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TA-YOU WU and Y. C. LEE
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Abstract

A system S’ (rocket) starts from rest in an inertial system &, and after a series of acceler:
ated, uniform and decelerated motions, comes back to rest at its initial position in S. An
exact calculation is carried out, from the standpoint of S, of the iime intervals for the
arrivals at .S of light signals sent back by 8”. From the standpoint of $’, S has made a
round trip after undergoing a series of free falls in gravitational fields and coasting
motions. An exact calculation is carried out for the ‘proper time’ intervals in § from the
standpoint of S°. It is shown that there is exact agreement between S and S in their
‘reckonings of the total time intervals for the twe frames, namely, both § and §* agree
quantitatively, to them, the time interval is longer for S than for S°. :

The accelerated motion of 5 relative to S explicitly.used in the treatment of the probiem
in the present work is that under time-independent field and subject to the condition of
local Lorentz contraction and dilation; the resulting motion turns out to be that obtained
earlier by Moller on entirely different considerations. The result of the present treatment
is, however, more genéral than this particular motion seems to imply, since by an arbitrary
coordinate transformation, it can be made to include an infinite number of accelerated -
frames including nme-dependent fields, ali within the framework of flat spacs-time.
General remarks are given for the clock problem in the general theory of relatw:ty in the
sense of Emstem s curved space.

1. The Clock Paradox

.The question concerned is the following: Imagine a pair of clocks, one of
which remains at rest in an inertial frame, and the other sets out on a trip
{on a rocket, say), and after a time returns to rest in the inertial frame. Will
the travelling clock be slower than the one at home? Will they both agree
exactly by how much one is slower than the other?

This problem is sixty years old. In a paper in 1911, Einstein (1911) gave a
simple theory in which (1) he employed the Doppler effect formula of the
special theory of relativity and.obtained the effect of uniform acceleration
of a reference frame on the Doppler shift, and (2) he introduced the equi-
valence principle for the acceleration of a frame and a gravitational field.
Einstein concluded that a clock that has travelled, say in a circular path,

will ‘lose time’, because the rate of the clock is slower in the accelerated
motion.

3*Tlus paper has been published in Internatmnal Journal of Theoretical Physics,
" Vol. 5, No. 5 ( 972), pp- 3Q7-323.
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That a returned clock should have lost time compared with the one at
home is so strange a conclusion that Einstein specifically wrote an article
(Einstein, 1918) in 1918, in"the form of a dialogue between a critic and
himself, to show (1) how the trip will be viewed from the standpoints of both

frames, (2) how the reciprocal symmetry (in the sense of the special theory.

of relativity) will be destroyed in this case by the accelerated motion of the

rocket, and that both frames will agree that the returned one will be slow,

~ and (3) that this is due to the loss of time, or the ‘slowing down of the clock’,

of the rocket during the accelerated portion of the rocket’s trip when it
turns back.

For definiteness, let us pose the followmg situation. From the standpoint |
of the inertial system S, the rocket (or the travelling twm) S’ goes through

the following sequence of cvents

EQ | >,_-, | (L.1).

A-B: 8’ starts off, with acceleratlon a (in the positive x dlrechon),
reaching the velocity v at B.

B-C: S’ shuts off its engine and moves with a uniform velocity v relat:ve _

1o S.

C-D: S’ starts its engme and deeeletates, reducing its veloc;ty relative

to S to zero..

D-E: S’ keeps.its engme and starts aoceleratmg toward S, reaching tne
' velocity —v at L.

E-F: §' shuts off its engine and moves with constant velocity (—o)
toward S.

F-A: S’ starts its braking engme, and moves ‘with acceleration —a,
coming to rest at 4.

F rom the stand, oint of the rocket $’ who regards itself as at rest, S will go
through the fu. owing events:

£ A
D< | >§ (1.2)
‘. s &

A'-B’: S starts ‘falling’ in a (universal) gravitation field —g (in the
negative x direction), attammg a velocity —v (relative to §’) at B'

B'-C’: The gravitational field is removed, and S keeps on moving with-

the (constant) velocity —v.
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C'-D': A (universal) gravitational field g in the positive x-direction is
turned on. S comes to stop (relative to S’) at D',

D'-E’: The same field g continues to act, and S ‘falls’ from D’ to E’,
‘ attaining the Velocity v (relative to S°).

"E'-F': The field g is removed and § moves with the constant velocity v.

F'-A": A gravitational field —g 1s turned on,-and S is brought to rest
at A’

During 4A'-B’, C'-D’, D’—E “and F'-4’, §' its_elf is in the same universal
gravitational field as S, but S is held fixed by some exterrial agency.
During the uniform relative motion parts B’~C', E'~F’', S will say that the
clock of S’ is slow according to the time dilatation relation. If Arg. is the
proper time interval recorded by S for each of these parts, and 4T is the -
time interval recorded by synchronised clogks attached to the frame S, then

247+ .
24Tg=—+"5 (1.3
2= = B )
‘ Bnt with equal right, S’ will say that the clock of S is slow compared thh
that of S, and if 4 is the (proper) time interval recorded by S (for each of -
the umform relative motion parts) and 47T, the time interval recorded by
synchronised clocks attached to the frame S’, then

24rg
V=B 449

Emsteln ‘pointed out, however, that during the ‘turning around" parts
‘~D", D'~E’ in(1.2), S is.at a higher gravitational potential than §”, and
the clock of §is faster than that of $”. The clock in .S will durmg C’-D" and
D'—E’ ‘gain’ time and more than compensate the ‘loss’ as given by (1.4). If
the time interbvals during C'-D’, .D'-E’ are very short compared with those
for the uniform motion parts, the ‘Bain’ during C’'-D’, D’-E’ by the clock
of § will bersuch as to bring ihe total time AT recorded by S (for the tnp
B'-C’', C'=D', D'-E’, E’-F’) to be longer than that AT* recorded by 5, in
accordance. with (1.3),ie, '

MTsr 7=

ar'

4T JA=F (1.5)

The above statement.of Einstein has been expressed. in explicit form by
Tolman (1934). Let us view the trip from the standpoint of S’ as in (1.2).
Let 7.3, Toes Tepes Ter (= Tac), Tea (= 748) be the proper time intervals as
recorded by S, and let 7g¢, tepE, Ter (= tac), tra (=1 45) be the time intervals
as recorded by synchronised clocks at various points in (1.2) attached to
S’.1 Then, by (1.4),

T = =Bt V(- B (L6

1 We shall, without causmg confusmn drop the pnme for B’ €7, etc. in the subscripts
for the r's and ¢’s.. .
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Let the average distance between S and §' during the turning around
portion C'~D'-E' be approximately taken to be x = vigc. Since v = glcp,
the Doppler effect expression gives

x .
TcpE = (1 + %) !cpe (1.7)
= tepe + 287 tpe (1.7a)

The total time for the whole trip is, for .S, from (1.6) and (1.7a),
T=Typ T+ 2T§c + Tcpet Tra
=2[v/(1 — 83 + B*1tac + 27ap + Icoe
=2(1 + 38+ "')lfnc“"z"AB‘f' IcpE (1.8)

If we make the time intervals 745, Tcpg very short compared with 7,c and
tsc, then (1.8) becomes

i
= VA-BY
~This.is in approximate agreement with (1.3). Tt is important to note that the
~ sign in (1.9) arises not so much because of the neglect of 7,5 and fcpg in
(1 8) as because of the apprommatlons made in obtaining (1.7). '

In 1956, Dingle (1956) in a series of articles renewed the question of
whether the returned twin from a rocket trip is younger than his brother
who has stayed home. He believed that there should be no difference in
their aging, that all earlier conclusions, including Einstein’s, are erroneous.
His questioning of these earlier works by many physicists has led to a great
fiux of discussions. Most authors (Arzelies, 1966)-maintain the conclusion
of Einstein. In most cases, the arguments amount to the su'nple statement

that since the rocket S’ has undergone accelerated and decelerated motions,
it is not on equal footmg with S 'which is an inertial system, and hence the
reciprocal symmetry in the sense of the special theory of relativity hias been
“removed. This part of the argument is of course correct. But then, because

x time for the trip recorded in S” (1.9)

of attempts to simplify the problem for the non-specialist, the following -

argument is usually put forward: Orie can make the time intervals for the
accelerated and decelerated parts very short compared with the. time
intervals for the uniform relative motion parts [see (1.1) or (1. 2)] and in the
limit negligiblé. Then, since only S is a ‘preferred’ (in the sense that it is an
inertial) frame, one must only employ the relation (1.3). This part of the
argument is unfortunately misleading. We have seen in.the preceding section

from the approximate treatment by Tolman that it is precisely the acceler-

-ation (or, an équivalent gravitation field) during the ‘turning around’ of the
" rocket that ‘slows down its clock’ (relative to the inertial frame S), and that
one obtains the result (1.9) in an approximation only, which is not exactly

the refation (1.3). The point that seems to have been forgotten in many .
‘elementary” discussions of the clock paradox is that while the ‘compen- -

e ot 0 e 8 0 s L
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sations’ 1n (1.8) and (1.9) must come from the accelerated motions, the
correct result [(3.20) and (3.22) in the following] should really be independent
of the strength of the accelerating and decelerating field which determine
the length + of time for these accelerated and decelerated parts. The undue
prominence given the uniform relative motion parts (coasting of the.rocket)
and the consequent appearancg of the Lorentzrelation (1.3) are unfortunate,
for they tend to divert the attention from the accelerated motion, which is
essential in the clock paradox problem, to the expression (1.3) for uniform
relative motion. In actual fact, the uniform relative motion parts [B-C,
E-F, B'-C’, E'—F"in (1.1) and (1.2)] are non-essential, and one would have
essentially the same ‘paradox’ if one does away with these (coasting) parts
entirely. In the following section, an analysis of the clock problem with, and
also without, the uniform relative motion parts in (1.1) and (1.2) will be
carried out to illustrate this point.

In the literature, attempts have been made to convince one “of “the
immediate applicability of the expression (1.3) for the time intervals for the
whole trip as recorded by S and S’ (assuming negligible times for the .
accelerated parts of the motlon) by the following argument. Let there be a .
set of triplets instead of a palr of twins. Let C stay home (in an inertial
frame); let 4 be moving away in a rocket with velocity v (relative to C). At

a certain.point in space, 4 meets B who is travelling toward C with velocity

—v (relative to C). 4 and B do not stop; B just sets his clock according to
that of 4. B finally passes by C. It is then claimed that the time recorded by
C (for the interval between the passing by of A and that of B) is longer than
that recorded by B, in accordance with (1.3). This argument is a special case
of a general theorem in the special theory of relativity, namely, that in a.
Minkowski diagram, the time interval measured on a straight line 4B
(which is the time axis) is longer than the sum of time intervals measured
along a series of straight lines AC, CD, . . DB (each being a time axis in
another Lorentz frame) which together w1th AB form a polygon. The
implication of this argument is that we make use of the awareness of the
accelerations to remove the reciprocal symmetry of the Lorentz frames, but
have ignored the effects of the accelerations on the time measures of the
systems. On this argument, one might as well contend with two Lorentz
frames since the use of a third frame does not add to the resolution of the
problem.

2. Arbitrary Motion Relative to an Inertial Frame

We shall study an accelerated motlon that can be treated exactly in the -
clock problem.

Let (X,T) be the space and tune coordmates in an inertial frame S and
let x,t be those in a frame S’ which may be accelerated under the time-
independent field. Let v(x, T) be the velocity of a fixed point x in S’ relative

. to S at time T and let X be the space coordinate of the point p so that

X=X({x,T)and _
| o(x, T) = v(x(X,T),T) ' 2.0
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The vclocg\z of the point pin S'is -

- If we assume that in S’ the. unit of length is the same as that in S, then the

condition of local Lorentz contraction is expressed by

(-fo-den) e

From this, one obtains the equation

B0 flp-Fenl], e
- This is equivalent to : . S
| (avcx, T)) _

\ X /s
in which v is regarded as a function of X, Tthrough the transformation (2.1).

To obtain the relation between the time ¢ and the coordinates X and T,

‘we shall introduce the conditions of local Lorentz ‘time dilatation and
relat1v1ty of motion of S and S’, namely,

5 L x, T) (XT) @

V(gad) dr = J (1 ——(x T))dT | ; 2.6)
and . ‘ | | : ‘ ' ‘
AT = (aa’;,) V(LTJ(%) =wen @D

where 7 is the proper time in S’ in the sense that 1f the metric in S’ is
(dy=dz=0)

ds? = —(dx? + dy’ +d2t)y gagdt B (2"‘8)
. ‘ ) 1ed ) .
then ' : o
ds? =g, dr? (2.9)
so that ' '

dr= /(L =gt | (2.10)

where o . ) '
1 Bx) ' . "

w2 = (2.7
8'44 (ar @7

Notc that the = called the proper time above and defined by (2 9).is not the
normal proper time o defined by dro = ds which will be related to = here by
drg = 4(g44)d7. In the present work, we make use of = in the calculation
OfTQ .

o e S 3 Al vin S i < PSS



THE CLOCK PARADOX IN THE RELATIVITY THEORY

* The conditions (2.3) and {2.6) are valid ‘at;_a point (X,T) or (.fc,t). Our
object is to find a class of accelerated frames S’ (with respect to-§) with the -

transformation |
x=x(X,T), . t=HX,T) (2.11)

ana satisfymg (2.3) and (2. 6). The hypothesis that a transformation (2.11)
exists between the (X, T) in an inertial frame and the (x,¢) coordinates
implies that the space is Euclidean, In this case, we can 1ntegrate the
differential equations (2.5) and (2.6) since no curvature of space.is involved.
. Equation (2.5) can be so]ved by the method of separauon of varlables,
namely, by settmg

v=EXUD)
+ which leads to . '
- _AETHC .
Ep VTl A, C,, C, being constants.
If the initial condition is

v>al atX=0 asT=0

then . '
| ___a
1+ (aX/c)

Putting this into (2.2), one obtains the equation of motlon of the point p
{(x=0in S"), '

2.12)

9_'_)5’ - - aTl .
dT’ 1+ (aX/c?)

