the drop formation mechanism
also remains unknown.

When the tube wall thickness is small, water tends to adhere to the outside
of the tube and then forms drop. Figure 2 shows the relation between d and d,
for the various sizes PE tubings tested. It could be seen that the correlation
between d and d, is better than that of d and 4;. And as 4, increases, d also
increases. Thus by chosing suitable tube outside diameter size, drop former

could be constructed to produce needed drop sizes. The relationship between d
and d, is approximately

d=8.607 d,°-*" (4)
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ARICHERRE ~ [T~ 2B TR IR » THERSOMER Bt » IR FIARE S Eau A » JLOLSISHGE - dgse
Bl » XA R KRE X ikaE o

BE AR > MR AL AN E RN EHATEY » 2B 3 3B BT HR i »
Hef R AT BEAE2,430HP X 850r pmbF » AT LIA0EHH A THY o

1 #% §

EEVEE L —REASEREST=E | 1 (Planing craft) » ABRERERE  FEHSILF
RBRSHIHREREE - AREEBENRE » FRENTIEE » FERNMEREELSTZET » BLER
RIVRAEABRER S TF » BERTHSOR L2 IH IRBIAR (B~ #] 2 1975) » MEEHE SRS
KEITEERCEEEN &~ 8- ¥ 1975) » ERERECRAKETES (- 201977 £T{E. =
BEEBREARRACEE » HIREST » SRR RREHLT » S AR 8% » F0ME Rk
BE o HEBEHENRERS

§ FEAKMERZ © 30MF o

§ FEEER : RAHERA0kt » —BSEHEE KA ESIOkt » DI RBRAESIRERL o

§ 15 K:ER2.7Mto

§ SERE  ER3 » AR EH/:=4.6ft, Tw=4.6sec, L»=108.3ft. Wiegel, 1964; Blount

& Fox, 1975)
§ ELPLERINEE | FEHE0.4g » FA BT IIE(Vossers, 1971)
§ = #H ®:GM=3 ft.
I frEERE
1 =ER~HE
FERFZRE » ERREERARE R EERER D » ARERGREZ BB » SrsEFiE
— R R » AR REE o
L. EHERmEE
FEF fFridsma 1969% 1971 R 7R RS KR » KAtEEBE
§ RETAMEB» &

B Cs= VVAB3 C}z —"%’i CU:‘-"/—];—_B
9 1.440 0.48 0.511 3.97

10 1.050 0.91 0.460 3.77

11 0.789 1.60 0.418 3.59

12 0.608 2,69 0.383 3.44

13 0.478 4.34 0.354 3.30

HchW=64 #/ft* » BEEREROYLEFHE



DI AR TR

§ F BB L/Bz S F e

B=Y B=10
1./ 1. Vk/;/[, L Ve/v' L
4 36 6.67 40 6.32
5 45 5.96 50 5.66
G 54 5.44 60 5.16

L

44

55
66

B=11 B=I2
VvV L L Vi//L L
6.03 48 5.77 52
5.39. 60 516 65
492 72 471 T8

B=13
Vi/v' L
5.55
4.96
4.53

§ negftilc=4°,f=20°ITgx L/B, 1/C?, H'/+/B B V//L BIF#E (Savitsky & Brown;

1975, 1976)

B=9 1/Cs3=0.48
L/B= 4
VA/L= 6.67
neca= 0.48
(neclavs= 0.36g
B=10 1/C4%2=0.91
L/B= 4
VAW/L= 6.32
nee= 0.79
(pee Jaeg= 0.60g
B=11 1/C4+*=1.60
L/B= 4
V/vV/L= 6.03
nes= 0.95
(necdasg= 0.89g
B=12 1/Cs%2=2.69
L/B= 4
VivL= 5.77
nee= 1,07
(neeasg= 1.06g
B=13 1/Cas2=4.34
L/B= 4
V/v/L= 5.55
nee= 1.12
(neclawe= 1.17g2

H'/,/B=0.511

5 6
5.96 5.44
0.35 0.365

H'/3/B=0.46

5 6
5.66 5.16
0.61 (.59

H/,/B=0.418
5 6
5.39 4.92
0.83 0.90

H'/,/B=0.383
5 6
5.16 4.71
1.04 1.06

H'/,/B=0.354
5 6
4.96 4,53
1.17 1.17

§ BHAERE A 8=20°, Z7NA BEFRE(pecdann=0.4g » A
=40, p=20° |

B Cvzﬁ)aw
0.36g

10 0.60g

11 0.8%

K=

0.4z

C??CG)uvy
1.11
0.67
0.45
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1.2 FHEGRIC,

— EHTREC TR0 . 478057 » TREREHIEE AGES2.7 It » QURELE R GRS

B Co=0.4  Cr=0.45 Cv=0.5
9 108 96 86

10 97 86 78

11 88 79 71

1.3 RERE  REZBEEEBREETIIEE
§ FETEERINEEZ (A
§ CoZ iR
§ —ARpUH BB D B AR

@ F BSavitsky (1964) ARXMHMER S » BT FIHE

B T Cv i LCG Le L
9 4.00 3.968 5.40 27.12 56.1 62
10 2.42 3.764 6.61 33.36 79.8 38
11 1.80 3.588 7.00 37.27 97.3 107

RHL=1.1Le » —EUATHEEEREL/V /5 0 KRTE: » [ EE » #4700

BHERS L=71 ft.
B=9.3 ft.
C»=0.6

1.4. BHBE
B EEEGMES 3ft. (Savitsky et. al., 1972)
KB=2/,d=1.8 ft (&K% 1974
KG=4.6 ft (& » 1976)

RIE T R&BAR
B I BM KM GM
9 2372 2.26 4.06 —
10 3254 3.10 4.90 0.30
11 4331 4.13 5.93 1.33
12 5623 5.36 7.16 2.56
12.3 6090 5.80 7.60 3.00
13 7149 6.81 8.61 4.01

Feh T =0.55C/y ,LB%) » BM:%

L5 EERY®E » Al L5/ » MR
§ REBGM=3 ft+»Jl L=71jt
B=9.3 ft
LCG=29.2 ft
Cs=0.61

L/
6.1
8.7
10.5




Yl AR 0

§ #HM GM=3 ft Hl L=127 ft
B=12.3 ft
LCG=41 f1
Cy=0.25
BE SRR SRR > fE R W ENE » IR R o MR A » T Z2RH
 REERTH

L=71 ft upper chine lower chine
Bouter=12.3 ft Ap 794,92 fit 583.29 fi2
Binner= 9.3 ft Ap/AE s 7.695 5.645

LCG=29.2 ft
p=20°

A=30 tons

T — B U R e 5 ST R e » KR SR - FTATH I ER -

2. RERE
teak e FER 2 28 Series 62, 63, 65&TAWRMEREEL » BHHRE » IIEEHE
W PEZRENE 1 i o ERFEELINE 2 s o

3. BEkR ,

WML B AR SR ENE 3 TR B 4 ERAREEERT » &7 Vossers (1971)
BIHER

4. B KIB ATHE £
HARE deadrise angle 82 € HEtE » TEHTIIAR
Co=—Y_
v gb
T
LCG .’

S =0.75—(5. 21— — +2.39)7

Crs=Cro—0.0065 B’ Cro®+*

Cro= 171 [0,0122% 020"

_T_/_m___{l_O.OIZfI"
V- At cos T
R3=Vm2b/9

0.242 _
_I/'C}’—IOSIO CRG Cf)

Dy=1/,0Vm22b2 (Cr+ACr)/cosBa
D=Atanc'+D;/cost”
LB 2!
734 (deadrise angle) /R&%r; » Savitsky (1964)3%
b=0mean art 30%
AC,=0.0004
Ba=fs=8'

l=ght=r

]0'5



E R %

FEEBER ABLIE » Blount & Fox (1975) 2%
I’ b=bmax
| B'=8s
] t/=r"=r
V AC,=0.0
Savitsky & Brown (1975) &
/ b=0Dbmean ass s0%
B'=8r
ACy=0.0004
tle=740,12¢
?=740.58
0: keel BL chine %R
AXEERENFE R EEF-EALRE L

d Czo
dx

x FRmERIERES > W8
ffb xCbx?—ax+al)d Sdx
ffb (bxZ—ax-tal)o sdx

bl Cy?
Rk -=38.2737

M ARa) TRE
A
=
CLA=A/1/,0v2h?

LCG
b

J.fb x(bx?—ax+tal)" Sdx
ffb (bxd—ax--aldo sdx

Cef=Cro—0.00658'Cgo0°*¢

Cro=rt1+1[0,0122¢" 5+‘%§—2-’—53

=bx?-—gx+al

B'=fr+6

LCG Cy

A3—3.0158 22+4.93060v31—6.5741-—b—-—=0

B'=Br+0

Vm _ .. 0,012 z1-1_ 08
7 =0 975 cos =
Re=Vma b/v

0.242
_I/-CT—IOEIO CRE C!)

Dy=1/,pVm3203(Cr+ACr)/cosfm
D=Atant+Ds/Crst
Etl:{:! b=bmefm aft 80%
Am= }95'1;310

AC,=0.0004
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B » IFRRGHRE 2 B MRS (BE5)
Vi Ckt) Cv 2 g  «(®*) D/(#>=Rpu

44 4.29 5.51 18.69 3.3 9.800
42 4.10  5.66 18.74 3.35 9.451
38 3.71 6.03 18.86 3.30 8.708
36 3.51 6.26 18.93 3.23 8.305
34 3.32 6.50 19.02 3.14 7.876
25 1.9 8.35 19.55 2.25 4,576
20 1.46 8.84 19.65  2.02 3.554
15 0.98 9.19 19.71 1.85 2,743

5. R E B ke 5
PETRBETAEWILS BULTIER > ke Hys=4.6 ft» FEHE 16 kis o R H# L5 Fridsma
(1971) FFiEAERME » STEBENT : (Blount & Fox, 1976)

(Raw/wb*Imax (V/y/Limax
Vk o t B Vk/VL b HY/3/6=0.2 0.40.495 0.6 H,;/6=0.2 0.4&0.6
15 atm. 1.98 1965 1.78 9.3 .027 049 .0533 .058 4.8 3.3
20.21 2 2.,2519,55 2.40 | .028 0475 .052 .057 4.8 5.2
23.34 1.5 2.4319.42 2,77 .028 ,047 .0518 057 4.7 5.05
28,58 1.0 2.8119.11 23.39 027 047 .0513 .056 4.4 4.8
33.0 .75 3.07 18.92 3.92 L .027 0455 .0498 .0545 4.5 4.7
40.42 .50 3.34 18.80 4.8 9.3 027 045 .049 054 4.6
14 Raw E Raw
Vmax Rawmax wb® Raw Reapp
.34 20 2,60 .0282 1,454
.46 .31 2,07 ,0344 1,718
.55 .43 1.82 .0405 2,087
.71 .715 1.46 .0532 2,738 579
.83 .893 1.27 .0561 2,800 765
1.04 995 1.20 .058 3,012 1.121

Rapp=Rst%-—l)
Fr 1.0 15 20 25 3.0 35 40 45 5.0
na .948 942 934 .925 .913 .900 .885 .869 .851
HEAEIE T RRE 5

6. RIRME
fiDucane (1974) R EFRE R AR EEDTEBE - 6 R RET R EREETL fter s HA8 ft2
2 HEERE o INGF MRS S BRE M ERENA L ¢ 3K MESBL.T3 ity SERE2.31 ft. [FRR
 EegsEsi(shaft)fstation 8 445721 buttock B £ o
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0.82» I3 MAIRIE o 1 —r Tl — wiiihf HBlount & Fox (

R

I

T B0 > RINEI B A SOPAS »

Burill’ s&#|Eg4E (1957) »

WEAR

(B 7)
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A A B

ﬂuiﬂﬁ}‘:‘ﬁ{ D=3.4'

EAR=0.82
P/D=1.6
BIAERREHEEHNE VE=40.42 bt W
Te=075p ATTVZQ.”l =0.0823
Ja
Tu.12=0 Ef’_—imj=0'1375

=2)
7:<20.494(og . 150 "85
H=zback cavitation/n} blade areaz10% » SREESNEHTT » SREEIRE TR E 843l o

Il Ex&h#EiEse

BEHEA=30 fons, LCG=29.2 ft, D=3.4 ft, EAR=.82, P/D=1.6, NsR=2, RE{ENE
AR BAGE DR INE 5 A » BEAEEERTEERE IR

Vk Rsx Rapp Raw  Rr F41-t l1-w. 7eKe/It* ¢ 70 Jr no EHPSHP RPM
10 2743 144 1353 4,240 .93 .92 1.06 1.0 .313 A¢m. .656 1.03 .569 130 2285 307
15 3554 213 1454 5,221 1.40 .92 1.045 1.0 .176 Atm. .709 1,19 624 240 385 392
20.21 4610 318 1718 6,646 1.89 .921.0 1.0 .135 2 .740 1.24 .681 412 605 48
28.58 6570 579 2738 9,887 2.69 .92 .97 1.0 .107 1.0 .743 1.30 .705 867 1,230 635
33.0 7640 765 2890 11,295 3.10 .92 .975 1.0 .0905 .75 .749 1.36 .707 1,144 1,618 705
40.42 9160 1121 3012 13,293 3.80 .92 .975 1.0 .0710 .50 .697 1.36 658 1.649 2,507 863

e B RN 9
V&% &

AR B R R AR R e S0MA AR o WTLIEHB TRINM B RBENE » RETENK KT
WD RRARE 77 » REEREINE o ATAR » ABASKHEN » B E AR » SulREME 1 s o

SEEERE TITH s REBLENBTTREESA » ERTERNENEE » Kot IRIHENE 8 7
ﬂ'\‘ (-]

BeBERE A g » AR AETRAEHLE - ANEEFEREREERKFRMEE AR (AR7
) o HEASRETERASE D (E5) -

BB R ER AT TR OB ME X » D 2R IRB M T RET i E40kts
BT H#02E2,430HP X 850RPM (B 9) -

#hit  ALERBEE BRAE - REE -~ RUBSEETCENFTRAA BT » EEEHE - FIERE
E&aRTEGENGHEEWRRA ARFHPTERNZROIZE » —HBRE -

V 28X

C1) BSH~ EBE - SESF » [3RIEZHIABHE] » NTU-INA-33, 1975.
C2) EBEf- A¥ER - BET > [2BARESENNSXKEAIRERZERS] » NTU-INA-34,
1975,
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Numerical Computation of a Moving Two-Dimensional
Vortex Past a Barrier

Robert R. Hwang and J. H. Chen

Institute of Physics,
Academia Sinica

ABSTRACT

In this study a moving two-dimensional vortex past a two-dimensional
barrier is studied thecretically in terms of the dynamical events encounte-
ring with its bloking phenomena. A numerical model involving the full
Navier-Stokes equations is developed such that the f{low patterns of the
combination of a uniform flow and a moving vortex encountering the
presence of a barrier are calculated. The moving track of the vortex
obtained from laboratory experiments as well as the field data is specified
as a given input in the numerical computation.

A finite-difierence scheme derived from the partial differential equation
with the use of local medel solutions is used by applying to the time-
dependent vorticity equation. The numerical results show the development
of flow patterns and its formation of a secondary vortex behind the barrier.
These results were compared favorably to the laboratory as well as well as
the field data on the vortex flow when encountering with the barrier
considered.

1. Introduction

Flows past obstacles are the most studied subject in the field of fluid
mechanics as well as in atmospheric flow problems. The major points of
interest are attempted to obtain the flow phenomena associated with the
development and the detachment of the secondary vortices behind a barrier. In
this study, a numerical method was developed in studying the dynamical events
and the blocking phenomena for a two-dimensional potential vortex moving
with a uniform flow in the presence of an elliptical barrier. The moving track
of the vortex, obtained from the laboratory experiments, was specified in the
numerical computation.