. 'To obtain the relationship between X and x, we may first lntegratc (2.13)
to obtain , _

' aX T '

(‘1+‘-’-c?) - =) (2.14)

.whcre S i is an arbitrary function of x. On the uther hand we can also )
integrate the Lorentz contraction equatlon (2.3) in which v is given by
. 12) The integration y1elds

2.1

(1+‘-’§) - ZCTZ (";"+b(T)) o (2.14)

where b(T") is an arbitrary function of . However, by comparing the above
two equations (2.14) and (2.14°) we see that &(T") must actually be a pure
constant b, independent of T, and f(x) is just [(ax/z:z) + bJ%. Our mmal.
conditions then require.b = I, so that e have

(-l e



TA-YOU WU AND Y. C. LEE
a (2.7), (2.13) and (2.15) we obtain o
_faTj) _ 1 (@) _ aTjc dr
1+ (@X/c® Viga)\dt]x  v(84) [l + (ax/cP)} dt

From Equatlons (2:6), (2.7), (2.8) and the assumption that g44 does not’
depend on t one can show that -

84a -—(1 + ax) - (2.16).

_ The above equationin d7/dt can be integrated, and with the initial condition -
t=0  whenT=0

a_y (1+5’-§+“T) ~In (1+‘LX—‘i§) @.17)

we obtain

c

- Using (2.15) in (2.17), we obtain

G p— alle ——tanh % (218)

g [1+ (ax/cz)] dt v{{l + (ax/cD))? +(aT]c)?}
and (2.7) becomes - .
_ 1 (dX alle at
T -E- (EZ—_,) m’"){'%z—) ta lh (2. ISB)

In (2.18a), since x is held fixed, ¢ is dlso the proper time 7 in S,
~ Equations (2.15) and (2.17) now transform the metric

ds? = —dx}c:+ qar? (2.19)
into N -
: ax\? :
52 = —de‘Jr (1 + -gz—) dt? (2.20)

In (2.20), for a given constant a, x is restricted to the region x > —(c?/a).
It is seen from (2.13) and (2:15) that the limiting value x = —(c?/a) corre-
sponds to v = ¢ beyond which v should not pass.

For convenience, we write three consequences of equat:ons (2.15) and
(2.)7) namely,

al (1 +‘-’£) tanh (‘15) 2.21)
C c
ar (1 + ) sinh (‘-’5) o @2
C c :
1+ [—'-); - (1 + “—2‘) cosh ¥ 2:23)
¢ C [ N
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. Equation (2.15) describes the motion of a fixed point p in S’ from the
standpomt of S. It is the so-called hyperbolic motion.:
Equation (2.23) describes the motion of a fixed point p in S from the
standpoint of S,
If S’ is accelerated along thP —X direction, we have only to replace @ in
- all the equations (2.12)-(2.23) by —a, and obtain

_(1—‘39?5@) =(1—-‘3(—X—é—51)) “2(1* To)? i (2;24)

T— Ty X~ X (t - '

a - D) _ (1 a - n)) h_,ic_%). (2.25)
ol - To) _ (1 + alX — Xo)) sinha(r —f) (2.26)
c C [ :

- ‘?ﬁx_c:_‘r_{ﬁ - (l — ‘_lh(f.z_;.ﬁ’)) cosh ﬁt:—&’—) (2.27)

where xo, Xo, To, o are constants to be determined by the appropriate
initiai conditions. 1n this case, équations (2.7) and (2.13) become

_(dX\ _ aT-Ty)
v= (dT)x'_ 1 —(a/e) (X — Xp)

(2.28)

1 dx dX < :
== oy )y = (), = et~ o @350

At this point, it is of considerable intcrest to note that the transformation
(2.15) and (2.17) are precisely that derived by Maller (1943) on completely
different considerations. Matler starts from a static metric assumed to be

5% = —(dx* + dy* + dzz)/-{- gaqdi? (2.8)

‘where g4 = £44(X). g44 is determined by the Einstein equations R, =0,
which lead to g4 = [1 + (gx/c®)}?, g being a constant., The curvature tensor
R;},,,, for this metric vanishes, showing the space to be Euclidean. With the
hcip of the equations of the geodcsic, the transformation (2.15) and (2.17)
is found. We have arrived at (2.15) and (2.17) on the basis of the local
Lorentz transformation propertles (2.3), 2.6), 2.7 w1th the assumption
that in (2.7), g44 is a function of x but not of 1. -

" 3. Resolution of the Liock Paradox

We shall now study the clock problem as stated in (I.1) and (1.2) of
Section 1, by treating the accelerated parts of the trip A-B, C-D--E, F-A4,
and A'- B C’--D--L", F'-A" by means of the accelerated motion described
by equat;ons (2.9)2. 24) and (2.25) -(2.28) of the preceding section.
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- (A) From the Standpoint of S A
Referring to the figurerin (1.1), let the origins of thé coordinate svatemlil

S(X) and S'(x) be coincident at T =t =0. kb
, 8 s’ c ,
A/ . f\ur x NERY
Sxep X X X

The rocket S’(x=0) moves according to (2.9), (2.7), (2.18)(2:18a),
(2.21)«2.23). Part A-B: For the motion of the point x = 0 (fixed in S”), the-
t in (2.182)5(2.22), (2.23) becomes the proper time 7, in' S’ (i.., the time
registered by one and thie same clock at x=10 fixed in.S’). When x =90
reaches the velocity v, (relative to S frame) we havef '

tanh ad, = bo | 3.2)
aT; = sinh (avo;) = ;/—(1-"-:—');,—) (3.3)
| ‘il |
1 + aX, =cosh(arg,) = m ‘ 3.4

-where T, is time, measured by the synchronised clocks attached to S, X, is
the distance’ traversed by S’ (x =0) when it has reached the velocity. vg -
(i.e., the p:rt A-B). In the following, the subscript 1;2,3, ... refer to the
parts A-B, B-C, C-D, etc. respectively of the trip. The same subscripts
1,2,3,...are also used for the A'-B’, B'-C’, C'-D', etc. in the following -
section from the standpoint of S'. S '
To obtain the time interval AT, recorded by one clock fixed at X'= 0insS,;
let S’ send light signals back to S. Let = be the proper time in S’. Then}

A'T.=:fn J(%-}%) dr | 63

where by (3.2)::217,: tanh™! p,. Tﬁus ’

"i Uy 1 a1
'AT] - Zx[\/(l — vo%) * V(1 — %) l]

1 In the following, we simplify writing by choosing the unit of time such that ¢ = 1. Al!
time, velocity, acceleration T, ¢, v, o, @ are to be replaced by T, ct, vlc, vofc, alc®, to
.convert to C.g.S. units ' ' .

't AT only represents the time interva} for the clock at X = 0 to intercept all the light
ciznals sent to it by the clock attached to x = 0 within dr,. It does not really represent the
time of travel of the rocket (x = 0) from A to Basrecorded by theclock at X' = 0. The sum
in (3.10) is, however, the tetal time interval for the whole trip of S’, as recorded by one
and the same clock at X =@ in §. '

.= 10—
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From the symmetry of the situation, it is clear that for the part C-—D
‘ AT] ATI : : ‘ . (3-6)
and for the parts D-E, F-A, '

aef i) e

_l . Vg o 1 '
“a[-\/(i—voz) _ \/(1—”02)+1] :
ATg = AT, ' | ~ (3.8)

For the parts B-C, E-F; if A-r;\-—- 47y is the proper time intervals in S’, the
sum of the mtcrvals for the arrivals of the mgnals sent. back by S’ durmg
these intervals is '

AT, + AT, = 37, JG:”*’) ATS J(—i;z:)

MT;" i T
Yot G9)
Thus the total mterval recarded by one smgle\clock .S (at rest at X 0)
from all signals sent back by S’ durmg its round tripis "‘,
| 4 Vo 24Ty - ‘
A __ 0 2 . .
P ] @10

The préj;)er time (recdrded by one clock)in §' fOl:f:,‘f.l_-'le whole'i:ound trip"is
Azq = 4A#ro; + 247, = gtahh‘J- v ’4:',244;2 (3.11)

(B) From the Standpomt of S’ :
The ﬁxed point X = 0.in § moves i1 the negative x direction.

L4
X3 X X1

s f_& - /_’”“ | (3.12)
c —vy - 8 :

" Part A'~B’. Let 4T} be the proijer time interval (registered by a clock at
X =0in S) for X = 0 to reach the velocity —v, (relative to '), From (2.18a),

ad7, = tfinh?% = v - (3.13)
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" and the distance traversed by X =0 during this interval is gi#en by (2.23)
(with X =0) and (_2.18) with tanhat, = v,, i.e.,

= V- v (.14

Parts B'~C’ and E'-F’. Since the time interval for B'~-C" or E'-F’'in 8" is

A7, in (3.8), S’ would have deduced from the special theory of relativity
that the combined intervals would -have added to the proper time intervals
of S'the value 2A’L" which can be calculated as follows. Let 7 be an element
of psoper fime in S. For the combined B'~C’ and E ‘~F", light signals sent
by S back to S’ will reach S’ in interval

[l = on =] =

This is now the time interval recorded by the clock in S’, and is hence the
proper time interval 24y, i.e.,

247T; = V(1 — 05%) 247, (3.15)

Part C’-D’. During C'~D’ and D'-E’, S’ would describe § as being acted
. on by a gravitational field a in the positive x-direction, the motion being
described by equations {2.24)-(2.27). Equation (2.24) is

l+ax1=

[1 —a(x — xg)V? = [I —a(X — X)) — a¥(T — T,)? (2.24)

The constants x4, Xp, T are determined as follows. From the standpoint of
S, [see (3.1), (3.2) and (3.8)], at C,

Uy : aA Ty

| v Ry s 19
- and (2.28) leads to
1 .
el rean-n]
[ +aX, e
At D, .
- 20, adr,
T= - ,
7 V(1 —-10?) V(1 —wo?)
v=0and
X =2X,
l V(1 —v?)
[see (3.4)]. These lead to
UoATz
Xo=2X, +———
° TV =0g)
___ 5 . adn
o= T = vy F VAT = v G
. Xo =0
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From (2.28a),
' tanha(t — ty) = —v

the condition v = vy when ¢ = 47, + 4, leads to
Iy = M‘l‘. + A"l'z (3.18)
Thus, equation (2.25) corresponding to the case (2.24) is now
2Uo . ATZ ) [ ( Uy ATZ )]
T——: - =|l—alX-2X;, - ——"=
a( vl =1e?) V(1 —25%) V(A — v
© x tanh(z — 247, —~ 4m)  (3.19)
At D', v=tanh(¢ — 247 — Ar,) = 0 and the point X =0 of S has the time
T=4T4y p—c-» ) 4
AT ey = %o, T2
ﬁ -8'—C’—-D v(l — UOZ) 1/(1 —_p 2)

From the symmetry of the situation, it is clear that the time in S for the trlp :
A'-B'-C'-D’'-E*-F'-A’ as seen (or, calculated) from the standpoint of S’ is
twice the AT ,._p. in (3.20), i.e.,

(3.20)

- Total time A’I.'in S
200 ATZ )
=2 + 3.2D
(01/ (1 —20") V(1 —ve%) (

which can be written

= Z(An_x + AI;—C + AT';——D)

“or, | '
Py adr.
— . — 2 * 2 :
041'" 2[1’0 tavl =) An+ S oSt o
_ (vo + d\/(l - 002) ATZ)] : (3-22)
the proper time in S’ .
= 4/gtanh~! vy + 247, G23)

Equation (3.21) shows complete agreement with the value given in (3.10)
obtained from the standpoint of S. Equatlon (3.22) shows that the ‘loss of
time’ during B'-C’ and E'~F’ by S in the view of S’ [i.e., 24/(1 — 0,947,
in (3.15) compared with 247,/4/(1 — v3%) in (3.9)] is more than made up by
the ‘gain in time’ by the S clock during C’'-D’, D'—E’ when S is at a higher
eqmvalent gravitational potential than S’ [sec (3.12)], and the clock of S
is ‘faster’ on account of the factor gg, = (1 —gx) in

ds? = dx* + (1 — gx)2 dt?

(with x =0 at 4’ and ax = 2[v/(1.— vg®) — 1] — vy 47, at D’). The smaller
‘loss of time® of the clock of S during 4’-~B’ (wheri S is at a lower gravita-.
tional potential, ds? = —dx? + (1. gx)*dt?) is aiso more than made up by |

—13 —
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the ‘gain’ diiring C'-D'. The total result is to bring the two reckonings of
the proper tung¢ intervals, by Sand §°, of the round trip into exact agreement
- with each other.}

- Itis seen from the foregoing results that all the calculat:ons are exact, and
no. approximations involving the assumption of making the accelerated
- parts A-B, C-D-E, F-A (or A'-B’, C'-D'-E’, F'-A") very short compared
with the uniform relative motion part B-C, E-F (or B'-C’, E'-F') have
been made. In fact, as emphasised by Einstein as early as in the 1918 paper
and brought out approximately by Tolman (1934) and exactly in (3.22)
above that is precisely the accelerated parts that resolve the ‘paradox’. Had

one literally ‘neglected’ the accelerated parts, (3 10) and (3.22) would have
become

2AT2
Total time in S (as reckoned by S
( V)= o
‘Total time in S (as reckoned hy $) = 2+4/(1 — voz)A-rz.
On the other hand, had one done away entirely with the uniform relative -

‘motion (coasting of rocket) parts B-C, E-F (B'-C’, E’~F) the results
(3 10) and (3.22) would have become:

Standpoint of § ©  Standpoint of S’
o R 4. 4.
Total proper time in § p tanh™! vy -3 tanh™! vy
. 4 N 2[ 2w ]
Total proper time in § . — . Syt ——— -1
B s B RV (T B

“t The results (3.10), (3.11), (3.22), (3.23) above are a little more complete than those of '

- Maeller (1943) in that here S~ starts out from rest and comes back at rest to S, There are
differences in details between this and Meller’s work. For example, we calculate the time

" intervals ATy, AT;, AT,, 4T, in (3.5){3.8) as recorded by one clotk in §, and not Meller’s
times T, T which are not the proper times of one clock. Also, as remarked in Section 2

above, the starting points in the two works are different. In an application of Meller s

work, Fock (1959) has obtained an erroneous conclusion.

. Fock (1959) states that the time mtervals recorded by the clocks 4, B in S, S ‘
- given by

Ta—Tp= E;(‘}T— 1)

where ¢ = 2vfg 1s the time for the turning around part (C-D-E in (1.8) in the present
arucle), and T = uniformly moving part (8-C) + (E~F) + . Thus T4 — Ts Can be = 0,

in disagreement with the results of everyone else. This strange result arises from the error
of the + sign in (62.09), which should have read U = Uy — g{x, — x). When this correction
is made, one would have :

v'T
Ta —Tp= 37

c*4

which is in agreement with the approximate result of (1.8) of Tolman'and others.

-4 -
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. Here is, of course, exact agreement between the reckonings of the. total
proper time intervals from the standpoints of both frames.

" In the calculations above, we had employed thé accelerated motion
represented by equations (2.15) and (2.17) [or, (2.24) and (2.25)] which
correspond to motion under a time-independent field. The result, however,
is in fact quite general since from S'(x, ), one can carry out any arbitrary
coordinate transformation to a frame S”, :

L X" =x(x,0), . t"=1t"(x,t)
which will lead in general tc | | '
ds? Zgudxc dx,

where the g,, are functions of x” and ¢” and hence.no longer static. The
space is, however, Euclidean. Thé motions of S* relative to .S can be quite
arbitrary and very complicated, but the description can be reduced to that
of ' by the transformation above so that in a sense the treatment of the
clock problem by means of S’ has covered a whole (infinite number) class
of accelerated motions relative to S. This class of accelerated motions has
not brought in any curved space properties in the sense of Emstem s'general
theory of relativity.

The present work has thus treated and resolved the clock problem
without having really made recourse to Einstein’s theory of - -gravitatiod
1nvolvmg curved space. This is worth noting in view of the usual statement
in the literature that an exact treatment of the clock’ problem (i.e., to-alt
orders of vy/c) calls for the general theory of relativity. .

' '-4 General Remarks on the ‘Clook Paradox’ Problem

We are now in a posmon to summarise what we believe is relevant in the
‘clock problem in the relativity theory. '

(1) -Invariance of proper time under coordinate transformations. In the
theory of relativity (special and general),

i .1

= invariant .
in each group of coordmate transformations (the group in flat space-tlme'
which includes the Lorentz group, and the general group in curved space-
time). Thus for a given world line C between two world pomts P, and Pz, the
proper time mterval Py

A-r f ds along C = invariant (4.2)

i.e., has the same value m aIl frames. satisfying (4.1)
(2) Proper tlme intervals ‘between two world-points along different
world lines.

=15 —
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Consider a given field g, = g, (*1, X2, X3,Xs)- The motion of a particle
from one world point P, to another P, is uniquely given by the geodesic C

2
afm=o
[

Other paths C,, C, joining P; and P, will not correspond to the ‘free’ motion
in the field g,,, but will correspond to motions under agencies other than
the field representative by g,,, and

2 2
f&#jm (4.3)

ic, r'e

which follows from the definition of the geodesic. _
(3) For a given field g,,, between two arbitrarily given points P, and P,
there is one and only one geodesic. o
From a point P;, there are > geodesics issuing in all directions. Of these,
one, sy C, goes through P,. Suppose another, say C|, makes an angle 6 with
C at P,. Since a geodesic is a line generated by an infinitesimal vector in a
continuous series of infinitesimal parallel displacements, and since the
angle between two vectors is invariant under parallel displacements, it
follows that in general two geodesics from a given point P, cannot intersect
at another arbitrarily chosen point P,. (In the case of a spherical surface,
geodesics from a point P intersect at the antipode of P only.)
(4) The clock paradox. Let S and S’ be two (material) frames whose
coordinates transform according to (4.1). Let us follow Einstein’s argument
“in Section 1, namely, from the standpoint of S’ (the rocket), S undergoes a
series of free falls in certain universal gravitation fields during 4’B’, C'D/', -
D'E’, F'A’ and coasting B'C’, E'E’ in (1:2). Suppose these fields are
" represented by a field g,,,. From the standpoint S’, the frame § passes from
the initial point P; to P, (in 4-space) along the geodesic of g,,,, but S’ itself
‘passes from P, to P, along a pure-time trajectory since S’ has been held
fixed (at rest) by means of some external agency. Thus the world line of S’
is not a geodesic of g,,. In general, the proper time intervals along the two
world lines between P, and P, are different, according to 4.3).
The above result is general, holding for curved space as well as for flat -
space. It is possible to make an explicit and exact calculation of the proper
" time intervals in the flat space case, using the spirit of the general theory of
relativity (acceleration represented by a g, field). This has been done by
Matler (1943), and in che present work (Sections 2 and 3).

(5) Let S(X, Y,Z,T) bea strictly inertial frame, i.e., frame in flat space-
time, and S’(x,,2,¢) be a frame in a curved space-time (i.e., in a gravita- .
tional field in Einstein’s theory). Then there is no coordinate transformation .
which transforms ds? = —{dX? + dY? + dZ*) + dT* into ds? = 3, g,,, dx,dx,
with the curvature tensor R2,, # 0. In this case there is no invariant ds* and
there is no exact (only approximate) conpection. between the space-time

— 16 —
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description in § and that in §'."One can no longer compare drgin S and the
dryinS’,and the clock paradox does not have any clear and exact meanmg '
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Abstract: Excited states of *He are investigated through final-state interactions in the three-

particle reactions SLi(d, «’t)'H, ®Li(d, «"3He)n and SLi(d, 'd)2H with 52 MeV deuterons.

. In measuring the differential cross sections, the detector of the first outgoing particle was kept

at a fixed position and the second detector gcanned over a range of coplanar angles favouring

*He final-state interactions. The data are interpreted in terms of four isospin T = 0 excited

states of “He at 21.9, 25.5, 28.5 and 31.8 MeV with widths of 1.8, 2.9, 5.3 and 5.6 MeV,

respectively. Only the 21.9 and the 25.5 MeV levels are particularly evident. Angular corre-

lation data indicate J” =-0* or 1+ for the level at 25.5 MeV. No evidence is found for a
narrow state at 23.9 MeV reparted by Franz and Fick. '

NUCLEAR REACTIONS SLi(d, «t), *Li(d, w°He), °Li (d, w'd), E =52 MeV;
E measured o(E;, £, 8,, 0,). *He deduced resonance parameters, 99 54 enriched SLi
target.

1. Introduction

The present work deals with the kinematically complete investigation of the reac-
tions °Li(d, «'t)*H, °Li(d, «’ *He)n and °Li(d, «'d)*H, employing 52 MeV deuterons,
~This is the third in a series of papers describing a systematic investigation of 7 =0
excited states of “He-arising in final-state interaction (f.s.i.) in reactions with the three
entrance channels *He+ «, *He+d and now ®Li+d. ' .

Here we want to restrict ourselves to those aspects that are particular to.the reac-
tions with the last entrance channel. A discussion of three-particle kinematics and a
comparison with several theoretical predictions is given by Haase ez al. - ). A survey
of previous work, the reaction mechanism and a summary of the results of all three -
. investigations, have already been published . _ ‘

The experimental procedure and the method of analysis are very similar to those
of the two pre\'/ious_‘investigations. Two solid-state telescopes with particle identifica-
tion are employed. The three decay channels are measured simultaneously. The data
‘acquisition was carried out by an on-line computer, collecting event by event. Details
are given elsewhere ),

*This paper has been publishad in Nuclear Physics, A1 88,(1972) 89-96.

t On leave from the Institute of Physics, Academia Sinica, and Tsing Hua University, Taiwan,
China. . .
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2. Theoretical interpretation

The reaction mechanism for a two-particle transter reaction is not as simple and
not as well understood as that for inelastic scattering employed in ref. !). Taking the
reaction mechanism to be sequential, we give a derivation of the matrix element for
a three-particle reaction initiated by a transfer reaction. This is not intended as a
rigorous derivation, but rather to justify our method of analysis.

The differential cross section for a reaction with three particles in a definite channel

- cis ‘ '
3 ¢

_ 4 _Z_’r_pc| [ . (1)

dQ,dQ,dE, hv

P

where v is the velocity of the projectile, p, is the phase-space distribution, and M is
the transition matrix element

= H{7IVido, @

$: ) being the wave function of the final state, given asymptotically by a plane wave and
an incoming spherical wave in order to allow for the f.5.i. between the d +d, t+p, and
3He +n systems.

The wave function of the initial state is

¢i.= bLiPati, (3)

where ¢, ; and ¢, are the internal wave functions of the target and the projectile, and
the wave fun~tion of their relative motion is a plane wave

Y; = exp (ikl 'Rx), : ) (4)

R being the vector between target and projectile, and k; their momentum in the c.m.
system. To simplify the following expressions, the internal wave functions of the in-
coming and outgoing particles will no longer be written explicitly. ‘

As a representative case consider the °Li(d. «'d)*H reaction. We restrict ourselves
to a single I = O resonance in the “*He* intermediate system, but the treatment can
be extended. Coulomb and threshold effects are not considered. The wave function
#{™ consists asymptotically of the plane waves of the «+ (d-+d) system and the in- -
coming spherical waves iy for the d+d, *He +n, and *H+*H channels 4)

{7 = exp (ik, - Ry)[exp (iq - ©)+p] (s)

Here R, is the vector between the a-particle and the intermediate system, hk, the
momentum of the latter in the mass-8 c.m. system, and r is the vector between the two
deuterons and g is the momentum of each deuteron in c.m. system of the recoiling
intermediate (r.c.m.) system.

Then in Born approximation the matrix element is given by

M, = M,+M, = {exp(—ik, - R,)[exp (—iq - r)+ys]lV]exp(ik - R))> (6)
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Following Watson we assume M, to be independent of the internal coordinates of
the d+d system; M, can be decomposed into a product of a BI‘C]t—ngnCI‘ term and
a Hankel function *). Noble shows that the energy dependence of the Hankel function
over the width of the resonance does not lead to a significant energy dependence of
the matrix element when a sufficiently localized interaction operator ¥ is used. The
energy dependence of the interior region and of the exterior one have been taken to
be identical. Thus the matrix element M, is proportional to the sum of an energy-
independent term M, = (C)* and a pole term M, = (I'B)*/(E,—E,—%il'). For a

- number of N of resonances this yields a cross section identical to the one used in
refs. *?) and the method of analysis employed here is the same as that used in these
papers. Thus we have fitted the spectra for a set of angles 65 in the lab system (/ = lab)
for each of the reactions with the expression

Gy _ : (03 + (B~ L) (68) @) |
doldaydEl {[C(e HE (E —E,y 4l ] EF O

Here F denotes the operation of folding the “theoretical’” curve with the expenmental
resolution, taken to have a Gaussian form.

3. Results and analysis

The raw data were reduced to two-dimensional spectra, the number of events being
recorded as a function of both the energy of the a-particle £} and that of one of the
decay products E5 of the intermediate system. The spectra shown below are then ob-
tained by summing events across each kinematical curve and projecting them onto
the E! axis.

3.1. THE "’La(d, «'t)'H REACTION

— Fig. 1 shows a representative set of spectra for the °Li(d, «'t) reaction plotted as a
function of “He excitation energy E,. The third level of “*He at E; = 21.9 MeV (I =
1.8 MeV) is strongly excited within its kinematically allowed cone between 6} = 84°
and 112°. The solid line is a least-squares fit with eq. (7), varying the E, and T, in
common for the entire set. As already observed in ref. '), best fits were obtained for
most spectra with the non-resonant background coefficients C and hence with the.
interference terms 4, equal to zero. Therefore the non-resonant term was taken to be
zero for all fitted spectra. The shifting peak indicated by arrows arises from the,
*He —'H f.s.i. in the °Li ground state. This region was excluded in'the fits. Although
they are not prominent, resonances at 25.5, 27.7, and 31.7 MeV were required in order
to obtain an acceptable fit. These resonance parameters closely correspond to values
needed to fit the other reactions investigated '+ 2). The known states at 20.2 and 21.1
MeV were also allowed for in these fits. The smallest value of x* was obtained ‘with
zero intensity for these states, except for a weak contribution of the 2I. 1 MeV levél
for the spectrum for 6 = 91°. As this level (J* = 07) should have an isotropic dis-
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INVESTIGATION OF EXCITED STATES

tribution in the c.m. system, it should show up in all specira within its decay cone.
Thus the fits shown in fig. I do not include any contribution from this resonance. The
top part of fig. 2 shows three spectra for 8!, = 37.5°. Here the excitation of the 21.9
MeV level is not as pronounced as in the first figure. As is evident, good fits are ob-
tained with levels at 21.9, 25.5, 28.5 and 31.7 MeV, with the average resonance param-
eters obtained from the other reactions. A summary of resonance parameters is given |
in table 2 of ref. ?}. Here the >Li ground state was also included in the fit to check its
position as compared with the calculated value.

The spectra near the recoil axis for the 21.1 MeV level for thcreactlon °Li(d, «’t) show
~ the shoulder caused by the phase-space distribution. However this is not evident in
the corresponding spectra of the reaction *He(d. «'t). This is interpreted as being due
to the level at 21.1 MeV which is strongly excited in the latter reaction ?). Coulomb
and threshold =ffects are expected to be xdentlcal as in both cases one has the decay
of the same intermediate system.

The same reaction has been investigated in a previous study 5) Owing to the lower
incident energy, the different f.s.i. peaks were even less separated and only a peak at
21.9 MeV could be clearly identified. -

12 THE 5L1(d, o *Heln REACTIQN

The bottom part of fig. 2 shows a set of four spectra for the reaction. °Li(d, a"*He)
measured simultaneously. On the basis of charge independence the spectra are expected
to be identical, except for effects associated with the higher threshold and the lack of
3He-n Coulomb interaction. This is indeed observed. The peaks arising from the *He-
ground state are narrower than those from *Li, on account of the smaller width of the
former. Good fits are obtained with the average resonance parameters. In fig. 2 both
spectra for 77° show a bump at E, = 34 MeV. If this were due to a mass-5 resonance,
the peak in the lower spectrum would be displaced to the left. Hence the most likely
explanation is that it is caused by *He f.s.i. More measurements at several favourable
pairs of angles, preferably at higher incident energies, are needed to elucidate this
point.

3. 3. THE 5L1(d «z'd)?H REACTION

In fig. 3, part of the spcctra of the 6Ll(d o'd) reaction for g.. = 30° are shown.

~ As the threshold for this decay channel is 23.85 MeV, the first three excited states do
not show up. The level at 25.5 MeV observed previously ') is most evident in this
reaction. A large fraction of the cross section around 25.5 MeV is due to this level,
-the phase space bump being only of minor 1rnportance [See figs. 7 and 82'in ref. ').]
The level at 28.5 MeV is not particularly pronounced but it is definitely needed in
order to obtain an acceptable fit. The peak around E, = 40 MeV indicated by arrows -
. is due to fs.i. of the 4.57 MeV. level of °Li. For smaller @, the quasi-free scattering
begins to obscure the spectra > 7). The exchange bet}veen the two deuterons does not
arise as long as one is dealing with a sequential reaction.

— 23 —
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Fig. 3. Set of spectra for the SLi(d, «’d)*H reaction. Solid lines are least-squares fits with eq. (7).
The 25.5 MeV resonance is évident. For smaller values of 84, the quagi-free scattering of deuterons
- on the a-cluster in ¢Li is dominant.