Studies of a uniform flow past a barrier have been made extensively in
both theoretical and expeimental investigations. For impulsively starting flow
past a circular cylinder or a sphere, numerous results concerning the main
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features of the flow phenomena over the range of Reynolds numbers have been
summarized in papers by Ingham (1968), Jain and Rao (1969),Son and Hanratty
(1969), Thoman and Szewczyk (1969). Collins and Dennis (1973), and Dennis
(1973), and Coutanceau and Bouard (1977). For uniform flow past obstacles
other than circular cylinders and spheres, the survey papers by Berger and
Wille (1972), and Lugt and Haussling (1974) should be mentioned. Although
the study on uniform flow past an obstacle is numerous, the study on a complex
flow, a combination of uniform flow and a vortex for example, in the presen-
cejin a barrier seems to be relatively unexplored. Very recently, using a
numerical method, Hwang and pao (1977) studied theoretically the effect of an
elliptical barrier on a stationary two-dimensional votex in terms of the
understanding of the dynamical events associated with its blocking phenomena.
The numerical results showed the development of flow seperation in the lee of
the barrier and its formation of a secondary vortex behind the barrier. These
results were comparably to the laboratory experiments.

In order to study the dynamics of an invading typhoon vortex while inter-
acting with a mountainous island, a simpler numerical model is used here.
The flow field is treated by introducing an essentially two-dimensional vortex
in a uniform flow which interacts with a two-dimensional elliptical barrier.
The moving track of the vortex is obtained from the laboratory experiments
and specified as a given input in the numerical computation. In the present
study, a numerical scheme involving the full Navier-Stokes equations is
developed such that the flow pattern of the combination of a uniform flow and
a moving vortex encountering the presence of a barrier are calculated. Results
of the numerical computations for the flow pattern are compared with the
laboratory experiments and the field data on typhoons when encountering the
island of Taiwan.

2. The Flow Problem

The flow field due to a two-dimensional vortex flow in the presence of a
two-dimensional elliptical barrier is considered in the two-dimensional laminar
motion of an incompressible, viscous fluid. The basic equations governing the
fluid motion are the conituity equation and Navier-Stokes equations. They are
formulated as follows:

LSRN (1
oz ay
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p (M 4y oDl @
Ji dx ay a:c

R . B ) S ©)
dt a.r dy f’)y

-~

where # and v are the Cartesian coordinates = and ; respectively, p is the
density, g is the viscosity, 1; is the pressure, ¢ is the time, and Ez=32/a?n2+

32/2):;2 is the Laplacian operator.
By cross differentiating equations (2) and (3), and then eliminating the
pressure, one arrives at the vorticity transport equation
N A, @
83 ox ay

where v=p/p is the kinematic viscosity, the vorticity ¢ is defined by
C—d0/07 —ou/dy (5)

A stream function, ?F, which satisfies the continuity equation (1) is
introduced as

u=0% /3y, and v=—a¥/3z )
and the vorticity can be redefined as
(= —pw @

For convenience, equations (4), (8) and (7) W111 be norrnahzed to give a set
of nondimensional equations.

The dimensionless variables are defined as
u=1/(T'/8), v=0/(T/8), z=z/t
y=3/8, t=1/C/T), T=F/I (®)
C=8/(L/82), Ro=T/v

¢, 3/ and I'/¢ are the characteristic length, time, and velocity respectively,
£ is the length of the elliptical cylinder and I' is the circulation of the vortex
divided by 2z. The governing equations ;1 demensionless form then become:

3 e a1
3 % TV TRVC )
2P =t - (10)
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u=0¥/dzx, v=—a¥/dy (11)
C=0v/dx~—ou/dy (12)
‘here K, is the Reynolds number and p?=4%/0x2+9%/dy* denotes the Laplacian
perafor.

3. Numerical Analysis

For numerical computation, equations (9) and (10) will be discretized into
table and convergent finite difference forms and then, provided the initial
onditions, boundary conditions are adequately defined, one may simulate a
ow with the computer.

Discretization of equation (9) presents greater difficulty since one must
onsider questions of convergence and of stability. A further difficulty arises
rom the nonlinearity involved in equation (9). Experience shows that the
onlinearity can produce instability in the computations although stability
nalysis based on the locally linearized finite difference system -indicates a
tablescheme. In this study a finite-difference scheme derived from the partial
ifferential equation with the use of local model solutions (Chien, 1976) is used
y applying to the time-dependent vorticity equation. The main advantage of
his method is there is no apparent stability limition grid size and time step.
“hese limitations on grid sizes and time steps are directly related to the
iscretization errors associated with the derived finite-difference equations.
“he problem of discretization error and the numerical stability can be minimized
r eliminated by making use of local analytical model solutions of the governing
artial differential equation in the formulation of a {inite difference equation.
“he finite difference formulation of equation (9) by using local madel solution

s given as
:t:’_ Y 1 --:1-{!3_{:?-1’; s ger—Cer st _
I Gr Mt Tagy T T T ey
1 ( Crerns+ 8-, —200, 1 STONE TS Rre sy iey: 1 YA
K. dx* G_; + dyz G;
Mt:f=—‘2—}?;"‘“(whj+1'"w‘hj—l)
V0rs= = (T is1rs =T 11 ) (14)

24z

vhere 4z and 4y are the mesh intervals in the x and ¥ directions, respectively,
he subscripts ¢ and j indicate the space coordinates by x=idx and y=jdy, the
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superscsipts #+1 and »# denote the time steps (n+1)4¢ and =#ds. Figure |
displays the arrangement of the mesh and dr=d4y=# is considered in this
study. G¢, G: and G, are so called decay functions used to modify finite differ
ence expressions of terms containining derivatives with respect to 2, z and y.
These functions can be determined by the use of the local time-dependent model
solution and the local steady-stase model solution. They can be obtained as

_ l—eg%0
Gt=—%
2 2(eft—1
= (=T (15)
2 2(e® -1
Gr= g, = Fiar =)

where ¢ =

1 1 . _ Uy, dzx . Virdy
( sz-GT—i— Ayz.G_f ) Udt,Ri “;—and Rj _-_y —

are local grid Reynolds numbers in z and y directions, respectively.
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Figure 1. Sketch of grid points, mesh sizes and flow problems.

In equation (10) the derivatives are replaced by central differences to give
(w‘i+191“—2w‘i:J+;B-i—17!)/dxz+(w.irJ+1_2w.h.f+w“I-l)/Ay2="'Cn.f (16)

The system of algebraic equations (16) is solved by the iteration technique of
Liebmann relaxation method. The (k+1) th advanced values of ¥ toward
convergence of the iteration process is calculated as
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=, + 2 E s, a7

fhere S:,,= @'fﬂ,‘-{- ?ﬁ.‘k_lrj‘f‘ ?;B‘f;‘ﬂ.l'f‘ Tf,,_;-—4w'f,,+ sz C‘!j and

he over-relaxation factor, E =0.6, is used. The iteration process is halted
fter the kth iteration if

A2 ’

= [ Sf!j ’ s C].B)
t each grid point, where ¢ is of the order 10~* for the entire grid points and

. is the iteration number in relaxation. The number of iterations depends on
he nature of the flow field.

4. Initial and Boundary Conditions

The flow is considered to be started impulsively within an infinitesimal
ime interval. Thus at =0+, the motion is assumed to be irrotational except
t the body surface, where the no-slip condition produces a vorticity sheet.
‘he initial stream function is, therefore set as

v, (x,y)=—[§f.£_(y CoS a¢—x sin a)—{¢n 2 (19)

here 2=z —a with a being the location of the vortex center, and a is the
ngle of incidence of uniform flow relative to the x-axis. At the barrier surface,
ne wall vorticity is an extremely important evaluation. The vorticity transport
quation (9) for 95/9¢ determines how ¢ is advected and diffused, but the
orticity ¢ at interior points is generated from the barrier surface. At the body
urface a one-sided difference scheme must be used in order to calculate the
orticity at the wall &,. Using the Taylor series expansions with no-slip condit-
>s and regardless of the wall orientation or boundary value of ¥, we can
rrite firist-order approximation as

& = — 2oz 0) 4 ocan) (20)

'here 44 is the distance from (4+1) to b, normal to the wall. For ¥,, the
tream function around the elliptical barrier is determined from the average of

alues of ¥ evaluated from equation (19) on grid points in which the barrier
3 occupied. That is

N

Ty= 2 ¥J/N (21)
i=1

rhere N is th total number of grid points occupied by the elliptical barrier.
\t the outer boundaries, which are sufficiently far away from the barrier, the
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following conditions are specified as

0/ox=0 ) (222)
on vertical outer boundaries,
9%/dy=0 (22b)

on horizontal outer boundaries. The sequential values of stream function
on the outer boundaries are calculated directly from equation (19) at the
time that the moving vortex is located.
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Figure 2. Flow chart for initial solution. Figure 3 Flow chart for transipnt salition.

The integration process of the numerical computation is carried out in
the following way. The flow is considered to be started impulsively
within an infinitesimal time interval while the vortex is moved toward the
barrier at a distance sufficiently far away to be interacted with the barrier.
Thus at #=0, the motion is assumed irrotational except at the center of the
vortex. The initial flow is then obtained from the calculation of ¥, and appro-
priate boundary conditions incorporporated in solving the Laplace equation of
4*¥ =0 by using the calculation of equation (19) as the initial input for the ¥
field. The vorticity {33}, for the advanced time step #+1 is computed at the
interior points according to equations (14) and (15) while the movement of the
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center of the vortex is prescribed. The stream function ¥%}7; is then calculcula-

ted with the aid of equation (16) for the time step (#-+1). The cycle

concludes with the calculation of C:” from equation (20).

5. Results and Discugsion

The flow problem of a moving vortex with a uniform flow past a barrier
in which the moving track of the vorex was specified in the numerical
computation has been studied numerically. Two approaching tracks of the
moving vortex were chosen and specified in the numerical computation.

Before the numerical calculation starts, the time increment and mesh sizes
must be determined. Althgh there is no ‘apparent stability limitation on the
time increment and the space mesh size in the use of local model solutions, an
iterative process is always needed for the calculation of vorticity due to the
nonlinearity of the equation and boundary conditions. If a large time increment
is chosen, it is to be expected, for a given time iterval, a large number of
iterations will be required. Otherwise, for a small time increment, fewer
iterations will be needed but a great number of time steps will be required in
carring out the calculculation. There is no way to determine analytically the
optimum time increment. The only accessible way is to conduct a numerical
experiment and to find out the optimum time increment experimentally. The
time increment in this study is quite dependent on the circulation of vortex and
the velocity of the steering flow. As to the space mesh size, small mesh size
will increase computer storage in the calculation and the limitation in computer
storage requires the computation field to be small in space. On the other
hand, for large mesh size, the increase in truncation was too great and over-
shadowed the advantage of a larger computation field. In this study, computation
domain is divided into 60% 40 square meshes with mesh size dxr=4y=0.125 and
4t in a range of 0.02 to 0.045 depends on the flow conditions. Computation
results are presented as follows. ‘

Figure 4(a) is one of moving track of the vortex specified in the numerical
computation in which I'/»=8x10*, U,{/I'=0.4 and a=G°. The flow is considered
to be started impulsively within infinitesimal time interval when the moving
vortex is at the inition. Thus at #=0+, the motion is assumed to be irrotational
except at the body surface and the initial flow pattern is shown in figure 4(b).

Figures 5(a) to 5(i) are the computational results of stream function, and
5(a*) to 5(3*) are of vorticity at time steps for which the moving vortex was
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moved as specified in figure 4(a). In figure 5(a) the flow pattern at £=0.3 is
shown. Two eddies are being formed at lee sides on both tips of the barrier.
As the main vortex is moving around the tip, the induced eddy at the front tip
is drifting away from the barrier as shown in figures 5(b) through 5Ce). In
the meantime, the eddy on the trailing edge has initially a tendency to
grow in size but it is quickly constrained in growth under the influence of the
main vortex. As the main vortex is moving downstream further near the tip of
the trailing edge, it overtakes the induced eddy. At this time, these two

vortices behave very much like a vortex pair with, of course, different
strengths. This can be noted from figure 5(f). It is seen that as the main
vortex is passed over the rear edge of the barrier, the induced eddy is drifting
away from the barrier and then quickly overtaken by the main vortex in moving
downstream as shown in figures 5(g) through 5(i).

Figures 5(a*) to 5(¢*) are the computational results of vorticity at different
time steps corresponding to the flow pattern mentioned previously. Vorticity
of the vortex flow is initially confined to the region of the body surface.
When the main vortex is moving toward the barrier, it diffuses toward upstream
at the front edge and downstream at the rear edge of the barrier. This is
illustrated in figures 5(a*) to 5(d*). As the main vortex is moving around the
barrier, we can seen that vorticity is not only diffused toward the flow from
the body surface but also convected to the downstream direction under the
influence of the motion of the main vortex. This can be seen from figures
5(e*) to 5(r*). '

For the purpose of comparison. a sequence of streamline pictures showing
the flow pattern of a moving vortex past the barrier obtained from the experi-
mental observation is shown in.figure 6. It is seen that the resemblance of the
flow pattern between the numerical computations and laboratory is striking.
This fact is also confirmed in the comparison with surface flow of typhoon
Wendy, 1974. Figures 7 show the com parison between field data and the
computational results. It can be seen that the agreement is remarkable.

Another track of a moving vortex flow past the barrier as shown in figure
8(a) with I'/v=8x10*, U/I"'=0.4 and «=100° is also carried out in this
numerical calculation through the flow field. The initial flow pattern for the main
vortex far from the barrier is shown in figure 8(b). Computation results of stream
function and vorticity of the vortex flow at different time steps corresponding
to various positions of the main vortex are illustrated at figures 9(a) to 9 (i)
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and figures 9(a*) to 9(#*) respecitivelly. These results show the development
of the flow pattern and the formation of the secondary vortex at the lee side
of the barrier during the time of the main vortex past the barrier. In the
comparison with experimental results, we also found that the flow pattern in
the numerical study resembles those in the laboratory as well as the field as
shown in figures 10 and figures 11,

The main purpose of this study is used a simpler numerical model to study
the dynamical phenomena of an invading typhoon vortex while inteacting with
a mountainous barrier in which the flow field is treated by introducing an
essentially two-dimensional moving vortex in a uniform flow which interacts
with a two-dimensional barrier. The numerical computaion is of from
satisfactory for actual application to typhoon flow field. But the results
obtained from this numerical study are very encouraging for the precusor of
a longer course far research in typhoon problems. It does provide
qualitative flow features of a tyhoon when encountering with the mountainous
island,
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Figure 4. Moving track and inital flow pattern of a vortex flow.
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Figure 5. Sequence of streamlines and equi-vorticity lines for a vortex flow
at various times.
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Ced )

Figure 6. Laboratory experiment of a moving vorlex past a barrier. Angle
approach a=0°, U=2.0cm/sec.

— 69 —



Robert R. Hwang and J.H. Chen

Ca)

: (b>

Ced

(d>
Figure 7. Comparison of some flow lines obtained in numerical compution for a

moving vortex past a barrier to field data of typhoon Wendy,1974.
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Numerical Compatation of a Moving Two-Dimensional Vortex Past a Barrier

i) ) Ci®

Figure 9. Streamlines and equi-vorticity lines for a vortex flowat various timés;
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Robert R. Hwang and J.H. Chen
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Figure 10. Laboratory experIment of a moving vortex past a barrier. Angle
of approach a=100°, U=2"0cm/sec.
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Figure 11, Some surface flow lines of typhoon Trix, 1960.
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A Variational Optimization Analysis Scheme Using the
Primitive Equations as Dynamic Constraints

The variational optimization technique is used to develop a scheme to
analyze the height, temperature and wind. In addition to the hydrostatic
equation and horizontal momentum equations, the continuity equation and -
thermodynamic equation are also used as dynamic constraints to ensure the
internal consistency. The resulting analysis equations for the geopotential
and the velocity potential are two coupled second order elliptic equations,
which may be solved simultaneously by relaxation method. The dynamics of
the analysis equations has been dicussed in detail and a case study has been
made to investigate the applicability of the proposed analysis scheme to

synoptic data.
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ABSTRACT

In this study, a new parameterization of cumulus convection is developed
from the moisture conservation equation. It is shown that the scheme can
be considered as the generalization of Kuo’s parameterization concepts and
Kuo’s (1965 and 1974) schemes can be reduced from it as two special cases.
For realizing the flexibility of this scheme, the diagnostic investigation is
performed utilizing the combination of the parameterization formula and
the large-scale heat and moisture budgets. Compared with the observations,
the results of the diagnostication show that the generalized scheme gives
better estimations on the latent heat released and the pressure of the cloud
top, and reveals that the adiabatic subsidence of the environmental atmosphere
and the vertical transport of moisture inside the clouds are both significant
in the parameterization of cumulus convection.