. Franz and Fick ®) repart a weakly excited narrow 2% state 55 keV above the d+d
threshold. It is stated to have an/ =0, § = 2 configuration, with a {2 2} partition.
The present reaction, where the incoming deuteron would capture a deuteron in

®Li, should be quite suitable for forming such an intermediate system. The decay cone

for such a state would extend only from 64 = 92.3° to 100:7° For the spectrum at
98.5°, a large fraction of the decay deuterons should enter the solid angle subtended
by the second telescope, and the state would show up as a narrow line with the experi-
mental resolution®of 2.8 channels just above the threshold. For comparison, the spec-
trum at 104° is entirely outside the decay cone. This permits us to give an upper linmit
of 25 nb/sc? for the excitation of such a state. The 25.5 MeV level in comparisqz has
a cross section of about 5. ub/sr®. A decay of such a staté through the *H+p or
"He+n channels, where detection would be much more difficult and the width might

“be larger °), is unlikety, as a transition from the {22} to-the {31} partition is in-

hibited. A number of other investigations have also failed to confirm this level [see

Paetz et af. %), and work ¢ited therein].
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~ The angular distribution was evaluated for the 25.5 MV level. The resulting recoil
c.m. system angular correlation is shown in fig. 4 and compared with the correspond-
ing distribution from the *He(«, «'t) reaction. The 0* or 1+ assignment based on the
isotropy is strengthened by the present reaction. No: points are shown .from the

4% [ b] ,
d05di,e f? : She (o, o't)H
' grb, 84 £ d{
160 i3 'o . !{ e 1 —
]
A .
- SlildadiH { 5.5 Me

b4 T quasi-iree scattering A } I } '

. ll]u_‘ 4 suﬂ o 1z|ub . B“m -
Fig. 4. Angular correlation for the 25.5 MeV level. The data for the “He(a, «'t)'H reaction are
taken from ref. 1), - :

spectra for 9:, < 110.3° because of possible interference with the quasi-elastic peak.
If the absence of interference is assumed, the isotropic trend continues to smaller
angles, as such a c.m. distribution corresponds to a lab distribution with a minimum
at the recﬁoﬂ axis at 8% = 95°, '

Some phases derived front measurements of the zH(a, d) reaction at Basel and
recently at Ziirich '!) show a rapid change near the 25.5 MeV level. It will be infor-
mative to compare our results with the resulfs of a phase-shifi analysis in terms of
resonances.. : .

4. Conclusion

Measurements reported in.the present work are particularly suitable for investi-
gating the 21.9 and 25.5 MeV levels of “He. The data are well fitted vith eq. (7), the.
«* ranging between 1.05 and 1.40 per degree of freedom. The resonance parameters
found are E, = 21.9+0.1 MeV with I' = 1.8+0.1 MeV for the *H+'H channel,
in good agréement with previous work. For the 255 MeV level .the param-
eters are £, = 25.5+0.5, 24.84+0.9 and 25.84+0.2 MeV with I' = 3.5+ 1.7, 5.612.1
and 3.71+0.8 MeV for the *H+'H, *He+n and *H+d channels, respectively, in
agreement with the weighted average values of E, = 25.5 and I = 3.0 MeV. (See
table 2 in ref. ?) for a summary of resuits.) The errors given are standatd deviations
derived from the error matrix. The model dependence is not taken into account.

The authors believe that there is now adequate evidence from three pér;iolc reac-
tions for the existence of the 25.5 MeV level. Without postulating its ‘existence,
no acceptable fits of the many spectra investigated could have been obtamea. It will
be informative to check whether this level is also observed in compound feactions.

— 25—
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Owing to f.s.i. in the mass-5 ground states, little was learned about the higher reso-
nances. Here only measurements at s ibstantially higher incident energy, and possibly
out of the reaction plane, would appear to lead to further progress. This is also true
for the peak observed at E, = 34 MeV.

The evaluation of the angular correlation of the 25.5 MeV level has providea data -

in an angular range not previously measured. The isotropy confirms the previous 0F
" or. 17 assignment.

No branching ratios are given, as a direct two-particle transfer reaction involving
two spin-1 particles is likely to lead to angular correlations that are more complex
than those for inelastic scatfering for all but isotropic distributions. Thus one cannot

extrapolate the differential cross section with confidence to regions not measured.

* Other pertinent points are discussed in refs. '*2).

The authors wish to express their gratitude to Professors A. Citren, W, Heinz and
H. Schopper for their encouragement and support. We wouid like to thank Dr. M. A,
Fawzi and Mr. W. Siebert for assistance with ihe zxperiment, and Dr. 1. P Savior
for helpful discussions concerning the theory.
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Abstract: The three-particle reactions *He(d, d't)'H and *He(d, d'd)*H were investigated at an incident
energy of 52 MeV. The energy spectra of tritons and deuterons were measured simultaneously with
inelastically scattered deuterons with two detectors, one at a fixed anzle of 31° lab and the ¢ ther at
varied angles ranging from 20° to 38° lab. The data are interpreted in terms of six resonances arising
in final-state interaction through' T=0 excited states of *He. Only the lower three resonances are -
prominent in the data. T

The extracted resonance parameters (energies and widths) are consistent with those obtained from

- measurerments of similar reactions in two other different entrance channels. A summary of results

from the present measurement and the two others is presented and compared with results from the

phase-shift analysis. Singles spectra from the *He(d, d)*He* reaction were also obtained and used

in addifion to the coincidence daua in the analysis. The validity of the sequential reaction mechanism
is examined. ' ‘ '

NUCLEAR REAC’[[ONS ‘He(d,d't), *He(d,d'd), E=52 MeV; rhcasured alE,, 91'),
E} . ¢(E\E,,8,8,). *He deduced levels, resonance parameters, angular correlations, partial
: ' e widths. Natural gas target.

1. Intreduction

In recent years, considerable effort has been devoted to the spectroscopic investiga-
tion of the “He nucleus. Experimentally, the structure of the first several excited states
of *He has been extensively investigated by means of inelastic scattering !~ %) and of
two-body nuclear reactions !'). See also ref. 7) and work cited there. Many theoretical
calculations ®~'°) have been made to predict the general features of the energy
spectrum. As a result, a consistént picture of the first three T=0 excited states cf *He
at 20.2, 21.4 and 22.2 MeV has been obtained. The present knowledge of the excited
states of “He has been summarizéd by Meyerhof and Tombrello !!) and reviewed
more recently by Werntz and Meyerhof 7). '

An altgrnate possibility for the experimental investigation of the excited states of
“*He is to study the three-particle reactions with intermediate “He resonances appear-
ing in the exit channel "through final-state interaction (fs.i.) between two of the out-
going particles. Experimental work for such a study has been recently reported by
Haase et al. ') on the *He(a, «'t)'H and “He{a, o' d)2H reactions, Assimakopoulos

¥This paper has been published in Nuclear Physics, A179 (1972) 65-79,

' On leave from the Institute of Physics, Tsing Hua University and Academia Sinica, Taiwan, China.
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et al.'?) on the *H(®He, pt)'H reaction and Lin et al '*) on the "Li(p, o’ p)*H
reaction. From kinematically complete measurements at a bombarding energy of
24 MeV, Assimakopoulos et al. '*) have deduced the energies (E) and widths (I') of
two resonances, corresponding to the first and unresolved higher excited states of
‘He at E, =20.01%+002MeV, I[=0.124+0.02MeV and E,=21.36+0.10MeV,
I,=2.0+0.2 MeV, respectively, Lin et al. 14} have observed two resonances in the
coincidence spectra measured at E, =9.1 MeV and interpreted it as due to the strong
p+ >H f.s.i. through the first and second excited states of *He at 20.1 and 21.2 MeV
Furthermore, a series of coincidence measurements have been performed in this
laboratory. In previous work Haase et al.'®), the reactions *“He(x, o t)'H,
“He(, o' *He)n and “He(x, o d)2H at E_=104 MeV were investigated over a wide
range of angles; five resonances corresponding to T=0 states of “He up to 32 MeV
excitation were reported and the resonance energies and widths were extracted from
a detailed analysis of the coincidence spectra.

The present work is a continuation of the experimental investigation od the “He
nucleus using the following three-particle reactions induced by deuterons of 52 MeV:

d+*He —d' +*He* . __
' t+'H (1)
d+2H.

An investigation of similar reactions %) is also completed namely, the SLi{d, o t)'H,
51i(d, o’ *He)n and °Li(d, o’ d)2H reactions, in which *He resonances also appear
through f.s.i. between a pair of the outgoing particles. All these reactions- selectively
excite only T=0 states of “He. The combined data from measurements of these
reactions should be useful for a comparative study of T=0 excited states of “*He as
well as the reaction mechanism responsible.

In summary, the purpose of this paper is: (i} to provide data from the present
investigation on reactions (1), (ii) to summarize the results on the spectroscopic
information of *He from measurements of reactions with three different entrance

channels, @ +*He, d +*He and d +°Li; and to compare with results of the phase-
 shift analysis by Werntz and Meyerhof 7) and (iii) to examine the validity of the se-
quential reaction mechanism.

2. Experimental procedure

The experiment was carried out using 52 MeV deuterons from the Karlsruhe
isochronouscyclotron. The reactions *H{d, d’ t)!H and “*He(d, d’ d) ?H were performed
simultaneously employing a*He gas target at 1 atm NTP. The inelastically scattered
deuterons were detected in coincidence with tritons and deuterons from the decay
of *He* The experimental method is the same as that used in a previous measure-
ment '%) except that the time-of-flight (TOF) particle identification !7) was adopted
for the inelastically scattered deuterons. This method employs a discriminator window
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set on the particle identifier signal generated by summing the TOF signal. and an
adjustable fraction of the energy signal. An ORTEC time pick-off was used to obtain
the timing signal. The detector was a 3 mm ion-implanted silicon solid-state device;
it 'was placed at a distance of 125 cm from. the target. The effective target thickness
was defined by a 10 mm collimator near the gas target and the solid angle was defined
by a 10 mm slit on a 18 mm diam. collimator in front of the detector.

- To detect the tritons and deuterons a solid-state telescope, consisting of a 110 pm
thick AE detector and 1 mm thick E detector, was used in conjunction with an ORTEC
particle identifier with a discriminator set on tritons and deuterons. This telescope
with a collimator of 17 mm diam. was located at a distance 292 mm from the center
of the target. ' '

The coincidence resolving time was set to 30 ns. Coincident events were taken in
the reaction plane at pairs of angles chosen from a calculation of kinematics '8),
 The detector for the inelastic deuterons was kept at a fixed lab angle of 31° and the
other varied over several angles-ranging from 20° to 38° lab. The correction for
random coincidences is small, as for the previous measurement 15). Measurement
of singles spectra from the “He(d, d’)*He* reaction were also made simultaneously
during the run and the data obtained were used in addition to the coincidence data _
in the analysis. '

3. Results and analysis-

Fig. 1 shows a set of coincidence spectra from the *He(d,d’t)'H reaction. The
energy resolution was about 300 keV. The spectrum for A, =37° corresponds to the
recoil axis of “He* for 20.2 MeV excitation. From fig. 1 it is readily observed that all
the spectra are characterized by a single prominent bump peaking at about 21.2 MeV
- of excitation and little structure above. At large angles the 20.2 MeV 0+ state shows

up as a shoulder at the upper end. Another feature can be seen from fig. 1; there
appears a sharp drop near ~21 MeV excitation. Measurements of the Li(d, o’ t)'H
reaction '€) near the recoil axis do not show such a drop in the energy spectra; there
the 21.1 MeV resonance is not excited and a pionounced peak occurs at 21.9 MeV,
. For the reactions compared, the decay mode is the same and the Coulomb effect as
well as threshold effects would have the same influence. A discussion of this point
is given elsewhere 16),

The measured coincidence spectra for the *He(d, d'd)*H reaction are presented
in fig. 2. They exhibit rather little structure. Here the intensities are much lower than
in-the t+ 'H exit channel.

An understanding of the energy spectra for the reactions investigated generally
requires a convenient parameterization of data. We assume the process to be se-
quential. A long lived intermediate system is formed in a direct reaction, and then .
decays independent of its mode of formation like a compound nucleus. The inelastic
particie and the intermediate system move in opposite directions in their c. m. system,
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Fig. 1. Coincidence spectra from *He(d,d't)'H - Fig. 2. Coincidence spectra from ‘He(d, &'d)*H
reaction. They are plotted as a function of excita- . reaction. They are plotted as a function of excita-
* tion energy in *He. The solid line is obtained from * tion energy in “He. The solid line is obtained from

the fitting as discussed in the text. | - the fitting as discussed in the text. - -

and thus their interaction is neglected. For the broadér resonances the applicability -

of this simple model may cease to be valid and higher order graphs might have to be
taken into account. Following the approach of Goldberger and Watson ) and the
‘formalism of Humblet and. Rosenfeld 20y, the differential cross section for a given-
1ab. angic 6%® in the three-particle reactlon can be expressed 15) as .

d3 g‘b . FB elab +E E A elab br ad i
dQIah.dglnbpdElab = {[C(gl b}+z ( (E) (E)2+4}2 ( )] p;]‘ b(Ell b.)}’ (2).

where C is a constant non-resonant term, the B coefficients give the intensity of
. Breit-Wigner single-level resonances and the A coefficients give the intensity of
_ interference between the resonances and the non-resonant background Coulomb '
and threshold effects, interference between levels and coupling between decay
channels are not taken into consideration and are neglected in the derivation of
eq. (2). F symbolizes the operat:on of folding the expressmn m the curly brackets
with the expenmental resolution.
For the detailed explanation of above equatmn see ref. 1%). Using this equatlon
energy spectra for each reaction are fitted simultaneouly with an automatic fitting
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programme employing an IBM 360-65 computer. Resonance positions and widths
are varied together as parameters and coefficients 4, B, C are adjusted individually
for each spectrum until a minimum of ¥? is reached Generally there are about
100 data points for each spectrum included in the ﬁttmg The resulting coefficients
vary smoothly with angle as demonstrated by the angular correlations.

In analysing data from singles spectra in the *He(d, d’) reaction, the following
general form 2!) of the matrix element is used:

=X I,B,,(E)+(E—E,)A,,(E)
M:eq 2 U2 [C E + 2 In In!“ in ] 3
M =0, (GO L g, ?
This expression s reiated.to eq.(2) by integrating over the solid anglc Q, .. in

the recoil ¢.m. system. Multiplying eq. (3) with the appropriate phase -space factor p
and summing over three decay channels (t+'H, *He+n and d +2H), one obtains
. the differential cross section d?a/dQi** dE!®*™. We assume on the basis of the coin-
cidence spectra that the intensities for the t +'H and *He +n channels are equal and
the intensity for the d + 2H channel is one-third of the former. A deviation from this
assumption might have a slight effect above the d+d threshold.