I. Introduction

The atmospheric motion consists of a great deal of atmospheric systems of
different scales. Among those, cumulus convection may be one of the most
interesting phenomenon. It is well known that convective system plays an
important role in vertical transport of heat, moisture and horizontal momentum,
provides a large portion of the annual precipitation, accounts for the greatest
weather damage in many areas, and reveals the obvious intereaction among
disturbances of large, medium and small scales. Furthermore, clouds are
reflectors and modifiers of shortwave radiation and emitters and absorbers of
longwave radiation. Consequently, studies of clouds and convection naturally
become an important topics in atmospheric science. Recently, increasing attention
is being focused on the mean effects of cumulus clouds to develop the larger
scale systems in the tropics and the middle latitudes. However, because of its
smallness, cumulus convection can not be resolved in the present observational
network. This mechanism should be parameterized in terms of larger scale
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variables. Indeed, since Riehl and Malkus (1958) concluded from their’ budget
studies that cumulus convection is a dominant mechanism in the tropics,
parameterization cf cumulus convection has been studied by many investigators.
In the past decade, many parameterization schemes have been developed. Each
scheme has its significance for the purpose for which it has been proposed.
Still, because of the complexity of the relevant phenomenon of convective
motion, the completely satisfactory parameterization scheme is out of sight.

Currently, two types of cumulus parameterizations are used. One, based
on the hypothesis of convective adjustment (Manabe et al., 1965), is utilized in
general circulation and synoptic-scale prediction models. The idea of convective
adjustment is based on the assumption that thermal convection develops when
the lapse rate of temperature exceeds a certain neutral value. The other, based
on the hypothesis of penetrative convection (Qoyama, 1964; Kuo, 1965), is also
utilized in general circulation models; but the scheme iS primarily applied to the
study of the development of tropical cyclones and of the synoptic-scale numerical
prediction. Here, penetrative convection is assumed to occur when cumulus
clouds penetrate deeply into an unsaturated atmosphere in areas of low-level
mass convergence. Although both types of cumulus parameterization have
practical significance, the latter appears to be more attractive because the
existence of low-level convergence is involved as triggering mechanism.
Acoording to Ceselski's (1973) numerical prediction experiments, convective
adjustment scheme is less desirable for real data forecasting because of no
consideration of the link between the motion disturbance and total saturation.

Based on the hypothesis of penetrative convection, the parameterization
procedure consists of two significant mechanisms involved in the interaction
between convection and the environment: (1) adiabatic warming due to the
downward motion of the environmental air which compensates for the upward
motion inside convective elements, (2) lateral mixing of cloud substance into
the environment. Among such parameterization schemes, Kuo’s (1965) scheme
‘s one of the most representative. Kuo’s parameterization is based on a non-
steady deep cumulus model; the temperature difference between the cloud and
the surrounding atmosphere, and the large-scale low-level convergence of
moisture are the key indicators. Recently, some arguments about it arose
(e.g., Ceselski, 1974). It has been stated that Kuo has neglected the heating
by adiabatic compression of the slowly decending environment. Also, the reality
of the horizontal mixing process involved in his scheme has been questioned.
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Yanai et al (1973) determined the bulk properties of tropicalclond clusters from
large-scale heat and moisture budgets using 1956 Marshall Islards data. They
showed that the cloud mass flux exceeds the mean vertical mass flux required
by the large-scale convergence, thus causing a compensating sinking motion
between active clouds, and concluded that the large-scale heating of the
environmental air is primarily due to its adiabatic compression in the compens-
ating downward motion. In order to clarify those arguments, Kuo (1974) gave
his scheme a new derivation and explained that both the adiabatic heating of
the descending branch and the adiabatic cooling of the ascending branch of the
convective cell have been taken into consideration. He also states that the
horizontal mixing mechanism is achieved simply by the horizontal averaging of
the randomly distributed convective elements over the representative area of
the large-scale system, even though vigorous horizontal mixing will undoubtedly
also be accomplished physically by these randomly distributed and ever-changing
convection cells. However, it is believed that if in Kuo’s formulation the terms
which account for departures from the area mean, as well as the precipitation
terms, are examined carefully, a better explanation can be obtained.

Kuo’s scheme is applicable in those situations where a deep conditionally
unstable layer and large-scale— low-level convergence are in existence. The
former condition makes it possible for huge cumuli to penetrate into the upper
troposphere or the lower stratosphere, while the latter condition provides a
lifting mechanism to trigger the convective instability. Therefore, in some
situations, although the computed fractional area of coverage may be near
unity, only shallow or even no clouds may develop. Investigations of moisture
convergence and its relationship to the middle-latitudes severe storm, hurricane
and tropical cylone occurrence (e.g., Charney and Elliassen, 1964 ; Sasaki,
1973) indicate that unstable conditions, downward momentum transport, and
other factors, which may be important to the severe weather development, are
implicitly shown in the moisture convergence patterns. Because the large-scale
moisture convergence in a conditionally unstable region is believed to be a key
mechanism in the development of deep convection, we would like to investigate
the applicability of Kuo’s scheme and to generalize it so that the scheme
becomes dynamically and practically plausible.

Recently, Liang (1975) has proposed a modification of Kuo's parameteriz-
ation. In this modified scheme, the large-scale moisture suply and the vertical
transport of moisture and dry static energy inside the cloud are considered, and
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a two-layer cloud ensemble model is combined. Diagnostic investigations of
modified and Kuo’s schemes have been carried out by combining the large-scale
heat and moisture budgets and the expressions of the latent heat released of the
tested schemes. The results of tests indicate that the added mechanisms serve
surprisingly well in the modified parameterization. The precipitation rate, the
mean top of clouds, and the level of the maximum latent heat released agree
much better with observed values than those from Kuo’'s scheme. The tests
also conformed the foregoing statement that the eddy terms which account for
departures from the area mean, as well as the precipitation terms, plays an
important role in the vertical transport of heat and moisture inside the cloud,
and, therefore, fosters the low-level moisture convergence to produce a high
level release of latent heat. However, because the modified scheme is based on
physically intuitive consideration, the rigorous relationship between the modified
and Kuo’s schemes is vague. Theoretical and practical interests stimulate one
to ponder further.

This study developes a new parameterization of cumulus convection from
the moisture conservation equation. The scheme can be considered as a
generalization of Kuo’s parameterization concepts, and Kuo’s (1965, 1974)
schemes can be reduced from it as two special cases. In order to realize its
applicability, the new parameterization is diagnosed similar to the procedures
proposed by Liang (1975). The results are compared to those from Kuo’s
schemes, and the mechanisms involved are discussed.

2. Generalization of Kuo’s parameterization

For convenience, let us define the dry static energy and the moist static
energy as

s=C, T+gz, and
h=C, T+gz+Lg,

where T is temperature, z the height, ¢ the mixing ratio, C, the specific heat
of dry air, L the latent heat of condensation, and g the acceleration of gravity.
It is obvious that the static energy is the sum of enthalpy and potential energy
and the moist static energy is the sum of the static energy and latent energy.
For the clarification of the essential points of the parameterization problem,
the large-scale variables are represented as the average values over a
hypothesized area, and the actual values are the sum of the average values
and the departures. The hypothesized area is taken to be large enough such
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that a great deal of cumulus clouds may be surrounded, and to be small
enough thus the large-scale motion may be described by the area mean values
of its variables. This quasi-homogeneous assumption is based on the fact
that the physical properties of the large-scale system may approximately be
homogeneous over a suitablly chosen area. For prediction of the synoptic
scale motion, for example, the grid area may reasonablly be taken as the
hypothesized area. Furthermore, based on the assumption of the feasibility of
the parameterization of cumulus convection, the location and time of the
convection occurrence are random distributed and the distribution may be
estimated in term of the large-scale variables.

For the description of the large-scale motion, the equations of heat and
moisture continuity are averaged over the hypothesized area:

s =
6:+V s V‘|‘ ap —Q3+Qa; ' (D
6 aqw Q,

=LCc~e) &))

*ﬁ*where?ls the wind 'velo'city, w the vertical p- velocity, Qz the radiation
heating;' Q. the latent heat released by net condensation, ¢ the condensation
rate, and e the re-evaporation. The equations are expressed in (x, v, p, t)
coordinates, and the area averages are denoted by { ). As the variables are
represented by the area mean values and the departures, (1) and (2) become

qua,+7-s y4 o0 a =Q+Q.— s ‘o, W
Q, 3 = dqu :
-2y a“;” % T (5)

where (' )’ denotes the departure. In the above, @, is called the apparent
heat source of the large-scale system and @, is called the apparent moisture
sink. According to Kuo (1974), the average of the vertical eddy transport of
any variable x can be expressed as:

w!

—;;) (xc'";)j
where ¢ is the fractional area covered by the active clouds, and the subscript ¢

denotes the flow variables in ¢. Since e, is much larger than o and ¢ is much
smaller than unity, (5) can be approximated by

w'zx'=—-M, (z.—z), (6
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where | |
' M,=—¢ . | ) ' (M
The substitution of (6) into (4) and (5) leads to
Js
s+|7 sV+ Q2+Qe+aP[Mc(5c 1, (8
ag d ‘L
M ApeaVH ai,"’ - Zima- ), ®

where V-ET/' and p-gV can be separated as

Vos?=y-(s ?’)-{-V-S’T_/'.’ ,
and

P —

pegV=p+(qg V)+p-q’ V.

The horizontal diffusion terms V-s’-I;’ and V-q’T?’ may be parameterized in terms
of large-scale variables by the use of nonlinear horizontal diffusion coefficients
similar to those used by Smagorinsky et al. (1965) and Manabe et al. (1965).
Therefore, the apparent heat source €, and the épparent moisture sink €, can
be determined from the large-scale observations. In order to clarify the physical
meaning of each~ mechanism involved, (9) is rewriten as

+(c e)——EV qV+ap(w q)]+aPEMe(qc DI=ar (10)

It is obvmus that q,- is the total moisture supply from the large-scale and the
subgrid scale motions. According to (10), this amount of moisture is utilized to
increase the local moisture content of the mean flow g and to produce the net
precipitation, (c-e). The local mcreasmg of the moisture of emnronmental air is
based on two processes. One is the mixing process of the cloud mass and the
environmental air, and the other is the transport process: directly from the
large-scale motion. In other words, the local change of the mixing ratio of
environmental air can be considered as the sum of this two sources: -

*——(qe @) +5*, a1

where 7 is the time scale for growth and decay of the cumulus convection cell,
and ¢/z is the cloud mass producing rate. The terms in the right of (11) are
corresponding to the two processes, respectively. Also, according to Kuo, the
latent heat released can be expressed in terms of the cloud mass producing rate
and the temperature difference between clouds and the environment as

Qe="7(s.—5) . a2
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The substitution of (11) and (12) into (10) leads to

he_}; * .

or,

o_Bar

T _hc - h)

B=L(1-b*/gy).
Since the environmental air requires (3q,+8¢z) to creat a unit cloud mass, where

dg1=(s.—s)/L,

6gqs= Qe_‘; ' _
Eq (14) shows that the producing rate of cloud mass, ¢/z, is determined from
the effective moisture supply Bgr divided by the moisture requirement of a unit
cloud mass. The factor B denotes the effect coefficient of cumulus convection
in moisten processes. After substituting (14) into (12), we have

B q.z-(se - 5_)

Qe= hc"“}: ’ (15)
It will be shown in the following paragraphs that the parameterization formulas
of latent heat released in Kuo’s (1965 and 1974) schemes can be deduced from
(15). Therefore, (15) is reasonablly considered as the basic formula of the
generalization of Kuo’s parameterization of cumulus convection, and the scheme
is considered as the generalization of Kuo’s concepts.

Now, let us integrate (I13) from the top of the atmosphere, p., to the

ground surface, p,, and assume the cloud mass producing rate to be a constant

(14)

during the integration, we get

o (1-56)M,
T M (16

where b, M;, and M; are defined as

b=I§: b* dp/fﬁ: gr dp,

M‘=_i P V-q-f;' dp—i—p, Cp VQCQIHQC)!
gY P
and.
1 |2

MFEL b (C, (T. —T‘)+L(qe—5)]dp-

During the above derivation, ® is assumed to be zero both at the ground surface
and at the top of the atmosphere, and o’s” is assumed to be zero at and above
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the cloud top and is approximated, at the ground surface, by

*(W)1=PogCDVo(Qa‘“Qo)’
where the subscript o denotes the values at a reference level above which is
representative of the surface boundary layer, and the subscript s are values at
ground surface. The combination of (12) and (16) leads to

Qe =152 5,5 | an

it is obvious that (17) can be reduced to Kuo’s (1965) formula of parameteriz-
ation scheme if & is assumed to be negligiblly small. Also, it can be shown
that if &, is defined as

b =fp' g—%d}"/‘fp‘ :Ir.[p'
P D
the integration from p. to g. of the combination of (10) and (12) leads to
g _ (A-8L M, ’
I AR CED
where ¢/z is still assumed to be a constant during the integration. Substituting
the above expression into (12), we have '

Q,=(1=&)L M,(s.—5) (18)
P - d
JP‘ (Sc 5) p
Eq. (18) is essentially the same as that derived by Kuo (1974).

3. The procedure for diagnosticating cumnlus parameterization schemes

a. Basic Procedure

Here, a procedure is proposed to diagnosticate and evaluate the mechanisms
involved in a parameterization scheme. The method is based on the concept
that utilization of an accurate expression for the latent heat released by cumulus
should lead to good evaluations of other characteristics of the cloud ensemble.
It will be shown below that when @., the latent heat released by cumulus, is
expressed in terms of certain cloud ensemble properties, the cloud ensemble
properties may be determined from the large-scale budget equations if the time
derivatives of dry static energy and mixing ratio in the environment is specified.
In other words the cloud ensemble properties computed from this procedure
should directly reflect the quality of the expression, for the latent heat released,
which is utilized in the parameterization scheme. Furthermore, if the large-scale
budgets and the parameterization scheme are both perfect, the latent heat
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released, as computed from the parameterization scheme and as determined
using the diagnosticating procedure, should be exactly the same. In the following
discussion, any quantity, except the vertical velocity, in the environment is
approximated by the area-mean value of that quantity. -

First, let us define the saturation moist static energy of the environment,
h¥*, as

;z*iCp T+gz+ Lg*=h*,
where g* is the saturation mixing ratio at temperature 7, and ( ) is the values
of the environmental variables. Then, after Arakawa (1969), we have

s+—-—(lz —h¥), (19
qc=c§*+a~ﬁ(mﬂﬁ*), (20)
where r————(gq;)p

If Q. is expressed in terms of the other variables, combination of @, (@,
(19) and (20) gives four equations for the four unknowns, s., ge» M., and 4A..
They can be solved provided that the observed large-scale heat and moisture

budgets over the area considered are known. The associated boundary conditions
are

Ae o —0.y=
g (@Qi—@e)=S,

_Ea),

~-2Q,~LE, &,
SJ/LEt = Cp(?s - Ta)/EL(E; —ao)] ’

Mcé
g

where the subscript b denotes values at cloud base, S, and E. are, respectively,
the supply of sensible heat and the rate of evaporation from surface, and dp=
p:—ps. Defining Y as -w’%7, adding (8) and (9) and integrating the resuitant
equation, we get
Y- [2 @-Q-Qs) dp,
=M.(he=R)+Y(per), if p<pas (21)

where p.. is the pressure at the top of clouds, and Y(».) and M.(p..) are
assumed to be zero. Utilizing (21), the boundary conditions are explicitly
expressed as
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ai—(1+r))a,

M= 7“*__}“ (22)
Aes =f_h + _6_31;’ (23)
where
a1=g(S:+LE)—4P(Q1— Qe —Q:),
a;=gs—Ap(Q— Q=)
and

S:.+LE,=Y(P).

During the diagnosticating procedure, the cloud base is assumed to be at the
lifted condensation level representative of the surface layer, and the top of
cloud is assumed to be at a level where the temperature of the clouds is equal
to that of the environment or at a level where M, is zero.

b. Equations for diagnosticating Kuo’s scheme

In preceding section, it has been shown that Kuo’s (1965) and Kuo's (1974)
schemes are essentially the same. Therefore we would like to investigate Kuo’s
(1965) scheme only, and the results and conclusions should be able to apply to
both schemes. According to Kuo (1965), Q. is specified as

Qu=ppCsem). <

After elimination of s., ¢. and 4, from (8), (9, (19) and (20), an ordinary
nonlinear differential equation is obtained:

au
d—P'=F+ G/U, (25)
where
R+ }
U=M. (m—).

=@t Y U

Bi(A*—R(Y-Y(p.)]
G=- a+ry » and

B]_""_Aﬂ_gis

where Y is determined from (21) as a function of &, &:, and &s.

Eq. (25) can be reduced to Abel’s equation of the first kind and can be
solved analytically if the ratio of the two coefficients, G and F, is constant,
or it can be solved numerically even if the coefficients are variable. However,
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because the producing rate of cloud air, B,, depends on M., and the pressure
at cloud top, p.:, is unknown before the solution is obtained, the equation is
an nonlinear integral-differential equation. A Runge-Kutta method and an
iterative technique are utilized to solve it. After the solution is obtained, M.,
he, Se» g. and Q. can be computed according to (25), (21), (19), (20) and (24),
respectively, and 7. is determined by

Se— S

T.=T+ c, (26)

¢. Equation for diagnosticating the generalized scheme

Similar procedure described above can also be used to diagnosticate the
mechanisms involved in the generalized scheme. According to (15), Q. is
specified as

_B(}r (Se_;)
Q‘— hc—fl ’

After elimination of s., g., and 4. from (8), (9), (19) and (20), an ordinary
nonlinear differential equation is obtained:

(FU+F1U)%%=GD+ G.U, \ 7
where
M, o 3
U= G-,
Fﬂ= Y-Y (pcs)_B[ YII_(].}:_ S_‘g“)} ’
"B
FI= 21
) BO,
Guﬂ[Y'— Y\Pet)](“Ql“‘ QR)+ 1+ [Y— Y(Pes)]
d Y—-Y(p.)
+(Y- Y(p::)]g[*“f:,:“;—“]
G1= _BQ:;;

g 0 ey 2 (Y- Y(pe)]
Q,=-7-qV, ap (q o)+ 4 (¥~L }.
Since the pressure at cloud top is unknown before the solution is obtained, (27)
should be solved utilizing the Rung-Kutta method and an iterative procedure.
While the solution is determined, M., A., s., ¢, T. and Q. can be computed
according to (25), (21), (19), (20), (26) and (15), respectively.
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4. Large-scale mass, heat, and moisture budgets

a. Data

All data are from the second NASA Atmospheric Variability Experiment
(AVE II) except for the radiation data. There were fifty-four rawinsonde
stations participating in the AVE II Pilot Experiment as shown in Fig. 1.
Soundings were made at three-hour intervals at each station beginning at 1200
GMT 11 May 1974, and ending at 1200 GMT 12 May 1974. The data were
obtained during a period when convective activity was present, large horizontal
temperature gradients were evident and rapid changes in weather patterns were
occurring. The data area is over the eastern United States east of approximately
105° W longitude. Radar data were obtained from eleven stations located near
the center of the observational area, and as much data as possible were collected
from the NIMBUS 5, NOAA-3, ATS-3, and DMSP (DAPP) satellites.

The radiation climatological data are from Rodger’s results (1967), which
are available in the region 0-70 N, 1000-10 mb, and for the months of January,
April, July and October. Because the AVE II pilot experiment was held in May,
an average of the data for April and July will be utilized in this study.

The synoptic situation of 2100 GMT 11 May 1974 is shown in Figs. 2-3.
We choose this particular time because a deep conditionally unstable layer exists
over a wide area of the southern United States. There is layer exists over a
wide area of the southern United States. There is a cold front across the central
part of the country and a warm front extends through the northern states.
Three lows and two precipitation areas appear on the map at the analysis time,
Also, there is a deep trough in the upper levels extending from north to south
across the central United States.

The grid system is shown in Fig. 4; the polar stereographic projection is
utilized. The standard latitude and the standard longitude are 60°N and 100°W,
- respectively. The 11 by 13 computational grid is oriented so that the y-axis is
perpendicular to the standard longitude. The map scale is 1:15,000,000, the
upper-left-hand corner grid point is located at x=12.6 in and y=0.97 in (the
origin is at the North pole), and the grid interval is 190.5 km on the image
plane. The procedures for the interpolation of each field variables from stations
to grid points and the variational optimization of the wind field for the estimation
of mass divergence, moisture divergence and vertical velocity are described in
detail in Liang (1976). The optimization scheme is designed such that the
integrated continuity equation and the global boundary condition are satisfied.
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Also, a low-pass filter is simultaneously incorporated in the optimization scheme
to ensure that the filtered field satisfies the above constraints.

b. Static energy

The tests are performed around Mississippi valley where a deep unstable
layer exists from the lifted condensation level of the surface layer up to the
100-mb level. The average values of each variable at grid points (7, 9), (8, %)
and (8, 10) are utilized to represent the meteorological situation of the tested

area. The horizontal diffusion terms V-E/:’s’ and V-ff__,’q’ in (8 and (9) are
computed by the use of nonlinear horizontal diffusion coefficients similar to those
used by Smagorinsky et al. (1965) and Manabe et al. (1965); i.e.,

PV s =p(Ke 75,
7V'a =K. 7O
K,=K.= gkt A2 (D2+DP),

where
D1=%—%’

%, is the Karman constant (0.4 in this study), and 4 is the grid length. The
results show that values of these horizontal diffusion terms are one or two
orders of magnitude smaller than those of the other terms appeared in the
apparent heat source, Q;, and the apparent moisture sink, Q.. The local time
changes of the dry static energy and the mixing ratio are determined from
observations at 1800 GMT and at 2400 GMT 11 May 1974. Results show that
these two terms are not negligible. The lifted condensation level is computed
according to Inman’s (1969) approximate formula. The dry static energy s,
the moist static energy %, and the saturation moist static energy A* are shown
in Fig. 5. In the lower troposphere, £ is much larger than s due to the presence
of moisture. In the upper troposphere % approaches s and the difference between
the two curves becomes negligible above the 180 mb level. There is a minimum
of % at 700 mb. According to Riehl and Malkus (1958), the development of the
deep cumulus convection prefers to the existence of such a minimum of % with
the upward increase of % in the upper troposphere. It is also interesting to
mention that the difference between % and A* is larger in the lower and middle
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troposphere than that in the upper troposphere because of the upward decrease
of temperature in the upper troposphere.

c. Apparent heat source, apparent moisture sink and derived vertical eddy

heat flux

The apparent heat source ; and the apparent moisture sink Q, are shown
in Fig. 6. The Q, has a maximum (26.6 c/day) at 400 mb and a secondary
maximum (19.8 ¢/day) at 200 mb level, while the Q, has a maximum (19.6
c/day) at 500 mb and a secondary maximum (10.5 c/day) at 900 mb level.
These values are about three times larger than those of tropics as determined
by Yanai et al (1973). It is interesting to mention that the minimum value
(—10.49 c/day) of Q, at 700 mb may reflect the existence of shallow clouds and
the re-evaporation of rain drops or the melting of ice crystals falling from the
higher levels. o

The derived vertical eddy heat flux Y can be determined from (21) provided
that Qx is known. Because the direct measurements of Qp are not available,
Rodgers’ climatological results are utilized in the computation.The profile of Qg
is shown in Fig. 6. In the troposphere, it is about the order of 10 c/day.
Compared to the profiles of Q; and Q. this value is about a half times smaller.
Utilizing those values in (21), ¥ is determined and is shown in Fig. 7. The
profile shows a relative maximum (1849 £y/day) at 800 mb, a minimum (1839
fy/day) at 900 mb, and a largest value (1906.4 £y/day) at the ground surface.
These values are about five times larger than those of tropics determined by
Yanai et al (1973). . , |

In order to obtain a better comparison between the observations and the
results computed from the diagnosticating procedures, the required precipitation
is determined from the large-scale heat and moisture budgets. Assuming the
vertical eddy heat flux and the vertical eddy moisture flux to be zero at the
cloud tops. i.e.,

M.(se—s) =0,
P=Pe

Mc(‘fc_‘.;) =0,
= Pet

and integrating (24), we have
1 2. _
e J . @-0ndp=LP+S.,

where P, is the total precipitation inside the clouds, and S, is the rate of
transport of sensible heat from the surface. Since the observed tops of clouds
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are near 300 mb, computations based on the large-scale heat and moisture
budgets indicate that the required P, is about 0.03 in<hr~', This amount of
precipitation is reasonable compared with observations from the National Weather
Service radar charts (2035 GMT 11 May 1974) and Service A teletype reports.

5. Results of diagnostication of parameterization schemes

- As mention before, Kuo’s two parameterization schemes of cumulus convec-
tion (1965 and 1974) are essentially the same. The results presented here are
computed from Kuo’'s (1965) scheme with b set to be zero. Also, since the
effect coefficient B in the generalized parameterization should be specified
before the diagnostication, it will be assumed to be a constant throughout the
investigation. In other words, the effect of the moisten process directly due to
the large-scale transport, &%, is assumed_ to be proportional to the total

moisture supply, ¢r:

b*=K qr | (28)
where
B
K=1- I

Theoretically, because &* is unknown, the parameterization scheme is still
unclosed. The flexibility of the scheme essentially depends on the parameteriz-
ation of &*. Therefore, (28) can be considered as a kind of simple parameteriz-
ation of &* to close the generalized scheme in this study. Of course, the other
kinds of parameterization of * may also be useful in the numerical weather
prediction.

a. Results of diagnostication of Kuo’s parameterization of cumulus convection

Figs. 8-9 shows the excess temperature 7T.-7, the excess mixing ratio,

ge-q, the released latent heat Q., the cloud mass flux M., and the residual mass

flux in the environment, M= —w— M., from the diagnostication of Kuo’s scheme.
The results show that the cloud top is at 609.7 mb level. The excess temperature
is of the order of 0.5~1C and a maximum (0.829 C) occurs at 700 mhb. The
excess mixing ratio is monotonically decreasing upward from the maximum (2.26
gmekg~") at cloud base to the minimum (0.497 gm-kg~') at cloud top. The
released latent heat is of the order of 5~10C.day~! and the maximum (10.902C-
day-!) is located at 700 mb corresponding to the maximum excess temperature.
“The cloud mass flux is of the order of 5 gbssec™®. It has a relative maximum
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(6.18 ubesec™') at 800 mb and a minimum (4.595 gbssec™!) at 700 mb due to the
existence of the maximum excess temperature. The residual mass flux in the
environment is of the order of —3 ghesec™!, and 2 maximum (—0.829 ub.sec™)
at 700 mb corresponding to the occurence of the minimum cloud mass flux.

The precipitation rate computed from the diagnostication of Kuo’s scheme
is 0.00996 in-hr-!. Compared to the required precipitation 0.03 in-hr-!, this
value is about three times smaller. The result is mainly due to the smallness
of the excess temperature and the lowness of the cloud top. Physically, the
buoyancy force produced by the mechanisms involved in Kuo’s scheme sounds
too weak compared with that of the real situation.

b. Results of diagnostication of the generalized parameterization of cumulus
convection

Figs. 10-11 shows the excess temperature T,—7, the excess mixing ratio
g.—q ,the released latent heat Q., the cloud mass flux M., and the residual

-mass flux in the environment 1‘?1' computed from the diagnostication of the
generalized scheme. The cloud top determined from these procedures is at 487.6
mb. The excess temperature is of the order of 5 C and a maximum (9.742 C)
is at 700 mb level. The excess mixing ratio is of the order of 5 gm.kg~' and
has a maximum (6.21 gm-kg~") at 600 mb. The released latent heat is of the
order of 10 C-day~' and the maximum occurs at 700 mb corresponding to the
maximum excess temperature. The cloud mass flux is of the order of 5 gb.sec.
There is a relative maximum (6.215 gbssec™)at 800 mb and a minimum (2.99
pgbesec™!) at 700 mb due to the existence of the maximum excess temperature.
The residual mass flux in the environment is of the order of —3 gbesec™!.

It has a relative maximum (0.776 gbesec™') at 700 mb corresponding to the
occurence of the minimum cloud mass flux.

The precipitation rate computed from the diagnostication of the generalized
scheme is 0.025 in+hr~'. Compared to the required precipitation, this value is
acceptable and is much closer than that from Kuo’s scheme. Physically, the
discard of the assumption that the cloud mass producing rate e¢/r is a constant
permits the coorperation of the adiabatic subsidence of the environmental
atmosphere and the vertical transport of the moisture inside the cloud into the

parameterization. The results shows that both mechamsms are important in the
latent heat released processes.

6. Conclusions and Recommendations
This study developes a new parameterization of cumulus convection from
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the moisture conservation equation. The analysis shows that the scheme can
be considered as a generalization of Kuo’s parameterization concepts, and Kuo’s
(1965 and 1974) schemes are reduced from it as two special cases. It also has
been shown that Kuo’s two scheme are essentially the same.

In order to realize its plausibility, the new parameterization is diagnostically
investigated by the combination of the parameterization formula and the large-
scale heat and moisture budgets. In addition to the latent heat released and the
pressure of the cloud top, the diagnostication determines the average properties
of the cloud essemble including the temperature, the mixing ratio, and the mass
flux of clouds. Furthermore, the vertical integration of the latent heat released
computed from the diagnostic investigati'on gives the total precipitation rate.
This value and the pressure of cloud top are compared with the observations
and with those of Kuo’s scheme to reveal the flexibility and the improvement
of the generalized parameterization scheme.

The generalized scheme is closed after the effect coefficient B (or &*) is
specified. So far, there is no any rigorously theoretical basis can be utilized
to specify 4*. However, because 4* is the effect of the moisten process directly
due to the large-scale transport, it sounds reasonable, from the physical point
of view, to assume &* to be proportional to the total moisture supply from the
large-scale and the subgridscale motions. Of course, the other kinds of the
specification of * should be investigated if one required deeper understanding
about the generalized parameterization scheme. .

Results of the diagnostic investigation show that the new scheme make
significant improvements. The values of the computed precipitation rate and
the pressure of the cloud top are much closer to the observations. However,
they are still unsatisfactory. The results show that the pressure of the cloud
top is about 180 mb lower and the precipitation rate is about 179, smaller than
those of the observational values. Also, the maximum excess temperature at
700 mb is too high. The shortcomings may come from the unsatisfactory
parameterization of #*. Indeed, the tests using other kinds of the specification
of 5* are in progress. The investigation results will be presented in the future.

The data used in diagnostic investigation is AVE 11 data. The data area is
over the eastern United States. Since the weather systems are typically of the
middle latitudes, the diagnostic investigation mainly reveals the mechanisms
involved in this area. Although the generalization procedure is shows that the
generalized scheme surpasses this restriction, it is meaningful to examine the
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flexibility of the scheme utilizing the other sets of data. For example, 1956
Marshall Islands data set, which is used in the study by Yanai et al (1973),
may be one of the most interesting sets. ‘
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Fig. 2. Surface chart for 2100 GMT 1l may 1974. Isobars are
drawn. at 4 mb intervals.

Fig. 3. 500mb chart for 2100 GMT 1l may 1974. Height
(solid) contours are drawn at 60 m intervals.
Isotherms (dashed) are constructed at 2°C
intervals.
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The flow field of an incompressible, viscous fluid around an impulsively
started circular cylinder is studied in detail. The analytical solution for the
initial {low field stream function, by the method of matched asymptotic
expansion, in term of exponential and error fnnctions for the inner flow
field and of circular function for the outer, is obtained to the third order
from which a uniformly valid composite solution i& found. The initial
separation time as a function of Reynolds number shows close agreement
to Collins and Dennis {1973a, b) and is much better than second order
expansion. Also presented are the vorticity, pressure, separation point.
and drag. These quantities agree with the numerical computations of Collins
and Dennis.