3.1. THE *He(d, d't)'H AND “He(d, d'd)2H REACTIONS

,The reactions studied excite only T=0 states-of *He, inasmuch as isospin con-
servation holds. The second excited state of *He, a 0-, T=0 state at 21.4 MeV
proposed by Barrett et al. 22), is forbidden in the a-*He inelastic scattering investi-
gated previously '°); it is allowed In the present reactions. We included this state
- in the energy parameterization. An attempt to fit energy spectra with only a single
Breit-Wigner resonance gave a very poor result. Two fits including more resonances
with different extreme assumptions were carried out and they gave equally acceptable
fits for the *He(d, d’' )'H reaction:

(i) resonances at 22.0 and 21.1 MeV plus a weak one at 20.2 MeV 1ntcrfere with a
significant non-resonant background;

(1) the non-resonant background is assumed to be zero and further resonances
at 25.1, 28.6 and 31.4 MeV were included. Though these latter are not evident in the
rather unstructured data for higher excitation energies, the parameters are consistent
with those observed in other reactions.

The latter fits are shown in fig. 1. It is felt that the latter assumption is more
reasonable; for other reactions *'!®) the non-resonant term was negligibly small and
in the present analysis the non-resonant term would certainly not be isotropic
either. Incidentally the spectrum for 8%® =25° is beyond the edge of the decay cone
for the 21.1 MeV resonance.

The only interfering reaction would be caused by T =1 resonances of >He between
7.5 and 16 MeV excitation, shifting in *He excitation energy with changing "
However, no evidence was found for such resonances. Quasifree scattering can be
excluded on the basis of its large negative Q-value.
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The first three T=0 excited states at 20.2, 21.1 and 22.0 MeV are below d +2H
threshold. They are not excited in the *He(d, d’d) 2H reaction. The measured spectra
from this reaction can be adequatly fitted with the same other three higher resonances
as for the t+ 'H decay channel. Fig. 2 shows the data for three of the simuitaneously
ﬁttcd spectra from this reaction. The results are hsted for comparison in table 1 and
'further dicussed in sect. 4,

Having achieved satxsfactory fits ‘and extracted *He resonance positions and
widths, one may become. more ambitious and try to get information on the spin
and parity of these states. We- have performed an angular correlation analysis for
the “He(d, d't)'H reaction and the results are shown in fig. 3. An angular correlation
analy31s for the *He(d, d’d)zH reaction was not made, since statistics of data from
this reaction at some angles are meager.

The first excited state of *He at 20.2 MeV is well known to be 0. It is just above
threshold (19.82 MeV)of the ‘He(d d’ t)'H reaction and was found to be very weakly
excited here. Its intensity is much lowér than in the “He(x, o t)'H reaction 1) in

. {He {d,d" t)'H
0
‘l ‘ef-c.m.
L0 -
0~
ef.c.m.
I
i |- 22.0 MeV
. |
o i
3
] | 1 L -
. -80° .ol -20° | e e
2 T o rc.m
- ds‘;c:Q b 20Me |
) . - .
1 rem, 2« - ,_- g I 7 £ E
’ L . t N +, I : |
. — S L L .
‘ -60° -40° =200 _ * o

e.m,

Fig. 3. Angular corrclatlous in the r.c.m. system for the *He(d, d’t)'H reaction measured at geb=31°,
Twenty units correspond to about 90 uby/sr2. The quoted errors are derived from couniing statistics and
normalization error.
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which the measured angular correlation for this state shows an'isotropic distribution.
Fig. 3 gives the angular correlations in the recoil c.m. system (r.c.m.) for the excited
stater at 21.1, 22.0, 25.1 and 28.6 MeV for the *“He(d, d' t)*H reaction. It is seen that
the second excited state at 21.1 MeV has an isotropic angular distribution as ex-
pected for a 0~ state. The 22.0 MeV 27 resonance is a non-natural parity state; it
shows up as a prominent peak in the other *He f.s.i. spectra !> !), The measured
angular correlation can be fairly well fitted with a cos? @ distribution '5:23) for a
27 state, as observed in the *He(, « t)'H reaction. A new excited state at 25.5 MeV
was reported ir the previous work ')~Evidence for this state is also seen in the reac-
tions studied here. As can be seen from fig. 3, it has a more or less isotropic distribu-
tion. This is consistent with a previous0* or 1* assignment '*) for this state. Previous
work *1:1%) indicates the 28.5 MeV state to be 1~, S=1. The measured angular
correlation for this state was compared with a cos? 8 distribution %) from the im-
pulse-approximation theory fora 1~ state with channel spin S=1 and a consistent
fit within the errors is observed in fig. 3. The experimental data of the higher excited
state at 31.4 MeV are uncertain, as the spectra extend only to ~31 MeV excitation.
The angular correlation for this state is incomplete. It was suggested in a resonance
interpretation of the *H(p, n)*He reaction 7) that a 2+, T=0 state might exist in
“He near 31 MeV excitation energy. The present data are insufficient to give an
positive identification for this state, though such a resonance is needed to fit the data.

3.2. THE *He(d, d)*He* REACTION -

A typical distribution of the *He(d, d)*He* reaction is presented in fig. 4. This-
spectrum was measured at angle 8'** =37.9°. Also shown in fig. 4 for comparison is
a coincidence spectrum at the same angle 8}"> = 63> =37.9°, Here the square of the

. “He(d,d't)'H |
i : g
Ed - 52 MBV 1 l!
31 ad"'37-,9°-. . l‘ 1
et - 37.5‘ x «t
l' £
,! x d'- Singles Measuremaent o '
s d'-t- Coincidence Measuwement &
. A x
’I £ 3
“n‘ . L ‘u“
o e ®
1 “‘h-‘ﬁ"‘ln‘“-"l.h“ﬂ‘ual‘l.#z.‘jl.n“ng:nu.’lg‘l‘ - { X
-1 = Resolution ' RS &
. I . '.'.'.l“
. . =& L] ”‘.‘
L ] L] L.
30 28 R R Y

Fig. 4. Comparison of the *He(d, d’) singles and the ‘He(d, 4’ t)*H coincidence spectra. Note that as ordinate
the matrix element | M|? is plotted (see text).
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o . |
7;8.6 2?2 21.9i 2:-1 13-\ :

g

W & 8 B
ﬂs/d.n. d4E, torbitrary unita )

T 1 7 1 1 ¥ T ¥

—— t——+ o A
"'—E { MeV}

Fig. 5, A representative fit of a singles spectrum for the "He(d,d) reaction from the computer output
The experimental data are those at 6,=31° The solid curve is obtained from the fitting as discussed in
the text.

matrix element is shown in arbitrary units to eliminate the distortions due to different
shape of the phase-space distribution for singles and coincidence spectra (obtained,
not quite exact, by dividing the spectra by the phase-space distributions folded with
the uxpenmental resolution). For this pair of angles the 20.2 MeV state is more
pronounced, as is also the sharp drop near E_ =21 MeV. On the high-energy side
one sees a continous distribution with a broad maximum. The elasti¢ peak is far off
to the right. '

Having the information obtained from the coincidence spectra, in nartlcular the
values for the relative intensity of the different decay channels and evidence for free-
dom from interfering reactions, one can proceed to analyse the singles spectra with
confidence. The fitting of singles spectra provides a way to.avoid the troublesome
interference between resonances. We obtained a satisfactory fit with an inclusion
of six resonances as shown in tig. 5. In table 1 we list the representative resuits from
the fit-of two singles spectra at 6> =31° and 38°. Also included in table 1 is the
average relative intensity for six resonances fitted at these two angles. The second.
resonance appears at energy E,=21.1 MeV with width I;=0.80 MeV. The third
resonance (E,=22.0 MeV, I} =1.80 MeV) occurs at the expected energy for the 2~
state. These values are comparable to the early values (E, =20.7 MeV, [, =14 MeV;
E,=219MeV, I=1.6MeV) from *He(d,d") singles spectra ). The positions of
three resonances at 20.2, 22.0 and 28.6 MeV also : agree fairly well with those from a
previous “He(x, o) singles measurement %),

3.3, SUMMARY OF THE RESULTS ON RESONANCE PARAMETERS

"1t should be pointed out that of all the reactions leading to exited states of “He
investigated at this laboratory, the *He(d,d’ t)'H reaction and the corresponding
singles spectra are the only ones to give information on the second excited (07)
state of *He. It is felt that the resonance parameters so obtained are more precise

T
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than those derived from the phase-shift analysis, though Coulomb and thr-shold
effects have been neglected. It is expected that taking them into account will lower
the resonance position. The results for the 21.9 MeV resonance are in agreement with
results from the other reactions. As far as the higher resonances are concerned, the
data presented in this paper are not conclusive when considered by themselves.
However they are entirely consistent with the resuits of the other reactions: in-
 vestigated. ' -

Resonance positions and widths obtained: in fitting data from ‘coincidence and
singles measurements are summarized in table 1. As can be seen by comparison,
they are in good agreement. For the 20.2, 22.0 and 28.6 MeV resonarices our results
on J* are consistent with those of Meyerhof and Tombrello !1). If our interpretation
of the 22.0 and 28.6 MeV states is correct, the shape of angular correlations.is not
affected if they interfere with each other, although both have S=1. The 222,251
and perhaps 31.4 MeV. resonances appear to be isotropic in the measured angular .
correlation. If, as the 20.2 MeV resonance is known to be, all are $=0, then inter-
ference occurs only between non-adjacent resonances, as different  channel spins.
. do not-interfere. For the coincidence analysis the neglect of interference between the
adjacent resonances, the 0~ and the 2- levels at 21.1 and 22.0 MeV ' respectively,
might be severe. However; in a singles spectrum there can be no interference, as the
interference between resonances of different J* terms drop out upon integration
over the solid angle 2, S o

‘ TABLE | . o
Resonance positions and widths (MeV} obtained in fitting data from coincidence and singles measurements

Coincidence measurement ' Singles measurement from “He(d, d')*He*

‘He(d,d't)'H “*He(d, d' d)*H Cogea3pe P™=38°  relative intensity
' ; ‘ - (average over
two angles) .

202 +0.1 ' - 201 +0.1 02 104 0012
(r<020+008) 020+008) - (0.201+008) . :

211 £01 - 212 +01 - 211 +0.1 0.54
(r=0G8 +0.1) ' 08 +0.1) 06 +0.1) o

220 0.1 - ‘ 219 +0.1 © 220 +01 114’
(F'=18 +0.1) (1.7 £0.1) ' 20 £0.1) ,

25.1 302 252401 252 +0.1 251 01 0.01
(=29 fa3n - (22403) (33 405) (29 +0.5) o

286 +02 . 287402 286 £01 . 286 401 10.032.
(F=38 +04) (46105) (41 £02) (3.1 +0.2) o

314 103 31.9+03 . 315 +02 31.8 +02 0.18
(Fr=28 £06) . (49+11) 28 xo01) (56 +0.7)

© A dash means that the leve! is below threshold. The errors given here are derived from error matrix,
to indicate the sensitivity of statistics. The actual errors are more than these values as described in the text.
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To estimate the uncertainly in the deduced values of position (E) and width (I')
" for each resonance, we calculated the error matrix in the-simultaneous fits of the
energy spectra. The values derived from the fits with x* deviating by unity turn out
“to be quite small, ranging between a few tens of keV up to one MeV, when many spectra
are fitted simultaneously. With inclusion of the primary energy calibration error and
systematic error arising in the fitting process, the actval errors were estimated to be;
on the average,.about.10% of the width in position and about 207, of width in-
width, as-reflected by the fluctuation of values listed in table 1. .

- 4 Comparison with measurements of a-particles on ‘He
' and deuterons on SLi reactions .
In what follows we compare the present results with measurements of the following
reactions 15.16):' . ' . . ' T
‘He(o, o' t)'H, “He(a, o *He)n, . “Hefa,a’d)*H,’ - 4)
_ SLi(d,«' t)'H, °Li(d,&’ *He)n, °Lild,a’ d)*H. (5)
Al reactions listed above lead to T=0 “He resonances appearing in-the exit
charinel through f:s.i. between a pair of the outgoing particles. |
- As regards the positions and widths of resonances extracted from the reactions
 investigated in this paper, they agree resonably well with the values found from
reactions (4) and (Sf A comparison of results from these various reactions is presented
in table 2. The first column of table 2 gives the average positions of resonances
‘appearing in ‘the three different entrance channels. The consistancy obtained in this
analysis confirms the resonance parameters determined. No dependence of the
resonance parameters on either 61> or 67> was observed.

As far as the measured energy spectra are concerned, the resonances appearing
in the «+*He and d +*He entrance channels with the same't+ 'H decay channels
are about equally intense, while the resonances observed in the two d+*H decay
channels are much weaker in the lab. system. The 0~ resonance at 21.1 MeV is for-
bidden in the t+'H and *He+n channels of reactions (4). It was observed in the
“4Hel(d, d’' t)*H reaction, but not in the t+'H and 3He +n channels of reaction (5). -
“The 2" resonance at 21.9 MeV shows up in the «-*He and d-*He reactions with an
" angular _co:‘i‘e]ation of a 2~ distribution. It appears even more pronounced in both
“t+1H and *He +n channels of reactions (5). .

' Data from reactions of all three entrance channels indicate that 2 new £ =0 excited -

state of *He exists at ~25.5 MeV. In particular, it shows up clearly in the spectra

from ®Li(d; o’ d)2H reaction. The observed resonéance for this state in each case is

rather broad, having a width of ~3 MeV. The investigation of the *He(a, o’)*He*

reaction by Gross et al. °) also reveals a peak at ~26 MeV excitation. It would be a

candidate for a second 0* state at this-excitation as predicted recently by Hutzei-
~ meyer 2%), As one goes up to higher excitation at 28.5 and 31.7 MeV, the resonance
widths in all three entrance channels become-much larger
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_ " TASLE 3
Differéntial cross sections in mb/st for the o-*He and d-*He reactions

- i..evel{; . . ‘He+a . S ‘He.+d

{(MeVy ' ) B -
' . l) b) . c) d) c)

~20.2 1.3 ' - . - <0.05 -
211 - = - 2.0 -
219 .34 ) 1.8 - 1.5 -
255 ' 14 13’ <3 2.2 0.34
28.5 o 17 13 17 045 0.43
31.7 ‘ 36 R 7 © 36 7 ‘ 1.13 1.03

Above values are dependant on the magnetic substate populations assumed in the text.
) “He(x a't)'H. )
%) “He(a, o’ *He)h.
* ) *He(z, o’'d) *H.
4) ‘He(d, d't)'H.
) “He(d, d'd)*H.

The angular correlations obtained from “He(e, o' t)'H and “He(x,o *He)n

reactions 15) are more complete than those from the “He(d, d’ t)'H reaction. Never-
" theless, the measured angular correlations in the present investigation are consistent
with the measurements of the former two reactions. This enables us to make assign-
ments of spin and parity of five “He resonances excluding the higher one at 31.7 MeV .
’ '\_vhich‘appea’rs at the end of the measured spectra with ambiguity in the fitting process.
If the sequential decay itmplies that the decay of the intermediate system is in-
dependett of formation, therwihe branching ratios for the decay of the various three-
partticle reactions leading to the same intermediate system ought to be the same. In
order to see thcther the branching ratios for the three decay channels (t+ 'H, d +*H
and *He +n) from a-particles on “He and deuterons on *He and deuterons on °Li
reaction$ agree with each' other, respectively, we estimated the differential cross
sections da/df2¢, by assuming an. isotropic distribution for the 20.2, 21.1, 25.5 and
31.7 MeV ‘states and % cos? 0, +sin® 0, o sin2 ¢, .. dependence '%) for -the
"21.9 and 28.5 MeV states. The results are listed in table 3. It is seen that the branching
ratios for the ¢+ *He and d +*He reactions discussed ‘here are fairly compatible
-with each-other; although some quantitative difficulties may arise from the above
assurhption,made for the evaluation of the integrated cross sections. Unfortunately
the existing °Li data do not permiit a similar comparison. It would be interesting to
see how these branching ratios can Be related to those that could be derived from an .
“dnalysis of elastic scattering data 7).

5. Discussion and conclusion

g _We have interpreted the observed “He resonances arising in fs.i. between t-'H
and d-*H pairs, via sequential decay. The method of analysis used here is the same as
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the one used in the investigations of the a-particle on *He and deuterons on SLj
reactions '* 15). Significant results of these three investigations may be summarized
as follows: :

(i) Within the experimental errors the three entrance and three exit channels give
consistent resonance parameters for positions and widths. These parameters are a
property of the intermediate system only, independent of the angles of measurement,

(i) Within the experimental errors soine angular correlations in the r.c.m. system.
extracted from the *He(, o’ t)'H and “He(x, o’ *He)n reactions exhibit the.property
of invariance to a rotation by 180° around the normal to the reaction plane.

(iii) Above features indicate a sequential process to ‘be the reaction mechanism
for all three different entrance channels. The evaluation of the branching ratios for
the decay of the intermediate system into the different channels consistutes a check
on this point. As is discussed in sect. 4, the branching ratios calculated from two of the
three different channels do show a consistent picture. _

Additional indicatio_n for the reaction mechanism comes from the anguiar cor-
relation. The angular correlations in the r.c.m. system are determined by the popu-
lation of the magnetic substates of the levels. Excépt for simple cases such as isotropy,
they depend on the reaction mechanism. The symmetry of the angular correlations .
about the recoil axis (9, ., =0) is predicted by the zero-range PWBA as well as by’
the theory described in ref. 13). It is gratifying to observe that these simple models
account for the experimental data. Measurements on heavier nuclei will lead to better -

‘understanding of the range of applicability of these models. 7

It is interesting to compaie the deduced resonance positions and widths' with
~values previously obtained for T=0 excited states of *He from a thorough phase-
shift analysis ™ !'). Fig. 6 shows tie comparison for the level scheme of “He. In a
recent phase shift analysis ?”) the energies are given as 21.1 MeV for the 0~ and
22.1 MeV for the 2™ level. The agreement is seen to be very good. Four levels of T=0
states are confirmed here. The singles measurement of the “He(d, d')‘He*-rea;tion
in_véstigat_ed reenforces this conclusion. As regards the level widths, our values
(except for the first excited state) are significantly smaller than those given in ref, '1).
This effect has been previously. noted 25). However one should point out that in
particular the widths are dependsnt on which formalism is used to parametrize the

‘data. A comparison with theoretica! predictions is made in ref. 1),

It is clear that the reactions of the kind investigated here are well suited for the
study of '_T=0 excited states of “He and to deduce more reliable and precise level

energies and widths. An analysis of the data leads to more insight.into highly excited -

states of “He. ‘

Finally, we note that the mass-5 ground state appears at several large angles quie
pronounced in the energy spectra from both a-particlgs on *He and deuterons on -
SLi reactions and obscures the data seriously. It will be interesting to continue the
investigation of these reactions in a plane perpendicular to the reaction plane where
one may get rid of the troublesome interference from mass-5 resonances. - |
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Flg 6. Energy level alagram for T=0 states in *He. The resonance positions shown are wc:ghted averaj
values ﬂbtamed from the eight reaétions investigated.

It is interesting to compare the phase-shift analysxs method w1th the one used i
the present investigation. The experimental difficulties of carrying out a coincidence
measurement are compensated by the yield of spectra covering a large range of
excitation energies starting at the threshold. The added recoil energy makes the
simultaneous measurement of the various decay channels readily possible. The
present method offers higher selectivity in many cases. It is applicable even when for
lack of a stable target the phase-shift analysis cannot be carried out. However,
‘particularly at low incident energies, one does have to concern oneself with possible.
interference from.other FSI and the qu~sielastic scattering. '

The énergy spectra ofter show more structure [see ref. *°} for instance] and are so
easier to interpret. This is attributed to the fact that in the formation of the inter-
mediate system Coulomb and centrifugal forces and, more important, the non-
resonant terms play less of a roie. In favourable cases, as m a polarisation experiment,
only selected magnetic substates are populated

" The authors are indebted to Prof. H. Schopper, Prof. W. Heinz and Prof. A. Citron
for their encouragement and support. We would like to thank. Prof. W.N. Wang
and Dr. M. A. Fawzi for the help in the experimental part of this work. One of authors-
(E.K.L)) also wishes to thank the research groups in this institute for giving him kind
hospitality while he stayed in the pleasant atmosphere in the Kernforschiingszentrum
Karisruhe. ' ' '
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Abstract: The reaction 56Fe(d, p)*7Fe is investigated at 12 MeV using the Aldermaston multi-channel
' magoetic spectrograph. The angular distributions of protons leading to various states in 2?Fe
upto an excitation of 6.7 MeV are measured over an angular range 5°-175°. The data are anas
lysed with the distorted wave Born approximation calculations; a satisfactory agreement is
found in most cases upto about 100°. Spin, parity and the spectroscopic factors for various
states are obtained and the positions of the single-quasiparticle energies determined. The results

are compared with those for the isotonic nuclei 35Cr and 3°Ni and with the pairing theory.

g| NUCLEAR REACTIONS *“Fe(d, p), £ = 12 MeV; measured o(E,, 6). * Fo deduced
B levels, J, n, S. Enriched target. )

1. Introduction'

A great deal of effart has in recent years been expended in studying the (d, p) reac-
tions in different target nuclei; in conjunction. with the distorted wave Born approxi-
‘mation (DWBA) theory of nuclear' reactions, these measurements have been utilized
to extract information regarding the single-particle neutron states ). While a com-
parison of the shape of the measured angular distributions with the predictions of the
DWBA gives the orbital angular momentum of the transferred neutrons, thus pro-
viding considerable information on the parities and angular momenta of the ‘nuclear
states involved, the absolute yield of the proton groups gives the specti‘oscbpic fac-
tors. These quantities can be directly calculated by using the pairing theory 2:3) and
it has, for example, been shown that for even-mass target nuclei the sum of the spectro-
scopic factors i S; for all levels (with the same parity and angular momentum) be-
longing to a particular shell-model state j is equal to the occupation number Uf of
the pairing theory 3). - |

The 1f-2p shell-model region continues to be one of particular interest in the perio-

*This paper bas been published in Nucléar Physics, A160 (1971) 529-546.
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88Fe(d, p)*7Fe

dic fable of elements It has usually been considered to be a region amenable 10 the
conventional Sphencal sheéll-model studies on one hand *) and a strong coupling de-
formed Nilsson model on the other *)

To extract the full advantage of such a comparison, an accurate measurement of
level positions and their sequence with a high-resolution spectrograph is indispensible.
The present work.on the (d, p) reaction on *SFe at 12 MeV was undertaken with this
in view. Othier works on this reaction include those of Bochin et al. ®)at6.6 MgV and
Cohen et al. 7) at 15 MeV, where some of the well-established levels are either not
observed or are unresolved a recent study by Gridnev er al. %) was connected only |
with the transitions to the 2p levels. A preliminary account of the present work with
the Butler plane wave analysis has been given elsewhere as a short communication ).
Some of the measurements have since then been repeated and extended to include
higher excitation [~ 6.7 MeV, as against = 3.2 MeV of our previous work® )] amd
the results have now been analysed in terms of the DWBA.

The present paper gives'a comprehensive account of the spectroscople information-
thus obtained on the levels in >7Fe with a comparison w1th the isotonic nuclel >Ni
and *°Cr.

2. Experfinental procedure

The reaction 56Fe(d p)”Fe has been studied .using the Aldermaston Tandem
Van de Graaff accelerator and.the multi-channel magnetic spectrograph. A detailed
account of the experimental techmques has been given by Mlddleton and Hinds “’) :

‘The target was self-supporting and isotopically enriched to 99 % of. 6Fe’ with a
nominal thickness of 100 ug - cm™2. It was bombarded with a deuteror. beam of-
energy 12 MeV and the emitted particles were magneticaily analysed and detected
simultaneously at 24 angles between 5° and 175° in an Ilford K2 nuclear emulsion of
thickness 50 um. All the particles except protons were stopped in a polythene absor-
ber, 0.25 mm thick, so that only the protons were recorded. The plates were scanned
in Dacca and the energy spectra were obtamed at each angle; a typlcal spectrum 1s )
shown in fig. 1. -

Angular . dlstrlbutlons were measured for all levels observed upto an excuatlon
energy of ~ 6.7 MeV including the unresolved ground and 0.014 MeV states. The
absolute cross-section scale was obtained from our previous measurement of the yleld
of the elastic deuteron groaps from s Fe [Majumder and-Sen Gupta L»)} '

3. DiStorted wave Born approximation analysis

~ The angular distribution data were analysed in terms of the zero-range DWBA
‘ theory of direct reaction rather than the Butler plane wave theory used in the previous
work ?). The calculations were carned out on the IBM 7090 computer of the Unj-
- versity of Plttsburgh* using the programme JULIE developed by Bassel et al. ”_).
T The calculations were carried out by Professor B. L. Cohen.
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The optical-model potential was of the form

U(r) = —'V(1+Cx.)—l+4iW (d_(i;)(1+cx');-1+yc(r),

| xo= (f-rOSA*)/aa, x' “—*‘(r-rolA*)/a,

and V(r) is the Coulomb potential due to a umformly charged sphere of radius
Rc = rc A%, A spin-orbit term glven by

. (n_f-c_‘) Vo L '-or‘l(ad_) (14+¢7)1

.was added to the above potential for the. proton.

The deuteron and proton optical-model parameters 11.13,14) are listed in table 1,
The bound state potential was taken as-the Woods-Saxon type with geometrical
parameters ro, = 1.25 fm and g, = 0.65 fm and the depth of the real potential is ad- .
justed while keeping the shape fixed until the binding energy is matched.

‘ TaBLE 1
Parameter values of the optical model used in DWBA calculations

_ Pa.l'ticle : V | Tos i ay For - [ 11 ) L(5] ‘ ,}"9_ Ref.

(MeV) (MeV)  (fm} (fm) - (fm) (fm) {fm) {MeV)
deuteron 900 210 115 081 134 068 115 1y
proton-- - . 47,9 1.5 - 1.25 0.65 -1.25 0.47 1.15 - 8.76 £4y
neutron.  adjusted?®) 1.25 0.65 . : :

*) See text for details.

The calculations were carried out for orbital anguiar momentum transfer / between
0 and 4 using @ = =1, 1, 3 and 5. Fig. 2 illustrates the pfoton_ angular distributions
predicted by the DWBA theory for @ = 3 MeV. The characteristics of the forward
peaks for each J-value is given in table 2 and is found to be about the same for (d, p)
angular distributions from 37Fe and *%Fe [refs. 1%16)). ' :

Some of the measu_red angular distributions.together with the DWBA analysis are
displayed in figs. 3-8. Good dgreement is found in most cases upto about 100° and it
is possible thereby to assign the orbital angular momentum transferred for the levels

A TABLE 2 ‘ :
Position of the forward peak predicted by the DWBA calculations

l 0 1 2 3 - 4

Angle  54°%) 13° 250 30° 40°

) AS.econd peak.
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*Fe(d, p)*"Fe

as shown in tabls 3. Some of the tentative assignments of the previous Butler plane
wave analysis °) have now been corrected. -
The DWBA cross sections for such a transfer reaction can be 1actored mnto the

" 1000 ——

Opu(©) (mbae)

0-0050 i & . _m L . 1 - %
. €, . (deg) ' _ |
Fig. 2. Angular distributions obtained from the DWBA ca.lcnlatiomforl—lo. 1, 2, 3 and 4 with
‘ Q = 3.0 MeV.