1. Introduction

Numerous scholors have investigated the incompressible viscous flow over -
an impulsively started cylinder. As reviewed by Yang and Bar-lev (1976), there
are four different approaches to the theoretical investigation of this problem.
The first is the boundary layer solution which is first studied by Blasius (1908),
and later extended by Goldstein and Rosenhead (1936). The second approach is
the the matched asymptotic expansions of the time dependent Navier-Stokes
equations for the flow field. Wang (1967, 1968) employed the method of inner
and outer expansions to solve the two-dimensional unsteady Navier-Stokes
equations in an atempt to extended the boundary layer theory to lower value of
Reynolds number. Although his work is conceptually sound, he did not carry
enough terms in the expansion to describe the flow porperties accurately. Collins
and Dennis (1973a) improved Wang’s analysis by expanding stream function and
vorticity in powers of time from the start of motion and obtained the development
of flow properties at early time. Bar-lev (1974) got a perturbation solution for
the vorticity equation by the method of matched asymptotic expansion to the third
term for this problem., Flow_propertis were presented in detail. Unfortunately
there are some minor errors found in his third order inner solution.

The third class is the numerical solution. The recent advent of high-speed
computers with large memory is making the numerical solution of the
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Navier-stokes solution possible. A number of papers on this problem has been
published in the past years as reviewed in Roache (1975, 1976).

The fourth is the potential flow model in which the unifow over an
impulsively started cylinder contains two symmetric potential vortices in the
wake is considered. Potential flow models are proposed by Bryson (1959),
Sarpkaya (1968), Yang and Bar-lev (1976).

The objetive of this study is to obtain a new solution for the problem of the
incompressible viscous flow over an impulsively started cylinder. The outer
solutions to the third order and the inner solution to the second order by the
previous investigators are recapitulated. The third order solution, obtalned by
Bar-lev (1974), was repeated. The solution is in term of polyhomials involving
error function and exponential function. The polynomials, with their derivatives
and integrals, are written in general forms. The streamlines, tangetial velocity
profiles are depicted from which separation and eddy formation behind the circle
cylinder are discernible. Vorticity on the of the cylinder for small time is
sufficient accurte. The initial separation time, the progression of the separation
point are plo'tted for various Reynolds numbers and tabulated comparing with

the existing solutions. Also presented are pressure distribution on the surface )

of the cylinper and time history of drag ceefficient.
2. Formulation

The governi'ng vorticity transport equation for time-dependnt, incompressible,
viscous flow, Bar-lev and Yang (1975), in nondimensional form is '

%%-—epx(?x ;)=62aV2w, (2-1D
Where .
E=UDTo/lp a=(ERe)-[; t=t*/T° ) (2‘2)

In (2-2), {,, T, and U, are the reference length, time and velocity, ¢* is the
dimensional time, R.=U.l./v Reynolds number. Here, the reference length I,
is the radius of the cylinder. For the initial flow. ¢ is a a small quantity, a=
O (1) (Chien, 1977). The time variable may be expressed by the relation

€t = sz* =T, e(at)t=(T/R.)*. (2-3)

Here T is a new non-dimensional time. |
For tlie problem of viscous flow over an impulsivly started cylinder, the
velocity components (x,, u,) may be expressed in term of stream function,
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1 ¥ v
e Al @8
By the above equation, we get a poisson equation relating the vorticity to
the stream function '
7 =w. (2-5)
The vorticity equation (2-1) becomes

3 3 W @ ,
[a: + Gy 6 ar)]VzwﬁfZ“Vw'» (2-6)

in which

L 10 1 2
V=% "7 3772 362

3. Outer expansions

The fluid in contact with the cylinder is at rest to the surface, while the
adjacent layer of fluid is slipping past the boundary with a velocity determined
by the potential flow theory. There is thus inititially a vortex sheet in the fluid
coincident with the surface of the cylinder. The vorticity in the vortex sheet is

_diffused from the boundary further into fluid forming a thin visous layer. The.;".,: -

e

outer inviscid region, without any VOI’tICltY at the start of the motion, :ivﬂ'f rem-am: o

irrotional by virture of Helmholtz’s theorem. Thus, for an initial interval of

time the motion of the fluid is irrotational everywherer except within the thin

viscous layer adjoining the cylinder surface. (Batchelor, 1970, P. 321).
Assume the outer expansion for the stream function to be of the form

To(r, 6, ¢, e)=ni15,(5) 70 (r, 0, 1), (3-1)

where J.(¢) are the gauge functions. It may be determined by the asymptoic
matching principle between the inner and the outer expansion solutious. Bar-lev
and Yang (1975) gave

da(e) =en"t, n=1, 2, 3. (3-2)

Substituting the above into equation (2-5), Provided =0 becuase of the
irrotationality at outer region, we have

yzw;=o n=1,2,3.... (3-3)

Introducing equations (3-1) and (3-2) into vorticity transport equation (2-6)
gets :
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7 2 T p( 5 T lw"’) =0. (3-4)
, n=1 n=1
Expanding the above equation and collecting the terms of the same order, we
have equation for the first order

d
. szr‘{,,o’ (3-5)
equation for the second order
ow? aw?
8 o__ 1 1 8 A_i _a [
%Tszz‘r[ 38 ar ~ or ae]VW , (-6
and equation for the third order
a o
i 2@‘0.__0_[& i - ?ﬁ. 2 oo
3t Ve3= 7 a0 ar ~ Tor 987 %2
G104 owd
1 2 4 2 4a
+3l5 o — o TIrear s G-

The leading term in the outer stream function.. ;. £%xpa
uniform potentlal flow over a circular cyhnder, B

=Cr r~Dsin 0 CoTEEe (3- 8)
The second and the third order expansions are governed by equatmn (3-6) and
(3-7). The boundary conditions at infinity for the second and the third order
expansion are
zp';:=0 n=2, 3, ' (3-9)
as r=>» . The inner boundary conition will be determined from the matching
with the inner expansions.

The second and the third order stream functions were obtained by Wang
(1967). The second order solution is

4
Th=———= ‘i‘ifsin ) (3-10)

The effect is equivalent that of a doublet whose strength grows with the square
root of time.

The third order solution is of the fom

.~ 44/ 9
Zﬂ'§=-—a’tr‘1 sinf — 8¢/ atr (1+9%—r—lg—)sin8c030 (3-1D)
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The effect of the first part of the third order expansion is equivalent doublet
whose strength increases with time, while that of the second part is a quadrupole
whose strength grows as 1/ #?

The contribution of equations (3-8), (3-10) and (3-11) to the outer stream
fnuction, through equations (2-3), is

W°=(r*r“)SMﬂ——iﬁ:Z;£~lﬁn6

vr VRe 7
T 1., 8 TYT 4 4V 2\
Rre sin# 1/_:;_ Vm?(1+-9—x 3 )r~2 sin@ cosé.

(3-12)
4. Inner Sclution to Second Order

The region of non-uniformity near the surface of the cylinder should be
stretched such that that the boundary are comparable to those normal to it. Let
the stretched radial coordiante be

r="71 (4-1)
In order to magnify the inner-flow stream function 7%, which is a function of
stretched radial variable R, we set ’
i — i " '-
T (r, 0, £ =T TRAED).. Gy (4-2)
Assume the inner stream function to be of the form '
T (r, 9, t; 5)= 2 4. (e){l?‘,,, CR: g, t) (4"3)

n=

in which 4a(¢) are gauge functions. Bar-lev and Yang (1975), determined

dn()=¢T", m=1, 2, 3, (4-4)
Substuting the equations (4-3) and (4-4) into the vorticity transport equation
(2-6), and letting the coefficients of «’s vanish, we have

T1RR:~F1RRR™" | (4-5)
for the first order;

i i ot i i -
Y2RR: " ¥ 2RRR™ Y10 ¥1RRR™ V1R¥1RRRo T “T1RRR
~T 1R (4-6)

for the second order; and
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i i i i
TapRr: U3RRR™  Por:T BT 1R~ T100:
R L S g I
T1RTo2RrR0 ™ VoRVIRRo T Y19V 2RRR™ T1RY1Rs
R e s R S
RU1po¥1RR " P10¥1RR KV 16¥1RRR
R, g g i
+T 29T IRRR “{2 TorrR 2ET1prrT2T1RRe9

i
- W1RR] (4-7)
for the third order.

The boundary conditions for the inner solutions are
(1) No-slip of the tangential velocity at the surface of the cylinder,

?;RCO, 6, £)=0 (4-8)
(2) Vanishing of the normal velocity or the cylinder surface being a streamline,
@—-j;z(o, g, )=0 (4-9)

(3) The tangential veiocity for the inner expansion at R->co being identical that
of the outer expansion az r—0.

By the equation for the first order expansion (4-5), we see that at the
beginning of motion, the diffusion effect is dominating and that convection is
negligible in comparison. Integrating equation (4-5) with respect to R and
making the use of matching principle get

Tips~ ¥ 1RRR™"" (4-10)
This equation is exactly the same as that of governing the Rayleigh problem
provided the uniform flow for the plate replaced by potential flow over a
circuar cylinder. The solution found is

‘ﬁiR=2erf 7 siné (4-11)

R : :
where =27 s’ is the inner stretched variable.

The second order inner expansion is obtained by wang (1967)

- [ 2
'y‘T?ZR=21/at[7;[l —exp(—»*)) —2n+37;rerfcn]
sinf+4¢f (p) sind cosé (4-12)
where
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1 4 1 2
()=t - exfern+ | —B+307 + (-5
3 i 4
erfey — V—;qexp( —pDerfen+ 7?[(4 + §E)’7

1
~31/-;]exp(—~1;2)+%exp(—2v2) (4-13)

is Blasius’ solution.
To get the stream function for the first and the second order inner
expansion, we integrate (4-11) and (4-12),

; — 1
'le=41/ar[erfn——1/—?[l-exp(—vyz)]] sind (4-14)
. 4 T
‘@"E o [ —4atn®+ ﬁat[zn + Zf—(ﬁwyz —1)-erfcy
- %pexp( - nz)]:’sinﬁ + [StVEIgf(C)dC] sind cosé. (4-15)

5. Third Order Inner Solution

The right hand side of equation (4-7) is a function of the derivatives of the
first and the second order expansions. Bar-lev (1974) integrated (4-12) to obtain

the second order stream function. Unfortunately, he put an extra factor ~71; in the

first term of equation (4-15), which caused a minor error in the third order
inner solution. |

The outer boundary condition for the third order inner expansion is-obtained
by making use of the matching condition for the tangential velocity between the
the third order inner and outer expansions. By the matching procedure (Van
Dyke, (1975), Bar-lev (1974) obtained the outer boundary condition for the third
order inner expansion,

. 16 ,
TQR(W, 9, t)=Q29*— 79+ 1az sind
16 4 42 —
+ 77 +g.— 5 Dt/ at sinfcosd (5-1)

The inner boundary conditios are non-slip at the surface of the cylinder and
the cylinder surface as a stream line,

Top0, 6, =0, (5-2)
750, 0, £)=0. (5-3)

— 129 —



L. C. Chien

Substituting the first and the second order inner expansions (4-14), (4-15)

into the right hand side of the third order equation (4-7), and integrating with
respect to R, we have

?gRt_a_Zﬁ'éRRR=H(ﬁ) sind+8y/az I(%) sinfcosh

—8¢0(7)sin’d + 8t[9(7p)+¢(n)]

sinf cos?d (5-5)
where

8 6
H(p)=— 0t 7erfeq—_exp(—7°) =5, (5-5a)

2 3 5
I(qp) =2nerfciy + ["' (4 +3§)U+21/; +2_|/?k 1 +42%9%)
4 _ 1 9
eXD( - vz)]erfCr; *ﬁerfc V' 27+ 1/_?[_ ?’72
17 3 2 5
+3721 (5 —3—,,:)]31113( —7%) —-nexp(—27%)
1 4 8 .
TG 3"y 2 (5-5b)
1 4 2
() =C(— 1]3+§)erfc:3y+[( 4 +3_,r)’72 ~(1 _37:)
L3, . 2 2 2
+77Ca 7 Hnexp(—1 )]erfc 7

4 2 2 4
+[—(3+§;r)722 +3 37 (3 437

e aged e

- 1272 Jexp(—7?) + 31;(4’72 —1Dexp(~ 2:72)]
erfcp+ 171‘;?(4112 + "43"17 -1- g;)exp( =7%)
- 3’1;[( 6 + 3%.)722 +(19+ %_)]exp(zqz)
- p;%vexp(—finz)w% 1 +§4,;), (5-5¢)
() =(7"+ %)erfcan + [—4( 1 +3%r)n2 + '17%77

2 2 ' 4
+(= 1+ )+ 77rexp(~ nz)]erfczry + [( 3+

2 4 1 2 1
-77C3 +3m+(p —3)+ 77 (—49
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14 4
+3/ 773 +5 07+ 1 Jexp(—72)

- -:1:--(4112-1- 1) exp(—Zrﬁ)Jerfcv + 292
+;/1jf—“( 6 —%)U—l— 2 +171;( 1 +§1;)+71‘-;[2n“
gyt (L4 P+ B expC— )
+ -,1;[4172 ~31/L;;v— %r]eXD(— 21°)
+7%;“3:778Xp(“'37]2)- (5-5d)
Suppose the solution for “@-';;R be of the form

T§R=atf1(n) sinf +8¢t/at g.(7) sinfcosd

+822F,(7)sinfcos?d — 827 ,(7)sin’ . (5-6)

Substituting the above expansion into equation (5-5) gives (5-5)
1) +20f{—4f1=—4H(p), (5-7)

g5(n) +29g5—6g,=~4I(n), (5-8)
F4D+2nfs—8f,= —46(s), (5-9)
F4n)+20F §—8F, = —4{ 0 +9(n) . (5-10)-

Equations (5-9) and (5-10) were solved solved by Goldstein and Rosenhead
- (1936) and later corrected by Wundt (1955). £.,(3) and F,(») will be written in
general form, equation (6-7), and the constant coefficients are listed in Tables
3 and 4. Equations (5-7) and (5-8) were solved by Chien (1977

16
F() =127 - 7—=1+1-(1672+1) erfcy

13
+ 27 nexp(— 72, (5-11)

1 133 14 -
glm=-(p"= ?7)erfczv+[ 54 tgnT4v 2 )

68 5 - 1
+(fg t 35— 6V 2+ 1] erfey
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1 2 44/ 9
+1/_._;<§1122+ i)e 7 erfcv—gg‘ierfc“/ 2y
1 8 8v 9 169 11
(2 9:~ 3 2TYz [ (24 —4/ 27
34 14,8 2
+15/ 213 T gz 41/2)] 3787‘3 I (5-12)

To sum up, the solution of the third order inner flow is equation (5-6),
provided £i(y) given by (5-11) g.(by (5-12),f.(y) and F, () by (6-7).

6. Composite Solution

We have presented the solution of the perturbation problem by an inner and
an outer expansion. The former is valid in the inner region, and the latter in
the outer. Since there is a common region we can construct a composite
solution which is uniformly valid throughout the flow field. Carrying out the
algebra for the inner limit of the. outer solution or the outer limit of the inner
expansion of the tangtial velocity, we have

Common Part=2 sinf+ 5(4791/31517-%1/ -/ at) sind

16 .
+ ez[at(121)2 -7 + 1) sinf

16— 4 2. .
+_71;t1/at( 1 +on 1/3 )smﬁcosﬂ] (6-1)
Constructing the composite solution to third order expansion contributing to
tangential velocity, by adding the inner solution to the outer solution and
subtracting the common part, we get a uniformly valid ¥, for the flow field as

follow,

4
Tr(r, 0, t)={1 +7"2—281‘f(:7]+1/_r 11;—&8—(1--2

3vVr
+ 121 perfcy—e™7%) -+ -R?[r‘z
13
—(16%24+ 1) erfcn+17j;n e~ ? ]}sin@
TV T7

+ {4Tf(7})+817ﬁl\ga(r))

2 4 '
+27 :é( 1 +9i—-l/3—2)(r =2—1 ):l}sinﬂcosﬂ
+8T2[F;.,(q)sin0coszﬁ —fn(v)sin%?] (6-2)

— 132 —



The Initial Flow Past an Impulsvely Started Circular Cylinder

Integrating the above equation, one gets the composite solution for the

stream function.

4 T —
T(r, 8, z)={r—r"'—_l/'; 11;7}% (r='+v/ = yerfey
— 2
—e U)—Rj;[r"*(GrﬁnLl)erfcn
6 T.27,16
+7 e ”]*Q(R-e) [(-grf*ﬂ-rp)erfcv

SRS LIPS SN N | O
"1/_:':_(?7‘72_”6) e =" —GV-E-]}SIHG

TV T 1 4/2
+8 17%"[ 3O b2

(r—242r— 3)+ 2§%f3g3(©dc]sin8cosﬂ

+ 16;‘;—%“3}?3(5)&

singcosd — [ 1 fu(C)dCsinSBJ (6-3)

We shall use following egation in this study

-2V Re 2T 1 v Ty,
?ﬁ'rr(rn, a, t)=[_‘/? jI/—T—i- 1 —R——e_z_l/-; m]smﬁ

+[2v/ TRe 10>+ 1Tg (0

48 Tv/T vz
V7 TR inscoss

+4TVT}€73[F’ {(sinfcos??
~/(0)sin’s (6-4)

), &), £ and Fﬁ(ﬂ),etogether with their integration and
differentiation are complicated function® involving error function and exponential
function. Here, we write the general formula for each function and tabulate

the constants for the convenience of computation.
FICONNMC)! andfgf(t)dC are of the form
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(A7 + A+ A+ Aperic?y

+(B,y*+ B2+ By +Byerfey
£ W

F )
f@f(@dJ +(Esr+ Eup + B0,/ =exp(— 1)

— 1
+C, erfcy 2 p+( Dy + Dyp+ Dd)ﬁexp( —p¥erfey

-+ (Fopt By exp(= 29D +G, (6-5)
The coefficienss in the above equation are tabulated in Table 1.

The general formula for g.»), g’3(y) and Jggg(ij)dﬁ can be expressed as

follow:
(At + A+ AgP+ A+ Agderfc?y

+ (B.n*+Byn*+Bay?+ Bin-+B,erfey

i 1
gs(ﬁ) \ : + (C:ﬁs +Con?+ Cip + CDDV‘EQXP( —nHerfcy
|

g;(ﬁ) = I +(Dyp+ D) erfey/ 27

. 1
[f&: (D d%) - +(Ea+E’+ Eipt E)yexp(—77)
‘ -

. +(F2?2+F17]+Fo)%exl3("2772)

| .
'+ Gt Gy (6-6)

The coefficients are listed at Table 2,

F,(y) and f.(y) are written in general form and the cofficients are tabulated
by Wundt (1955). Bar-lev (1974) did not integrate these functions because an
extensive integral table of the form ng‘ exp (—7%%) erfckldl, where i, j and
k are integers, was not available. Wang (1966) listed some in his work. Chien
(1977) have derived additional formulas for this study. The integral Igexp(—2C2)
ercZdC is the only one which can not be integrated analytically. It is
numerically integrated by using quadrature formula (IBM, 1970).
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The general form for F,(y) and f,(%), together with their deririvatives and

integrals, is as follows.

—(Aq*+ At + A+ AP+ A+ Agerfc’y

+(B.p*+B;p*+ By +Buy+ Bo)%exp( —ng)erfc?

~(C*+Ca?+Cip+C, )%_—exp( —29%erfcy

1 ' 8
 +(Dy*+Din’ + Dan® + D+ Do) 7 exp(— 375

o —(E+E+E+Esp+ Fin+ Emp+ EDerfcy/ 3y
TAC) , h
L —(Fp+ Fo)ﬁexp(_nz)erfc‘/ 2
[§fu@at
= +(Gi*+ G+ Gan® + G+ Gun + Goderfcy
Fi(p) 4 3 ,
Fr () . ; —(Ha*+ Hy'+ Hy* + Hip+ Hy) 7 —exp(—7erfer

|
. . 4 - L e
J 8 F.(8)dt ‘ +(Iar)3+I3n2+I177+Io)ﬁe:_cp(—-27ﬁ)_:_. . ",‘".-'f;

{ — (K + Kot + Ko+ Ko + Kyp + Kerfey

| 1
| +(Ly*+Lyy’+ Lay® + Lip+ L)y —exp(—7%)

i — Merfcy/ 2 3+ Nyerfcy erfcy/ 2
|

. 4 ‘ ’
t P~ | Jexp(—2terfcld+Q, -

The coefficients are listed at Table 3 for F,(y), an Table 4 for £, (7).
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Table 1 Coefficients for f(%), f°(») and jgf(i)d:

SO J(y)
]
4, 1 0 0 |
|
|
A, ! 1 0
A4 0 2 -
AU E"_”2“ O
B, 0 0 -
B, —3—% 0 |
8
B 0 "6~
12
B, L _Z° 0
¢ | 2 3z
c, 0 0 _
D, 0 2 -
Dl ""3 O
D, 0 -1
E, 0 — 2
4 8
=B Aty 3V =
| 4 8
Eo ~3y% 3 gz
FL 0 -2 |
F, | 2 0 i
I i
G, 0 0 :

1

8 4
V2 "9
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Table 2 Coefficients for g, (), &’.(») and [fg, (Da

A,

Az

4,

Ao

Cs

Ce

Ci

Dy

g’.(n)

1
4

0

[fe(0az
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Table 2 Coefficients for g.(1), g’,(3) and Jgg'* (845 (Continued)

| 2:(n)
| 8
D, | " 3v/2z
E, 0
s -l
E, —134—9§+41/2
Fa 0
Fi |3
F, 0
G i 0
G. 1/15(2 - 81?{2 +9,_)

g () J gecorac
0 0
133 7
3 96 1812
68
-7 % 0
107 14 137 23 5vV2
g 3.2V 2 T192 736" 2
47_ i 32
5V 7 Ve
10 _1
3 4
i
0 | O
2 3l
3 12
82
149 3V 2 23
0 “128% T T ios

N :‘_ A :?. '
:!?'“.5
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Table 3 Coefficients for F,(n), F’,(y) and Ig F, (O)d¢

Fn)

F’a(ﬁ).

j g F(0dt

B,

B,

C,

G

Co

Ay |
4,

A, |

B, |

C, |

0

o
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Table 3 Coefficients for F.(p), F'3(y) and [§F.(Ddx

F.(1) Fp - ' fgCn(as
D | 0 0 i 300
D, | & 0 -
D | 0 & 506
D, % i 0 | 0
gl o L, o3
£y 912/5§ 0
_ !
E | o
E, ..2 ?Kf . L0
el sy

T

B | 0 0
m -1y/2 o
R 2/2 i 0 0
Gs | 0 0 '—é-+;§‘;
G, |-+ . 0
Gs | 0 ~3+oe . 5 +on
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Table 3 Coefficients {or F.(y), F!{(y) and ng;‘ (Dd+ (Continued)

Fi(n) | Fi(p) [ gICeHas
2 ‘ 2
2 +35‘: 0 T3y =

_ b 4 31
G 75y — ot 82z

G : i__l_ [ _1_;
o g T Y 3=
| ‘
| i
| 1 _Z L, 2
o 0 1 2 = _6+45x
I:[, o

H, 377 = =G —~

[N 55, 5 6T 250
S 247718z - 48 180=

: L : 1l
I:‘, (-_) . »L —92 ) L _24+9i)7:

11 1 L ;
Bt 5T o

- ...1
1 3v = o

| f 1 24273 64
o 0 ‘ =" -
&5 -0 10 757 6752 |

- I 242073 6L
Ko —u 0 y5- 1552 U 0

- LOBH108) 3 wse 1 24273 6l
K, 0 22— - _ 5 bl

1ox 50t 0 2 Aoz 1357
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Table 3 Coefficients for F,(n), F!(3) and ngg (2L (Continued)

i

Fi(r) Fi(r) [IFO at
e |_3 2¢2VF & 0 2 8
21727 5z 45z? = 9y &
4 16 4+54/3 128 |y 464813 16
S g T9T T 452 3T 80 46
1 46+8L4,/3 16 4 16 3+8/2 43
Ko I8 60= 457 Vi 9z 157 45m/ =
1 1 24273 32
L, | © 2 T30 150z 675z
1 2+20v/3 32 | _4 0
Ly =230z 13| W=
2 1 ,28-162,"3 128 = 1 -6+81/3 16
L: | 3% 6+t 5z 13522 |~10° 100x 754
19 224+81y/3 16 | 6+16y 2, 16 A4
Ly \=i3~ " 36x  ~Z2 |7 15/% 4m/z "= 9z
—-17+8/2 16 35 62+162y3 181 31+81y/3
Lo | 157 "Ba/x |73 -dn 2407 225=
128 64
135 = 65
2T 6 E
M,| 0 0 TV = By x
82
Ny, | O 0 | 157
.18
P, 0 0 | E
|
1 67, =, T
O, | O 0 VS R

169 642 183
1(150_ 45 ~— 25 )

|
| 128
875 2

_
|
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J)

VG

J§ 5205

A,
A

4,

B,
B;

B,

Cy

Co

—

1
120

113

240

20

11
120

— 143 —




L.C. Chien

Table 4 Coefficients for £.(x), £4(5) and [} £.(2)d% (Continucd)

Ja0n)

FiC)

[g£:Cds

D,

Dy

E,

G,

D,

%3

__ 20=

E,

E, —

2V'3
20z

2hv'3

-0

i
~__
I T

S Wjw o
+
5l

]
o e
+

|
(ERAW]
=

i~ O
+
oo
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Table 4 Cocfficients for £,(), 71 () and f gf;,(f:) dZ (Continued)

| ‘ ‘ .
# ) | :
| £ | FiCp - [iroe
! - | j
Gy | ; 2 0 0
| Jao i . I
G4 -0 1+34:- %_61;
- | “
L5 1
Go . 8 6= ; 0 J 0
1 2 3,2
Ho0 2 " on 10T 152
7 7
13 2 13 1
o0 Tty ~120 102
1.5 i
Bl = 9 0
| 9 1 139 29
H, | 0 8 ta; 240 ~ 80
1 1 3,1
L |0 T4 T om 101 302
15, 7 23 1
Iy | O - 8 Tiss ~ 240 180%
Io - . ' L 07 0
- ~*L'°’ : ; e
B - R e T7T2449F 3
K, IE 30T 100~ T 1350
7 24+93 32 |
i § TE0: T db 0 0
14 24493 198 1 136+81,/3 32
K10 3t e TR (6T im0 tin
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Table 4 Coefficients for f,(), f4(y) and fgfa(i) di (Continued)

()

firoax

K

K

1 1364813 32

5t T 60x 152
0
3 56+81,/3 8
8+ 240x 15 72
0
7 24+9v3 16
12 407 45 72
0
5 40+27¢v/3 8
~24t T8z Tom
-2+8/2 8
15v/ 7 457y =z
0
0
"0
0

FELED)
0
136+81/3 64
+ 30 152
0
0
0
8 724+27v'3 64
350, 1522
4-16y"2 16
15« '"45my/ n
1 324273 64
6 30x 45 72
0
0
0
0

0

3 56+813 8

8 T 240

—2+82 8
15y 7 457y

7 24493 16

T15z

2

60T 2007
0

1 11444729,/F
0T 3600x

8
+25 2

0
19, 4 H'3
50 33521 100~

32
T 2252
112 32y

‘15,/?+45n,/;‘
8 /2
15 =

5
1 r11 1Wv/2

Va1 Tw

109 93 327
150 50
64

+ 9252

225 =2

1

bia

— )
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7. Flow Patterns and Velocity Profiles

Stream function expressed by equation (6-3) is plotted in Figure | for Re=
250. When T'=0, equation (6-3) reduces to the stream function for potential
flow. For T=0.2, the flow in the the front half stream is similar to that of the
potential flow, and the streamlines are displaced outward in the rear half. At
T=0.4 besides =0 at the boundary, there appeares another zero streamline.
The region between these two stream lines is of negative value and is called
“bubble” by Mehta and Lavan (1975). At T=0.6, we can sece recirculating
region behind the cylinder.

The tangential velocity, u,=¥,, is expressed by equation (6-2). The
development of the tangential velocity component versus the angle at Re=250 is
plotted in Figure 2. The time history of the tangential velocity profiles is thus
exhibited. At the short time after start, Figure2(a), T=0.1, the velocity
profiles along the cylinder are almost fore-and-aft symmetric with respect to
the top of the cylinder. The velocity increases abruptly in a thin viscous
layer from zero to almost the value of that abtained by potential flow theory.
As time goes on, the maximum points of the profiles displace away from the
surface as the viscous layer thickness. and the profiles become smooth. At time
up to 0.4, the profiles show the occurance of separation. At T=0.6, it shows
the start of back flow and the separation point progresses to #=150°.

8. Vorticity Distribution on the Surface of the Cylinder

Vorticity distribution on the surface of the cylinder is one of the interesting
characteristics of the problem we are studying. Due to the non-slip condition on
the surface of the cylinder, we require both tangential and radial velocity
components vanish, i. e. ¥, =0 and ¥,=0. On the cylindel surface the vorticity
is
w.(T-”)':'[V; 7 1—1;-1;?-[— 1 ——3‘“ :

h:— 2 -—g';;]sinq g

o 8 TyT
2y Ty Rep O +atg’ (©-= T T

i

4S5
(1 +%_€_§_)J sinf cosé

4T VT/R&[F;O) sinﬁcoszﬁ—f;(O)sin"t?] (8-7)

where f/(0), g'(0),F,’(0) and £,’(0) are the value at 7,.
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The vorticity distribution on the surface of the cylinder is plotted in
Figures 3 to 5. At the impulsive start, T=0+, a singularity is present in the
first term in equation (8-1). And a vortex sheet forms on the surface at this
time. The figures show the vorticity at T=0.2, the larger the Reynolds
number, the larger the vorticity on the surface. As time goes on, the vorticity
diffused into the fluid, and reduced its magnitude. The gradient of the vorticity
at the rear stagnation point, which is negative at first, becomes positive at
some time after start. The vorticity at the region near stagnation point becomes
negative for T greater than 4.0. Separation occurs on the surface and

the recirculating flow appears in this region.