‘above mentioned kinematic part goirer_ning the shape of the angular distribution -

(fig. 2) for different l-values and a structure part which determines the properties of
the nuclear states. The latter information is obtained from the relation

32J+1

L P @)y="= -

+(6) =321

Soow(6).
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Here # and Ji( = 0) are resp

H. M. SEN GUPTA et dl.

ectively the spins of the final and initial nuclear states;
asured and the DWBA cross sections respectively and

Guep(0) 2nd opw(0) are the me .
S is the spectroscopic factor. The factor 3 is introduced to take into account the finite

T |

N
1.[)..3\9 ar 73 320

A
=Y

(=]
i

- @) (mbisr)

0o%
o
8003 — W% 7 R
8. (deg)

distributions fitted to [ = 0 curves; the DWBAL curves in this and in

Fig. 3, Experimental angulas
-model parameters shown in tabie 1.

figs. 4-8 wewe calculated with the optical

range of the nuclear fdrce‘ in the deuteron. The spectroscopic transition strength
ic factor S are obtained. In obtaining these quan-

(2J+1)S and hence the spectroscopi
uties for different levels, the Q-dependence of DWBA cross sections was taken into

consideration.
" 4. Results and discussion

In this section we-discus's the. results of the comparison of the experimental angular

astributions with the DWBA predictions for the states showing predominantly strip-

ping character; only a casual mention will be made for the distributions showing no

stripping pattern.
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"Fe(d. p)”Fe
4.1. STRIPPING LEVELS

Table 3 lists the observed energy levels, orbital angular momenta, peak cross sec-
tions, suggested J-values and spectroscopic factor for each level. The observed energy

100 _ w

* 54

6, (deg)

Fig. 4. Experimental angular distribution data fitted to I = 1 cutves (the py and p; states are listed
in table 3);

levels are compared with those of the isotonic nuclei 5*Cr {ref. 17)] and *°Ni [ref. *8)]
as shown in fig. 9; only those belonging to the 2p and I states are given in the figure
by way of example. Also listed in the table for a comparison is the transition strength
(2J+1)S deduced by Cohen ef al. 7) in their experimental studies of (d, p) reactions
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on medium mass nuclei. While the principal effort in their work was with the nickel
isotopes, they also measured the proton spectra from the 3$Fe(d, p) reaction using
- a natural iron target with insufficient energy resolution and statistics.- Also the optical-

00~ 100

1 . o dm 2 ’(.2
"9\ | e

Oi) “{mbisr)

N

I ) i A 1, L Il l F1 e - V i : 1 ‘ N i ] ‘l L
' — W % L W W
' 6. (deg) '
Fig. 5. Experimental angular distributions ﬁt_ted tol=2 curves.

model parameters they used are not considered appropnate Nevertheless, a compar:-
son between the (2.I +1)S values, obtained from a more detailed analysis of the pres-
‘ent work, indicated-a fair agreement with those of theirs. The only discrepancy in the
“assignment of the l-value is for the unresolved groups 52 and 53 and the group 64,
. the present assignment being 1 +3 and 1 respectively (figs. 8 and 4) against / = 0 by
‘Cohen et al. 7). These groups are quite intense and any uncertainty in shape or magni-
“tude of cross section from background elimination etc. will be very small. It may be
menhoned that a few contradictions in the assignment of J-values have also been ob-
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*Fe(d, p)*"Fe

served by Fulmer ef al. '®) when they repeated their earlier measurements ™) on
38,5%Ni(d, p) reactions with better energy resolution and more complete angular
dlStl‘lbl.lthﬂS, in which case they preferred new assignments to their previous ones.

ol 10

001

=4

AN

B (mb/sr)
8

0.k

| L 00| . . e
0.016 L L i b - - —%0 G b Slﬂ L o o

8. ., (deg.)
Fig. 6. Experimental angular distribution data fitted to / = 3 curves.

The contradiction in J-value between the present work and ref. 7) for the two above
mentioned levels may perhaps be similarly resolved. A detailed comparison is not
however possible, as they could not observe all the levels in *?Fe.

Table 3 also includes the (2J+1)S values obtained by Gridnev ef al. ®) who in-
vestigated only the / = 1 levels with (d, p) reactions in medium-mass nuclei including
6Fe at E, = 6.6 MeV. There is a reasonable agreement with surs except for group 9.
It is posmble that the transition strength 0.48 quoted by them is distributed over the
groups 9, 10 and 11, which improves agreemerit with the present value and with Cohen

etal. ), . :
From simple shell-model consnderanons, the low—lymg 2p-1if; states and also Zdi,
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1g, and 3s, states are expected to be excited in the present *®Fe(d, p) reactions. The
measured spectroscopic strength sums for these states are shown in table 4; also in-
cluded are the results from (d, p) reactions in **Cr, **Fe and *®Ni [refs. & 17719)]

¢ - 10—

am

oo

O®© (mbis

o

oootl

'70.0001

(deg)

Fig. 7. Experiméntal angular distribution data fitted to /.= 4 curves.

and from the predictions or tne pairing theory. The parameters of the theory were
taken from refs. >2°). The experimental sum strength was found to be 11.4 for 2p
and 1fy states in fair agreement with the value 10 expected from the pairing theory.
They also agree reasonably well with the resuits of Gridnev et al. l‘) for p-states in
57Fe and for the isotonic nuclei $3Cr and *°Ni.
The sum rule analysis of S and the determination of the unperturbed single-particle
~energies E; depends on the assignment of a shell-model state J. The experimental
values of E; were determined as the centre of gravity of the spectroscoptc factors from
the relation %)

B, = TSOEITS0).

where the sum_rnation'is carried over all the levels belonging to the same shell-model
-state j. In the iron region, there is an ambiguity in assignment of an / = 1 state as P;
or p,. Lee and Schiffer 21) have shown that the spin assignments of the levels in the
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*8Fe(d. p)*"Fe

2p shell can be made on the basis of the empirically established J-dependence in the
angular distributions. In the present experiment, however, the characteristic Lee-
Schiffer back-angle behaviour in angular distributions of { = 1 levels is not clearly

L]

{ribvsr)

@)
g

o

) 8, (deg) '
Fig: 8, Experimental angular distributions fitted to a mixture of Lvalues. -

observed. In *"Fe the few low-lying levels are known to have unamoiguous spin and
parity assignments *2); we accepted these.assignments for the present analysis, while
all other./ = 1 levels werecepsidered to be 4. A further di”iculty was with the yield
of the unresolved ground and 0.014 MeV states. In the (d, p) experiments it is diffi-
cult to obtain- separate angular distributions for these states, Bjerregaard et al. 23)
have estimated.the ratio of the intensity for these two states to be approximately 1 : 3.
The above: assumptions give the best agreement with the predictions of th¢ pairing
theory on the spectroscopic factors for all the levels belonging to the shell-model
state j, ) S, which is the emptingss U % of shell j [ref. ) . |
Table 5 summarizes the results for Y.S and E; and shows a comparison with pairing
theory and also with those for the isotonic nuclei from (d, p) reactions & 17-19,24)
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. Results of the *6Fe(d, p)?”Fe reaction

Group Excitation  Opuuf(0) { J4+-1)S Jr S
(MeV) unb/st) ) ") ‘) ) *)
R 0 1 £.304 b o 0.152
{- 1 0.014 5976 1 0914 2.20 L73 e 0.229
2 0.136 1.080 3 2.450 : } 0.408
3 0.366 3.884 1 0.755 0.990 0.88 3 0.189
4 0.703 0.074 3 0.172 - 0.029
5 1.002. n.s.
6 1.196 _ n.s. _
7 1.264 3.984 1 0.525 0.680 0.84 i 0.131
8 1.356 0.141 3 0.301 _ 5 0.050
9 ' 1.630 0.896 1 0.090 0.082 0.48 §- 0.023
10 1.725 1.494 1 0.154 0.195 3 0.039
11 11975 0.131 1 0.016 3 0.008
12 2:117 0.158 3 0.290 0.672 B~ 0.048
13 2.207 0.220 3 - 0.405 0.371 i 0.068
14 2.335 0.174 1 0.016 - 0.008
0 0.014 o 0.007
15 2.454 1.162 [ +4 2700 e 0.270
16 2.506 3.818 2 0.658 §* 0.110
17 2.565 1.577 1 0.212 3 0.106
18 2.687 6.225 1 0.667 0.600 0.80 3 0.167
19 2.763 n.s. : :
20 - 2.818 n.s. -
21 2910 1.660 1 0.138 0.092 0.36 3 0.094
22 2.985 ‘n.s. '
23 1.062 0.043 0 0.004 3+ 0.002
2 0.018 §* 0,003
24 3.104 0.116 { +4 0.177 o 0.018
25 3.177 0.234 1 0.025 b 0.013
26 3.223 0.054 3 0.077 §- 0.013
27 3.247 0.231 0 0.018 i 0.009
28 3.284 ns. :
29 3.302 1.S.
30 3.318 0.589 1 0.056 3 0.028
3 3.345 0067 4 0.141 8+ 0.014
32 3.372 1.148 1 0.115 0.21 0.25 3 0.058
33 3.425 1.296 1 0.129 3 0.064
34 3.473 0.165 3 0.197 §- 0.033
35 3,544 0.021 4 0.041 g+ 0.004
36 3.560 0.028 4 0.054 3 0.005
37 3.579 0.022 4 0.043 i 0.004
38 3.767 0.018 4 0.035 $* 0.004
; 2 0.010 g+ 0.002
39 3.791 - 0.077 { +4 0010 e 0.001
40 3.834 0.047 3 0.068 3 0.011-
41 3.861 n.s.
42 3.890 0.110 3 0.132 §- 0.022
43 3.937 0.048 3 0.053 8 . 0.009
44 3.974 1.324 1 0.101 3 0.062

0.124
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36Fe(d, p)*"Fe

TasLe 3 (continued)

Group  Excitation  gpe () | QI+10S Jn S
(MeV; {mb/sr) *) ") ") ")
45 4.039- 0.047 3 0.054 § 0.063
46 4.091 n.s. .
47 4.141 4.858 2 0.678 0.918 g 0.113
48 4.201 0.300 1 0.030 3 0.015
49 4.239 0.610 2 0.070 B+ 0.012
. 50 4.310 0.072 4 0.112 3+ 0.011
- 51 4.345 0.032 -3 0.033 §- . 0.005
52 4.382 10,585 1. .0.440 _ 4 0.220
[53 4.448 { T3 ogas < 0132Y §- 0:138
54 4.492 1.2/8 2 0.200 0.211 i 0.033
55 4,525 0.028 4 0.050 g+ 0.005
56 4.547 0.050 ) 0.006 i+ 0.003
57 4.571 0.132 0 0.0.2 . kN 0.006
58 - 4.594 1.561 2 0.200 0.402 g+ 0.033
59 . 4.655 0.190 3 0.176 o '0.029
60 4.695 n.s. '
6l 4.717 : ns. .
62 ‘4,744 0.218 3 0.220 i~ - 0.034
63 4.785 0.249 o2 0.032 . 3+ 0.005
64 4,824 5.286 | 0.486 0.220 9 3 0.243
65 4.899 ns.
66 4.914 -1.082 2 0.131 0.662 . £ 0.022
67 4.978 1.943 2 0.229 i - 0.033
68 5.001 0.095 3 0.085 L 0.014
: 1 0.063 i 0.032
6 5.049 1.823 { s oo i 0047
70 .5.080 n.s. '
7t 5.099 n.s. :
T2 5117 0.196 0 0.012 N 0.006
- 73 " 5.139 1.146 0 - 0.066 B 3 0.033
74 5.172 0.207 0 0008 A 10.004
75 5.195 ' n.s :
76 5.219 ns.
77 5.234 n.s
78 5.250 0.097 \ 0.006 3+ . 0.003
79 5271 ° 0,048 0 0.006 o 0.003
80 5.289 1.122 2. 0.121 0.312 & 0.020
81 5334 0.062 4 0.113 : 1 0.011
82 5.360 4.724 2 0.458 1.270 ;: g-ggg
83 5.419 2 0.034 .
{84 5.444 0.644 l T4 0173 P o0omr
85 5.465 0.426 2 0.045 i 0.008
86 5.502 0.054 - 0 0.003 i 0.002
87 5.520 0.053 0 0.005 0.003
88 5.545 n.s.
89 5.563 0.586 2 0.056 g - 0.009
90 15,609 0.396 2 0.056 kN - 0.009
91 5.647 n.s. )
92 5.661 n.s.
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TABLE 3 (continued)

o ®

]l’

Group  Excitation o J+1)8 A
(MeV) (mb/sr) *) % €} ") *)
93 5.688 _ n.s. _ 0.002
. 0. 0.004 it
94 5.708 0322 { +4 0453 § 0.045
95 5.743 0.272 0 0.010 N 0.005
96 3772 n.s. A
97 5802 0.142 2 0.017 §* 0.003
98 5.825 0.245 y) 0.026 §* 0.004
99 5.844 0.072 0 0.010 it 0.005
100 5.864 0.283 2 0.032 [ 2 -0.005
1G1 5.900 ' n.s.
102 5918 n.s.
103 5.936 n.s. -
104 5.956. 0.130 2 0.0i4 % 0. ggg
p +
106 6.025 0.642 2 0.067 i 0.011
107 6.044 0.771 2 0.087 $* 0.014
108 6.083 n.s. .
109 6.103 0.264 4 0.267 g+ 0.027 -
110 6.130 0.547 0. 0.034 3+ 0.017
111 6.148 n.s. _
112 617 0.528 2 - 0.060 kt 0.010
113 6.194 0.234 4 0.267 3 0.027
114 6.212 0.059 0 0.004 3 0.002
115 16.230 0.361 2 0.032 i+ - 0,005
116 6.252 0.078 4 - 0.067 i 0.007 .
117 6.270 0.263 4 0.300 Bt 0.030
118 6.305 1n.5.
19 6.323 n.s.
120 6.340 n.s. : :
121 '6.370 - 0.225 2 - 0,020 it 0.003
122 6.408 0.113 2 0.012 8 - 0.002°
123 6.427 2.047 2 0.200 8 0,033
124 6.496 ns. -
125 6.512 0.529 2 0.047 B 0.008
126 6.542 0.234 0 0.010 3 0.005
127 6.571 - 0.460 2 0.047 N 0.008 -
128 6.589 0.892 2 0.067 3t 0.011
129 6.640 0.891 2 0.067 3 0.011
130 6.672 1,129 2 0.093 B 0.016
131 6.703 1.036 2 0.093 2N 0.016
[ 132 6.725 '

1} Present work.

tions.

®) Cohen er al. 7).

©} Gridnev ef al. *); they have studied only ! = 1 transi-
9} These are I = 0 transitions according to Cohen et al. 8y,
A few weak groups were observed between group 37 and group 38 which are hardly above backgtound
a.nd a few between groups 123 and §24'which are not well resolved these are not included in the table,
~—GF in the analysis.



$5Fe(d, p)*'Fe

TanLe 4 -
~ Sum eof the transition strength (2J+ s ‘

Single-particle . 3%Fe Pairing #Cr SN
state in 28-50 9 5) theory v) e d .

shell ) ) )

2p 5.62 5.4 4.8 51 4.53 6.6 4.88

1y 5.81 53 - 506 52 6.3

1gg . > 608 9.8 > 6.7 106 116
| 2dy > 4.03 6.0 > 254 4.5

38y > 021 2.0 > 0.69 > 096
) Presentwork. ) Ref.). Y ReL!). G ReL ). 4 Ref 9.

A summary. of the separation betweet_x 2py—2p, states in this mass region has
been made by Rosalky ef al. 2*) and the present value (1.95 MeV) is in good agree-
ment with these (= 1.70 MeV). The present value of the ratio 25,/3 8, (=~ 1.6)is
also in fair agreement with the sum rule prediction of 2.0 MeV.