Table 5 compares the vorticity distribution w/y” Rd=w/y 2Re onthe cylinder
Re—oo of the present analytic results with those of Collins and Dennis (1973a,
b) at T=0.2, 0.4 and 1.0 The numerical computation of Belcher, Burggraf,
Cook, Robins and Stewartson (1972) is also included. The agreement is seen to
be very good. |

The computed surface vorticites on ¢=0 (45) 180 at £=0.3 and 1.0 at Re=
250 are shown in Tabie 6, where they are compared with those of Wang (1967),
Sons and Harantty (1969), Dennis and Staniforth (1970), and Panikker and
Levan (1975). The table shows that the agreement between the seven studies is
satisfactory before separation at T=0.3. At T=1.0, the surface vorticity values
of the seven studies do not agree. Wang’s solution exhibits the largest difference
since his expansion is already inaccurate at this time. The present analytic -
solution is not expected to be valid at T'=1.0, the agreement is less satisfactory,

particulary in the rear separation region,
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Table 5 Comparison of the Vorticity Distribution o/vRd=w/y/?Re on the

Cylinder at Ke=co

) 0 45 90 135 180
T=0.2
Collins & Dennis (1973a) 0 1.74 1.80 0.73 0
Collins & Dennis (1973b) 0 1.77 1.80 0.72 0
Present 0 1.754 1.803 0.735 0
T=0.4
Collins & Dennis (1973a) 0 1.56 1.30 0.13 0
Collins & Dennis (1973b) 0 1.57 1.30 0.11 0
Present 0 1.562 1.308 0.127 0
T=1.0
Belcher et. al. (1972) 0 1.52 1.00 -0.79 0
Collins & Dennis (1973a) 0 1.50 1.00 -0.78 0
Collins & Dennis (1973b) 0 1.50 1.00 -0.78 0
Present 0 1.520 1.025 -0.749 0
Table 6 Comparsion of the Vorticity Distribution on the Cylinder at
Re=2Re=500
8 0 45 90 135 180
T=0.3
Wang (1967) 0 37.0 33.0 10.0 0
Son & Hanratty (1969) 0 37.5 34.0 9.0 0
Dennis et. al. (1970) 0 35.0 31.8 10.5 0
Panikker & Lavan (1975) 0 34.0 39.5 11.5 0
Present (Analytic) 0 35.13 34.26 11.01 0
Potential Flow Start 0 37.58 35.18 10.58 0
T=1.0
Wang (1967) 0 37.5 17.5 ~13.0 0
Son & Hanratty (1969) 0 33.5 20.0 -7.5 0
Dennis et. al. (1970) 0 32.0 19.0 -5.4 0
Panikker & Lavan (1975) 0 27.0 16.5 -5.0 0
Present (Analytic) 0 28.78 23.08 -10.25 0
0 32.60 22.00 -4.58 0

Potential Flow Start
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9, Separation Time

As described in the last Section, at small values of T, the vorticity
of the fluid is within a thin layer surrounding the cylinder. As Reynolds
number increases, the more vorticity is carried to the rear of the cylinder,
the vorticity being of negative sign. Ultimately, there is more vorticity
at the rear of the cylinder than needed for the satisfaction of the non-slip
condition. A backward flow is induced near the surface. The backward flow
counters the forwards-moving fluid and deflects it away from the rear of the
cylinder. Therefore, there exists a separation point on the surface of the
cylinder where vorticity vanishes. And the points where w=0 at the cylinder
surface can read from vorticity distribution over the cylinder surface, Figures
3 to 5.

To find the separation point, we set the vorticity on the cylinder equation
(8-1) to zero. Differentiating with respect to the tangential co-ordinate 4,

Bar-lev and Yang (1975) showed that the separation starts always at the
rear stagnation point, i. e. § ==. Equation (7-2) becomes

2 1 4 .
vz K&J’ +[/:— v -Ti 1/;(1+3%)1/Re];/1’

2 93 — 24 34
—['EJ““?“ 6v2-T+n % ]T

4 41/2 1 8 —89+108y3
1/ S+ 9z~ 3 )l/ 1/u( 30

128 -
13527 12)‘/R ]T‘/ T=0

By Newton’s method, we can solve for T for a given Reynolds number. The
time of initial separation at the rear stagnation point is plotted in Figure 6.

Also plotted for comparison are the curve of Wang (1967), which uses the
second-order expansion, and the results obtained by Collins and Dennis (1973a,
b). The third-order expansion curve is close to that predicted by Collins and
Dennis, although somewhat lower.

For the limiting case Re—co, the classical analytical boundary layer solution
of Blasius (1908) gives the initial separation time 7T=0.351, which was also
obtained by Wang (1967). The third order solution is the same as that of
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Goldstein and Rosenhead (1936), which was also obtained by Collins and
Dennis (1973a, Equation 75), 7=0.3195. Thus, the inadequacy of the second
order expansion is made up by the third order expansion. Collins and Dennis
considered the approximation up to the seventh order and obtained 7'=0.322.

After the flow separates at the rear stagnation point, the point of separation
moves along the surface of the cylinder and should asymptotically reach a
position consistent with that determined from steady boundary layer theroy.
Terrill (1960) gave the steady position at angle 104.5° from the fore of the
stagnation point for infinite Reynolds number.

The progress of separation time for various Reynolds numbers is shown in
Figure 7. The extremum of the separation point obained in this study is at angle
106° measured from the front stagntion point of the cylinger at 7T=2.475 for
Re=o0. The trend of the results is consistant with those of Son and Hanratty
(1969), Thoman and Szewczyk (1989), and Collins and Dennis (1973b, Figure 6).
From Figure 7 it is seen that the higher the Reynolds number, the sooner
the separation angle reaches its steady value. For low Reynolds number,
especially for Re=20, the curve seems to intersect with that of Re=40. Probably,
in these low Reynolds number range, our expansion is not valid.

10. Pressure Distribution on the Cylinder

One of the principal quantities of interest in the solution to a flow problem
is the pressure, since the integral of the pressure around the surface of the
body yeilds the lift and the pressure drag acting on the body. The usual way of
expressing the pressure is by means of a dimensionless pressure coefficient. It
is therefore of interest to obtain an expression for pressure coefficient for this

study.
The pressure coefficient C, is defined in the following way,
P-P_
70U

Here, P is the pressure far from the cylinder, and P is that on the cylinder
surface. Integrating tne equation of motion and using the definition of pressure
coefficient, we have the formula
4.1 2 4T VT T
Cr= [ “V'x VReT ReéTV' 7 Rey et 8 R 8 (0
Tv'T ’r VT,
S (L —coso)+[ £ 11 @) +25 {£1(0)
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144 4
g (g ) L+ T e 102

R%%]sinzﬁ 25/RT[F’(O)+f (0)](1 cos?d) (10-2)

The square-root time singularity in the first term is due to the impulve
start. The pressure coefficient is plotted in figure 8 for Re=250. We note in
particular that the pressure is nearly uniform near the rear stagnation point of
the cylinder. The larger the Reynold number, the larger the presSure near the
stagnatlon point. In the limiting case, Ke--oco, we have

C,=f""(0) sind (10-3)
The pressure coefficient is identical to that of the potential flow as expected.
See Batchelor (1970, P. 340).

11. Drag Coefficient

The most practical significant quantity is the total force exerted on the body
by the fluid. Contributions to the total force are friction and pressuré. The
force due to the tangential stress is firction drag and that due to pressure is
pressure drag.

The pressure drag coefficient is defined by

Cap= —_[g C, cosfdd (11-1)

where C, is given by epuation (10-2). Integrating by parts, equation (11-1)
becomes

2 aJ .
Cap= _-_R—e-[g(%)ro sindd6 (11-2)
Using the vorticity gradient on the cylinder surface, we have
Cs 2ve oz Az VT 4T =TV'T
VR T Re™ 2 ReyRe Re* ' VRe
[Fa(O)—sf;(t))] (11-3)

The square-root singularity in time is again the result of the impulsive start
nature of the cylinder motion. As stated in section 10, at the begining of
the motion, the cylinder displaces the fluid on the surface of the cylinder
with infinite acceleration. The cylinder experiences an infinite resistance of
the fluid to its impulsive motion.

The frictional contribution to the drag coefficient is obtained as follows

4 (r .
Cor=—p: f (@), sinddb (11-4)
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The skin friction drag is

C ___2:‘_,/L+4_Tﬁ_f_l/?r— /T_ZET+WT1/T
YV Rev T Re' 2Rey Re Reé® ' v Re
IORFHO) (2-11-5)

At the start of the motion, there is a discontinuity in tangential velocity near
the cylinder surface. This discontinuity causes an infinite shear stress and cons-
equently gives rise to infinite skin friction drag as indicated by the first term in
equation (11-5). After the start, the velocity jump near the cylinder surface
spreads over the boundary layer because of the vorticity diffusion. The
magnitude of the shear stress reduces and skin friction drag decreases.

Equation (11-3) and (11-5) show that the contribution of skin friction drag
and pressure drag to the total drag are equal at the start of the motion. And
the total drag coefficient is

4 7
C"NV—T@;;—/? as -0

By estimating the rate of decrease of momentum, Payne (1958) obtained exactly

(2-11-6)

the same result. }
The drag coefficient for various Reynolds number is plotted in Figure 9. It

is essentially the same as that of Collins and Dennis (1973a).
Conclusion

The major objective of this study has been to solve the problem of the
viscous flow field over an impulsively started circular cylinder. The singular
behavior of fhe flow properties at the small time was treated by the analytic
solution, using the method of matched asymptotic expansion to the third order.
The expansion is valid for T« 1 and Re®» 1 only. For later time, the solution
will be continued by numerical integration.

To assure that the analytic solution is correct, the complicated mathematical
operation is repeated with great care. In this study, we compare our results
quantitatively with the existing solutions. The initial separation time, progression
of separation point and the vorticity distribution on the surface of the cylinder
agree with the computations of Collins and Dennis (1973a, b). Separation of
the viscous layer starts at the rear stagnation point and progresses along
the cylinder asymptotically to a steady separation angle. The higher the Reynolds
number, the sooner the separation angle reaches its steady value.

The flow patterns, tangential velocity profiles and vorticity distribution over
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the cylinder surface were plotted and studied at various time. By the figures,
we can see the development of these flow properties.
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Analytic solution in terms of Weber parabele cylinder function-is presented
for the backward boundary layer equation f’/’(r)-ff’’-f/24+1=0, subject to
the boundary conditions f(0)=—-7y, {’(0)=0, and {’(ecc)=1. The result
agrees with new numerical solution obtained for 7=0 by employing an
adaptive finite difference solver. Comparisons are also made with existing
numerical soluticns.

1. Introdnk:ti_on

In Rosenhead (1963) the solutions with similar velocity profiles of the steady
two-dimensional boundary layer equations were treated. The governing ordinary
d:fferentlal equation is

FO=1/a, £10)=0, F/(s)=1: @
Here 7 is the similarity boundary layer ordinate, f(n) ‘the similarity stream
function, f () the velocity, and.f”(%) the shear stress. The parameters « and
" 8 are related to the pressure gradient, and 7 to the suctlon (con51dered positive)
or blowing velocity. The case to be studied in the present work is a=—1, g=1
(1) and (2) become:

1 =ff=f2+1=0 3
_ F@=—71, f/(0)=0, f'(eo)=1 (4)
“After double integration, (3) reduces to a Riccati equation
-+ f=—ET+ (0 — & 92 (5)
subject to the boundary conditions
FI0)==7, f'{ea)=1. - )

A form of analytic solution in terms of parabolic cylinder function is indicated
in Rosenhead,

*Present affiliation; Institute of Physics, Academia Sinica,Taiwan, Repubiic of China
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/ -
fD=71-2 %((;”;7_ ;14)) %)
where a=3(r2—- A7), A=7""(0). (8)
Without pursuing (7) further, numerical solution is given the last column of
Table V.4 there.

Goldstein (1965), pointing out its application to flow in converging passages,
showed that for (1) and (2) with a=-1, —c <g<2, 7=0, there are no
solutions satisfying the more stringent condition at infinity

7 (f =1)—0 as p——+rco (9
for any real N. He also stated that with the less stringent condition (2),, an
admissible solution could exist for which >0.

Evans (1968) odtained numerical solution for (3) and (4) with 7=0 as
shown in figure 6.2. :

Burggarf, Stewartson, and Belcher (1971) studied the same system. Their
equation (12) and boundary conditions are the same as (3) and (4) with 7=0
by noting their ¥(») is the present —f(n). Numerical solution is shown in their

figure 2(a).

1In the present work, analytic solution for (3) and (4) or equivalently (5)
and (6) will be obtained in terms of parabolic cylinder function. The results
W111 be compared with new- numerical solution and existing ones rev1ewed above,

all for 7=0.
2. Analytic Solation

The analysis parallels that of § 3 of Yang and Chien (1975), but with’
important differences. To solve (3) and (4), we transform the non-linear first
order Riccati equation (5) to a linear second order parabollc cylinder eQuat ion
-(15). First, let . _ A

Fony=—224 L0

u(n)
then (5) and (6) become o e ,
w''(— % E F72— 1 (Qn+ 2P Ju=0 (11)
w0 _ 7, w0 oz @+l (12)

u(0) 2 u( o)
The minus of the square root is taken because f(e0)>0 in (10). Let
z=n—f""(0) » z.=—f""(0) 13>
u(n) =w(z) (14)
Then (11) and (12) transform into
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w ' (2)—(}22+a)w=0 (15)
where a= 1 {2 - F'(02} - (®)
The general solution of (15) is

w(z)=c,U(a,2)+c.V(a,z) (16)

Where the parabolic cylinder functions have the following asymptotic expansions,
Abramowitz and Stegun (1972, p. 689)

— 2

U(a,z)we% Ll T (a+%)(a+3/2) (a+ 3)(a+3/2)(a+5/D(a+7/2). ..y

8.-.-
(17)
VCa,z)~,/ %, t2? a—14 r1+%@- %_%3—3/2)+ (a— 3 Xa— 3/28)2@ 5/2)(a—7/2)
(17)

In view of the boundary condition (12), at infinity and the asymptotic behavior
of parabolic cylinder functions (17), we require

(.'2“‘0.
The solution (10) then becomes, through (13) and (14)
D =— zU_(“W_A) ‘ - (18)

Ula,n— A) _
where a and A given by (8) are to be determined. Comparing (18) with (7),;»-;:.:.-
we see that there is an extra constant term 7 in the formal -solution glven
Rosenhead.
To pursue further the analytic solution, the major task is to determiq
A=f""(0). By the recurrence relation Abramowitz and Stegun (1972, P. 688) -
U'a,z)=— }2U(a,z)—(a+ $)U(a+1,2) (19
and boundary condition (12), We have
(2a+1U(a+1, zn)+(zo+T)U(a,zo) 0
‘where a xs glven by (8) and z’-"‘b- (&3

computer as shown in figure
In evaluating parabolic cylinder functions, connection with confluent
hypergeometric functions is utilized, Abramowitz and Stegun (1972, P. 691).
—_ — a 22 — a - 2
U(a,iz)=”%§1(:/4+i:j M(Cta+ %, 4, %zz)iﬂ.%zﬁ(%i :;‘;) ie
M(%a+3/4,3/2, 3 2%) (21>
The confluent hypergeometric funcion M(a,b,z) is already programmed in the
work of Yang and Chien (1975). For|z|>>2)/[a|and|z|>5, the asymptotic
expansion formula (17) has been employed. '
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3. Velocity Profiles

For a given value of T, A=f'"(0)=—z, and a=3(*—-4% is to be
determined from (20) as shown in figure 1. For example,

7=0 f”(0)=1.08637574
=3/2 =1,98064050 (22)
=—y'9 =0.57495317 ‘

From(8) a and A are obtained. The stream function f(7) is computed from the
analytic solution (18) and the velocity profile £/(») from (5). From (18), (19),
(17), and (5), it is seen that

FrOD~1 = F 2= (F O g+ (23)
The findings of Goldstein (1965) are confirmed, i. e., the boundary condition
(6), is satisfied by algebraic approach.. There are no solutions satisfying the

exponential approach 9.
From (23), if the free-stream velocity is to be approached from below, it

is required that
FIHO<V7+2 \ (24)
In figure 1 for 4<7<4, we show only that f//(0) which satisfies (24). In thlS
sense, the solutlon is unique, if one imposes the side condition 7 EE
| FHOLS! for 0<7<00 e
The velocity profiles for the three different values of 7 in (22) are plotted

+l:.as shown in figure 2. All three velocity profiles approach the free stream
value from below algebraically. The suction will steepen the: profﬂe, increase ‘i .

skin friction and decrease displacement thickness, while blowing will have the
opposite effect. '

4. Comparisbn with Numerical Solntions

New numerical solution to the nonlinear. ordinary differential equation

(3 subject to the boundary conditions with 7=0
£C0)=0, £ (0)=0, f (12) =0.99665841 (26) -

was obtained by V. Pereyra employing an adaptive finite difference solver for
nonlinear two point boundary problems with mild boundary layers. See Lentini
and Pereyra (1977). The third value in (26) is supplied from analytic solution.
~ The number of mesh points in this range 0<7<12 is 79. The analytic solution
and the new numerical solution agree with each other to six significant figures
as shown in Table 1. Also shown are the existing numerical .solutions in
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Rosenhead (1963, p. 250, last column of Table V.4), Evans (1968, p. 73, Fig.
6.2, 5=1.0), and Burggarf, Stewartson, and Belcher (1971, p. 1827, Fig. 2,
Limit). It is seen the agreement between the present analytic result and the
numerical solution of Terrill in Rosenhead is excellent.

5. Conclusion

In boundary layer theory, analytic solutions are of rare occurence. In the
present work, analytic solutions to the backward layer equation (3) and
boundary conditions (4) are found for any 7 in terms of parabolic cylinder
functions. These solutions parallel those found recently to the Falkner-Skan
equation for §=—1 and 7>0 by Yang and Chien (1975).'

The analytic result for 7=0 agrees with new numerical solution obtained
by Pereyra. They both agree with that of Terrill in Rosenhead. Comparison
is made with other existing numerical solutions.
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TABLE 1
COMPARISON BETWEEN ANALYTIC SOLUTION AND NUMERICAL
SOLUTIONS FOR 7=0

7 ()
Rosenhead Evans Burggraf et al Analytic
0 0 0 0 0
0.1 0.104 0.153 0.103 0.103651
0.2 0.197 0.274 0.163 0.197483
0.3 0.282 0.349 0.214 0.281900
0.4 0.357 0.435 0.271 0.357476
0.5 0.425 0.529 0.393 0.424878
0.6 0.485 0.598 0.471 0.484821
0.7 0.538 0.685 0.535 0.538022
0.8 0.585 0.716 0.593 - 0.585178
0.9 0.627 0.748 0.650 0.626946
1.0 0.664 0.784 0.721 0.663934
1.2 0.726 0.848 0.743 0.725729
1.4 0.774 0.895 0.786 0.774350
1.6 v.813 0.930 0.814 0.812789
1.8 0.843 0.955 0.831 0.843362
2.0 0.868 0.974 0.871 0.867849
2.4 0.904 0.989 0.907 ~0.903668
2.8 0.928 0.999 0.928 0.927687
3.2 0.944 1.000 0.943 0.944280
3.6 0.956 1.000 0.957 0.956067
4.0 0.956 1.000 0.971 0.964658
4.4 0.971 1.000 0.974 0.971065
4.8 0.976 1.000 0.978 0.975944
5.2 0.980 1.000 0.981 0.979729
5.6 0.983 1.090. . 0.984 0.982714 "
6.0 0.985 1.000 0.985 0.985104
6 4 S

.. 8. © 0.986 .7 0.986 0.987044
o L LT D987 0.988637

3 0.988 - . 0.989959
7.6 0.989 0.991068
8.0 0.990 0.992006
8.4 0.991 0.992806
8.8 0.992 0.993494
9.2 0.993 0.994089
9.1 0.994 0.994607
9.6 0.995 0.995060

10.0
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o=(P—Pr)/(Ps—Pr)
HERP BEH » PrR Ps ARETRARBERAEZES AbBERBABETHRERENFER
ERNo
AU E AR R EAERIE (Ttoo, 1971) » RRAGEREERER GHUEEEHER
SHERE » FHARE R R ERGHE  BARRIHP MEFAFEREAZSTEERF L8 > X%
FHET » FATHESHAGEERE - RAEE » HUEHERTRIFRZH

2. EXFEN

¢ WERFEBER » FEEERBRONE o Aok o BERAT
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PEEES » Pr SBRAGAKEEZES » EHES 100mb, Ps BEE2El-
AACFE R EA T ER AEENFER R IFER WETER ~ #OHFER  KRFERR
R RS BT
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g SR (specific humidity) » E BAkEER M %ﬁgﬁ o
Po 51000mb » R SEAWEH -
e @R (differencing scheme) FBESE » EHHEAGTHVE dependent variable »
Tife Vo 5358 (2-3) KWL V> @-20) ARk FHM - DBx,y HBREZITEHHE
E A

d —_ 8 mu D _emU N _ 8 7o
a5 Cmr )= 52 (mu)—‘ Cmu) 36 Comz

+ 5 o - )

¢ 3¢ a
(5 2 St . (2.3)
d T d v a
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o P u )
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—'__C',,_ME at (o m? DY T T m dy J (2.6

1 2 T
+—- O Pty Drt @

p Mt
AEHRRTHE
2 (= (- 2 >——-—c—”—"-)+ M QD
ot B

BEERE « FUERSEME - BESER B—RHRY » FRFRENGBEE (Synoptic scale)
ERAFLE( » EABETEE subgrid eddies FrEfimEE(EH -

R » @Eﬁﬁ o B% Iﬁﬂﬁﬁ&kﬁ@]ﬁ%ﬁﬁﬂﬁ o ﬁ’;ﬁg Eﬂ '
o=0 at =1 and 0 (3.1)
BEEAE (2.5) RIEEERS WREAERR) @ WEHEEREIEDHER

3 T 1@ u 0 7Y
5 o= J, G Cod + 55 (G-22de

m
R (2.5) AR 3.2 ;r: ) W R AR é

20 e g ) = [ B+, c’”’—;nd S @
R FitaREEE (Normal) %éﬁﬂﬁﬂ%? gn i
, Vaermai=0 at the lateral boundary (3.4
RASBEBARL » R
g? gg =0 at the lateral boundary (3.5)

HRIRq EEEERDERE  EABRRELRENLBEINE  MATEHHE -
fELrmFERF (3.2) » (2.3) » (2.4) » (2.6) » (2-7‘) BRESER » TRIHE ~,u,0, T gE
FT—EgzE e (2.2,) » (3.3) RBLZEHER » B ¢ 0 Z2EME (diagnostic value) o

4. EEEE L WEEE

AR Wy A S RBE A ALAR 10BEFIS5RE » TUESSEERIISOREZ B » B — TR o SR AIWZIGIE sttty
HEEHHEL008 » TEI208 o FEghREinck o W IAEIOBRBSE » Bk FIAH 20 B
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FH#E (blockage) #ERETKEAME (Near free surface effect) #%Hi
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* A EE ¥R NTU-INA-Tech. Rept. 61, June 1977.

Experimental Study of a 28,960 dwt

Single-serew Multi-purpose Vessel
J.L. Hwang C.T. Wang C.M. Chung

Abstract

Geosim model Tests were conducted for a 28,900 dwt single-screw
multi-purpose vessel. For model-ship correlation, three dimensional
analysis method was introduced for full load condition power prediction,
whereas two dimensional analysis method was used for sca trial condition
power prediction.

For the vessel studied, the ship will be able to cruise around 19kt (MCR)
at sea trial condition and aronud 16.40 kt (NOR) at full load cendition at the
engine output power provided the designed propeller be modified, i.e., the

prodeller diameter and,/or pitch be increased.
AsrEgs NTU-INA-Tech. Rept. 69, Augnst 1977
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Buoyant Surface Discharge and Small-Scale

Oceanic Fronts: A Numerical Study*

Timothy W. Kao, Cheol Park, and Hsien-Ping Pao

Department of Civil Engineering, Catholic University of America,
Washington, D .C. 20064

A study is made of the two-dimensional buoyant surface discharge into
an ambient body of water. The numerical study is Dbased on an initial
boundary value problem using the full Navier-Stokes and dfifusion equations.
A turbulence model using the Munk-Anderson parameterization formula for
density straification effect is also incorporated. The results show the
establishment of a surface density current with strong surface convergence
and downwelling near the front. Comparisen is made with the field
experiments of Garvine and Monk on a small-scale oceanic front in Long

Island Sound. Excellent agreement is obtained.

* This eaper has been published in J. of Geopiysical Research, Vol.82, No.12, 1977,P. 1747~ 1752

Observations of Wave Motion and Upstream

Influence in a Stratified Fluid

D. A. Hurdis H.-P. Pao

Assistant Professor, Professor,

Department of Mechanical Enginecring, Department of Aecrospace and
The University of Muryland, Atmospheric Sciences,

College Park, Md. ASME The Catholic Universily of America,

Vashington, D. C.

Abstract

The disturbances created by the motion of a vertical flat plate within
the density-gradient region between two superimposed liquid layers were
examined both experimentally and numerically. An upsteam infuence, which
from a balance of inertial and gravitational forces, was observad, and it
was possible to predict the behavior of this intluence with the numerical.
The prediction included a description of the propagation of the upstream
influence to steadily increasing distances from the flat plate and the shapes

and magnitudes of velocity profiles.

* This paper has been published in J. of Applied Mechanics, Paper No. 76-APM-Q, P.1~5
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Vortex Structure in the Wake of a Sphere*
Hsien-Ping Pao and Timothy W. Kao

Department of Civil Engineering, The Catholic University of
America, Washington, D. C. 20064

Abstract

Results showing the three-dimensional vortex shedding structure when a
sphere is towed at a constant velocity througha stratified fluid are presented.
It is found tnat for small Richardson numbers (weak stratification) and
Reynolds numbers in the range from 4%10° fo 2% 10* the vortex is shed
three-dimensionally. However, stratification quickly and effectively inhibits
the vertical motion and the initially turbulent wake collapses and reveals
the vortex structure, reminiscent of a two-dimensional vortex street behind
a circular cylinder when viewed from above. The structure is, however,
distinctly three-dimensional. It is also found that the estimated vortex
shedding frequency is in reasonable agreement with previously published
results for a sphere in a homogeneous fluid. It is suggested that a weak
stratification is an excellent means for revealing the vortex structure of
a three-dimensional body in a homogeneous fluid, and that the vortex tube
in the wake of a sphere in 2 homogeneous fluid has a closed-end double
helical structure. Two branches of the double helix are continuously
unwinding in an opposite sense from the formation region. Moreover, the
present helical model satisfies Thompson’ s circulation theorem in contrast
to previously proposed helical models.

* This paper has been published in The Physics of Fluids, Vol.20, No.2, Feb, 1977, P.187~191.

Numerical Computation of a Stationary Two-Dimensional
Vortex Flow in the Presence of a Bairier*

Robert R. Hwang, H.P. Pao and T.Y. Kou

Institute of Physics, Academia Sinica
Nankang, Taipei, Tatiwan

Abstract

In this study elfect of barrier on the vortex is studied theoretically in
terms of the understanding of the dynamical events associated with its
blocking phenomena. A numerical model has been successfully developed
for a stationary two-dimensijonal voretx flow in the presence of a barrier,
using the full Navier-Stokes equations. The numerical results show the
development of flow scparation in the lee of the barrier and its formation
of a2 secondary vortex behind the barrier. "These results were compared
favorably to the laboratory experiments and the field data on typhoons
when encountering the island of Taiwan,

* This paper has been published in Atmespheric Science, Vol.4, May 1977, p. 283~.37.
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The Effects of Mountains on a Typhoon Vortex
as Identified by Laboratory Experiments
Part II. Three Dimensional Barriers®

H. P. Pao, Robert R. Hwang and Jin Jso

Institute of Physics
Academia Sinica

Abstract

This paper continues the former study of the experimental performed
series for investigating the interaction between the typhoon vortex and
Taiwan island. An essentially two-dimesional free vortex in an otherwise
uniform flow past a three-dimensional barrier is studied and three kinds
of three-dimensional symmetrical models resembling the general shape of
Taiwan are used. Results show that the phenomena of blocking and
deflecting, and its moving path of the free vortex are similar for these
three barriers. The vortex movement seems to be strongly dependent on the
approaching path way of the vortex relative to the barrier. Comparisons are
also made between the experimental results and {ield data. It is found that
the flow patterns and the moving paths of the free vortex are resonably
similar to the actual track of t{yphoon vortex. This suggests that the
iaboratory modeling may be a reasonable tool to predict the movement of
typhoon vortex when it is in the vicinity of the island,

* This paper has been published in Proceedings of the Natonal Science Council,No.10, Part 1,
May 1977, p. 251.

The Mixing Chamcteristicsftjf;___anbulent Buuyant -

Jets in Ambient Receiving Environments™ ~. SRR

Paul Y.P. Kou!, Robert R. Hwang? and C.S. Hung®

Abstract

The behavior of & set of heated water jets discharging into a shallow
flowing environment was coensidered in a laboratory study. The relative
effects of jet interaction and surface distortion were considered and three
aspects of this problem singled out for particular attention: firstly, some
means whereby stratified flow might be distinguished from mixed flow;
secondly, the manner in which mixing varies with distance downstream
from the discharge ports; thirdly, the flow regimes arising from combined
mixing and bupyancy effects which can be expected in this type of flow
systent.

! Graduate School of Civil Eng., National Taiwan Univ., Taipei, Taiwan.
* [nstitute of Physics, Academia Sinica, Nankang, Taipei, Taiwan.
3 M.S. of Civil Engineering Department, National Taiwan University.
* This paper has been published in Proceedings of the National Science Council No.19, Part 3,
May 1977, p.195.
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Effects of Mountains on a Typhoon Vortex: A Laboratory Study*
H.P. Pao (#AF)

The Catholic University of America, Washington, D. C.

and

R. R. Hwang (%)

Academia Sinica, Taipci, Taiwan

Abstract

In this study laboratory experiments have been performed by introducing
a concentrated vortex which then interacts with a barrier resembling the
gencral shape of the mountainons island of Taiwan. In the absence of the
baerier the vortex is drifting at a constant speed along a flume, which is
also the speed of the flowing water. No thermodynamic effects wcre
provided for in the laboratory model, hence the effect of latent heat is
entirely ignored,

The important governing parameters of the lakoratory experiments are
the Rossby number and the Reynolds number, both based on the circulation
of the vortex. The basic objective of the present laboratory study is to find
out whether such a laboratory modeling can reasonably simulate encountering
event of a typhoon with the island of Taiwan.

‘When comparing the field data with the Ilaboratory results, it is found
that (i) the surface flow pattern of a typhoon when encountering the island
can reasonably be simulated in the laboratory: such as secondary lows due
to vortox shedding and flow separation, stagnation flow pattern,  ete., (i) - . ..
the moving tracks of the vortex obtained from the laboratory are. in close
agreement with the real typhoon tracks he

. It is concluded that- ('} when- the_typﬁocn_“‘vortetfgpgmache& the 1sl’ax1d of:

Taiwan thc mechanical encounter hetween the “vortex and the - R
barrier is the sole dominant factor in ‘the entire event, Th,erefm*e,. the
present laboratory model has provided a first order solution to the’prowlem
of typhoon movenent in the immediate vicinity of the island. The effects
of the latent heat, the detailed secondary flow in the typhoon vortex and
the Coriolis force can be considered as of secondary importance. (ii)
Although the Reynolds number is only 10° in the laboratory which is much
small than 10~10" for actual typhoons, the similarity of the behavior
and movement for typhoons and the vortex in the laboratery is remarkable.
This seems to indicatehat the Rossby number may be more important than
the Reynolds number in this case, as long as the values of the Reynolds
number in the laboratory are reasonably large. (iii) This laboratory modeling
is certainly a valuable tool in studying the encounter of typhoons with the
island. But this, by no means, can replace the field observation or numerical
modeling. It is believed that the laboratory investigations are definitely com-
plementary to the field observations, and that they will help to isolate
certain important mechanisms and to untangle otherwise very complicated
atmospheric flow phenomena, especially in the precsence of mountain barriers.

* This paper presented on llth Technical Conference on Hurricanes and Tropical Metearology
of the American Meteo. Soc., Dec, 13-16, 1977 at Mijami Beach, Florida.
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The Effect of a Barrier on a Two-dimensional Vortex Flow* |

Robert R. Hwang and C. T. Wang
(R H4E) GEBRE)

Institule of Physics
Academia Sinica

Abstract

In this study effect of a two-dimensional elliptical barrier on the vortex
flow is studied theoreticaily in terms of the understanding of the dynamical
events associated with its blocking phenomena. Using the full Navier-Stokes
equaions, a numerical model based on the streamfunction/vaorticity formula-
tion has been developed for the computations of the laminar two-dimensional
flow for a stationary vortex in the presence of a barrier as well as a moving
vortex past a two-dimensional elliptical barrier. To the case of a moving
vortex, the moving track of the vortex is specified which was obtained {rom
the laboratory experiments. The numerical results show the development
of flow seperation in the lee of the barrier and its formation of a secondary
vortex behind the barrier. These results were compared favorably to the
laboratory experiment on the vortex flow when encountering with the
barrier considered.

* FEBENB-EEENBRR  REATAEFZA G A
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