The }'S values for the 1f, states are in excellent agreement with those in S4Cr and
**Ni as well as with the prediction of the pairing theory. The energies E, also agree
very well with those in *“Cr, but are about 1 MeV higher than those in 3®Ni and those
predicted from pairing theory (tables 4 and 5). '

Tapiz 5 _
Results for Z§ and E; and comparison with those for isotomic nuclei and pairing theory
I : IS = U3? ‘

s.p. state in 36Fe Palring 34Cr- SANi

28-50 shell 3y theory 5y - DY _ %) ', 9
2py 0.78 0.71 0.56 ) - 076 0.67

2p; . 1.26 0.97 0.66 1.18-1.30 1]

Iy 097 0.91 G.34 0.88 - 1.05

1gy > 0.61 098 0.67 1.16

2d, > 0.67 1.0 0.49

Iny > 0.11- 1.0 0.35 0.5_3_

EJ (MBV) . .

s.p. state in Sspe Pairing ' . %Cr . 3ONi .

28-50 shell ) theory ’ 5) ) ) 9

2py 1.02 0 o4 0.11-13 | 03

2py 2.97 2.63 1.80 . 2434 22

1fy 2.06 - 093 ' 201 1.0 0.6

1gy > 4.03 3.09 > 2.09 s

2dg > 4.77 >4 > 343 6.0

38, >4 >34 ‘ 73

*) Prescnt work. ®) Ref.24). ) Ref. 7). 4) Ref. 18), *) Ref. 19),
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The small values of ES fo; the states 5s,, 2d, and 1g;, in particular for the former,
(all I = 2 and 4 transitions are assumed to correspond to the 2d and g, states) sug-
sest that these states are partially excited within the range of present excitation and

Q. .
—
6.0, =
8y — —_—
% r———— me—— _ R .
g S J—
c i .
:g ——
2 — = =
Xagl T T
W W e
2} — —
d —
aof s _—
Cr e S *or fa _sqNT-
‘F'Stdtes . p-states

Fig. 9. Energy level scheme for the isotonic nuclei **Cr [ref. !7)], *7Fe (this work) and 5°Ni [ref. '*)]
as obtained from (d, p) reactions (only the 2p-1£4 states are shown).

as such our data analyses for these states are incomplete. Their appearance at low
excitation indicates a considerable fragmentation and energy spread of the single-
particle state arising from the residual interaction.
It is interesting to note that while many / = 3 transitions are observed in the (d, p)
reactions in 5*Cr [ref. *7)] and *¢Fe (present work) (fig. 9) only three/ = 3 levels
in 3#Ni(d, p) reactions '8-*°) were observed which cairy the expected spectroscopic
strength The situation is all the more interesting for the g, state. While the shell-
model strength found by Cosman et al. 18) is completely carried by one level in $°Ni
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$6Fe(d, p)*"Fe

without fragmentation, against four levels observed by Fulmer ef al. !?), in the present
experiment many / = 4 transitions have been found, ¢ven then the strength is not

exhausted; in *°Cr one level was observed upto an excitation of 6.6 MeV carrying
S = 0.67.

TABLE 6 -
TS and E; values for 2p states in Fe isotopes

Nucleus '}:‘.S L5,158, E; '(MeV) Ref.

2p4, . Zpi 21).!_ 29}
$4pe 1.49 1.5 1.0 152 =~ 3.5 "
“fFe 0.78 1.26 1.6 1.02 2.97 vy
38%a 0.65 1.03 1.6 ‘ 0.22 1.02 )
) Ref."’). ®) Present work. ) Ref, 16),

Table 6 shows the values of ) S and E; for the p-states in ihe iron isotopes. Data
for *Fe and *®Fe are taken from refs. 23:15), As can be seen from a comparison of
E;, the p, and p, states are decreasing with the increasing number of neutrons from
a 28 closed shell as expected from the pairing theory. It is remarkabie that the p; state
moves down rapidly when two neutrons are added to the *®Fe. In general. the ob-
served energy variation of the p; state in the Feé isotopes is consistent with the ten-
dency found in the Ni isotopes *°). As regards the spectroscopic factors, the data Y°§
indicate that relative degree of filling of the 2p, and 2p, orbits become considerably
Jarge as the filling sheli contains more neutrons. -

Fig. 10 illustrates the intensity distribution amongst the levels belonging to a given
shell-model state. The spread of these levels has a simple interpretation in terms of t.ae
giant resonance theory of Lane et al. 25), namely, that they are approximately equal
to the imaginary part of the optical potential 7-*®). The cross indicates the position
of the ¢entre of gravity £, of these levels (fig. 10) listed in table 5. It appears that the
proton holes in the 1f; shell have no significant effect on the shift of the location of
the 2p and Ify states in **Cr and 37Fe even though the energy spectra are markedly
different in these cases (fig. 9), which is a direct consequence of the difference in the
proton number 27).

4.2. NON-STRIPPING LEVELS

A few weak levels designated “n.s.” (table 3) have been observed which do not
exhibit any characteristic stripping angular distribution. Some of the distributions
are displayed in fig. I1. These levels cannot be described by a configuration neutron

coupled to the ground state of *®Fe and are to be associated with a different reactmn
mechanism.

The states around | MeV (1.002 MeV and 1.196 MeV), for example, may be ac-
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counted for by a weak coupling of the captured neutron from the (d, p) reaction to the
quadrupole vibrational phonon'.

It is also apparent that some of the angular distributions (figs. 3-8) displaying
single-particle characteristics may have some small contributions from non-stripping
processes. A detailed discussion must follow a full Hauser-Feshbach calculation.
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Fig. 11. Experimental angular distributions. for some of thé observed non-stripping levels.

5. Conclusions

The spectroscopic factor § for the shell-model states excited in the *¢Fe(d, p)®"Fe
reaction and the position of the centre of gravity cf these states as deduced from the
present DWBA analysis agree reasonably well with those of the isotonic nuclei 3*Cr
and **Ni. A comparison with the occupation number U? of the paifing theory shows
good agreement. The obtained values of E; give a 2p;~2p, spacing of 1.95 MeV; this
agrees well with the values found from a study of (d, p) reaction ) in this mass region
(= 1.7 MeV).

It is interesting to note whe cnergy gaps between 2p, and 1fy, and between 1f, and
Ig, states. Table 5 shows a gap of & 1| MeV.between the former two states and of

« The lowest 2+ state in *5Fe s at 0.84 McV.
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2 2 MeV between the latter two, b*mg smaller than the values 1.6 MeV and 2.9 MeV
respectively found in *®Ni [ref. 19} -

“The measured spectroscopic factor for the 3s, state reveals that the state in 36Fe
1s just about to start filling, in contrast to the larger value of 'S in **Cr and **Ni
[refs. 17:19)1 observed within the present excitation. The appearance of 2d, and 3s,
components is indicative of a considerable fragmentation and spread of the spectro-
scopic strength: many more components of these lie at higher excitation than investi-
gated in the present experiment. The lg, siate is similarly seen to be widely spread
over several levels in a range of 2 3 MeV.

It is élear that the present study of the *¢Fe(d, p) reaction upto 6.7 MeV excitation

permifs us to obtain usehu precise spectroscopic information on the 2p-1{; states.
" To get compiete spectroscopic information on the higher states (1g,, 2d; and 3sy
states) would require an investigation of the energy spectra at still higher excitation.
This is a difficult task and the result wiil cease to have any good degree of accuracy,
since the level density is now increasing quite rapidly.

Finally, about the quality of the DWBA fit. The agreement is satisfactory in most
cases upto about 100°. The discrepancy at large angles may be due to the inadequacy
of the DWBA theory in that region or an uncertainty in background subtraction for
weak levels and a finite compound nuclear cross section. Their effect on § (which is
obtained from a normalization to the small angle cross section) and hence on E; is
~ however negligible in comparison to the usual uncertainty in absolute DWBA cross

section.

The authors would like to thank Professor M. Innas Ali for his interest in the work
and Dr. S. Hinds for kindly exposihg the plates at Aldermaston for us. They are in-
" debted to Professor B. L. Cohen for performing the DWBA calculations at the
University of Pittsburgh and to Professor F. B. Malik and Mr. M. S, Chowdhury
for helpful discussions. One of the authors (E.K.L.) also wishes to thank Professor
Schopper for kind hospitality during stay at the Kernforschungszentrum Karlsruhe.
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Circle Theorem for the Ice-Rule Ferrcciectric Models*

Kun Shu Chang and Shou-Yih Wang
National Tsing Hua University, Hsinchu, Tafwan, Republic of China

and

F. Y. Wu
Department of Physics, Northeastern University, Boston, Massachusetts 02115
‘ . {Recelved 20 July 1971)

We show that the circle theorem on the distribution of zeros of the partition function breuka
down for the ferroelectric potassiwm dihydrogen phosphate (KDP) model if the field lles outside
the first quadrant, We also use a :eceat result by Suzukd and Fisher to eatablish the circle theo-
rem for the antiferroelectric F model with a staggered electri “Teld. Numerical results on
the distribution of zeros for a 4% 4 lattice ara glven.

INTRODUCTION : rem,” This circle theorem has recently been ex-

: ' tended to a number of other models. Z QOme particular .
A central problem in the theory of phase transi- model which hag been discussed is the ice-rule fer- -

tions has been the Investigation of the distribution roelectric model of hydrogen-~bonded crystals.’

of zeros of the partition function.! For the Ising Yor the ferroelectric potassium dihydrogen phos-

ferromagnet in a magnetic field, Lee and Yang' - phate (KDP) model Suzuki and Fisher? (SF) showed

showed that all zeros of the partition function lie on that all zeroes of the partition function with an elec-

the unit circle, a result known as the “eircle theo- tric field in the first quadrant lie on t}'le unit cirele

*This paijer has been published in Physical Review, 4A (1971) 2324-2327.

~— 65 —



CIRCLE THEOREM FOR THE'ICB-RULE FERROELECTRIC, .,

[TV R ¢ §] ¢ H] % [1-}] jL M

++++E 5

KDP ;
dirsct figid '"‘“" Bev E-(hev)  Eo(hov) 3 S

Fin ¢ ‘ « - -aiea)
stnggersd fieid . €

si€@)

S(EA)
-ef€d)

FIG. 1. Vertex conflgurations and energies of the
KDP model in a direct electric field {k, ) and the F mod~
el'in a staggered field. The stagg'ered field varies algn
from ulte to site (see text).

at temperatures below the transition tamperature Ty
This result has been confirmed by numerical cal-
culations carried out by Katsura, Abe, and Ohkouchi®
{(KAOQ) for finite lattices, KAO have also computed
the zeroa of the antiferroelectric F model {n a direct
field, and found that, in general, they do not lie on
the unitcircle. Twoquestions now arise: (i) Does the
circle theorem hold for the ferroelectric KDP model
with fleld outside the first quadrant? (i{} Is there

a circle theorem for the ¥ model in a staggered
field? The second questlon is of importance becaus«
in an antiferroelectric model it is the staggerecC
field which plays the role of a direct {ield in a ferro-
electric model. We address ourselves to these two
questions in the present paper.

CIRCLE THEOREM

To answer the firsi question we have carried out
numnerical stedies on the partition function of a 4 <4
KDF lattice with an electric field in the second
quadrant. Qur result shows that the circle theorem
does not hold in this case. Infact, it is easy to see
the breakdown of the circle theorem by considering
just a 1 X1 jattice. We remind the readers of the
definition of the model as that given in Fig. 1.2
Let us consider an electric field (k, v} in the second
quadrant with k= - r. For a periodle 1 <1 lattice
only the four vertices (1)-(4) are allowed, the par-

tm 2

” o
L] L)
ﬁ--\:‘

/!

"

Re z

-

FIG, 2, Distribution of zeros for the 44 KDP lattice

~withh==p at €/kT=0,7 (T<Ty.

Re z

'FIG. 3. Distribution of zeros for tha 4x 4 KDP lattice

with k=—v al ¢/kT=0.5 (T>T).

tition function then takes the form

Z=2+y(z+z")l, {1)

where y=e*, 2=¢"%* It is now easy to see that
the zeros of Z, z=—y'+ (32~ 1)V2, do not lie on
the unit circle, Thus we conclude by this counter
example that in general the circle theorem does

-not hold for the KDP modet if the field lies outside

the first quadrant. Numerjfcal results which con-
firm this conclusion for a 4 X4 KDP lattice wlll be
given presently.

The second question canbe answered aff irmatively
as follows. The F model with a staggered field is
defined with the energy parameters as shown in
Fig. 1. Notice that the vertices (5)=(6) has . en-
ergiés +5 or — s depending on which sublattice, A
or B, the vertex belongs., However, this model
with position-dependent energies can be transformed
into one with uniform energies. The trick is to -

-reverse, in the enumeration of states, the arrow
directions along every other zigzag path in the

Im 2z

Re z

Distribution of zeros for the 4x ¢ KDP lattice
with h=—v at €/kT=0,1 (T>Ty.

FIG, 4,
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mz

FIG. 5. Distribution of
Rez Zevos for the dx 4 F lattlex
] with a staggered field at
§/R1=0,7 (T<Ty.

nottheast-southwest direction.® On- then has an.
equivalent modet with the following energy assign-
ments:

=8, &==8, @yzg,==, :

‘ (2)
E5= 8= =gy =€ .

where ¢, is the energy of the ith vertex, and, .in

|

‘first quadrant,®

addition to the vertex conflgurations (1)-{6) of
Fig. 1, two new vertices [numbered {7) and (8)] witl.
four arrows in or out are included. This model ia

‘however precisely a special case of the situation

considered by SF with a direct field A= v=}s in the
The resultiof SF now establishes . -
the following circle theorem Yor the F model.

The zeros of the, F odel in a staggered field lie
on the unit eircle for T< Ty, where Ty=</(k In2) 18
the t.ra.nsitlon temperature,

" NUMERICAL RESULTS .

For a 4 x4 lattice, the zeros of the partitiog func-
tion in an external direct or staggered fleld.can be
obtalned by the solution of a quartic equation, With
v=eM, z=¢ or z=¢"™, we find by explicit enu-
merations the following expressions for the parti-
tion function: for KDP with h= -~ v,

Zupp = 1 (2184 2710 Bv'z(z“ + 273y 4 (184 4BvYE L 124912 4 16v1%+ 12v%) {2*+ %)

+ (248y'% ¢ 496y"’+ 48"+ 8y') (28 + 27%) + (By™®+ 969" + 432y + 4951:‘“4- 2885°+32¢%+ 2 (3) 7

F with a staggered field,

Zp= (@4 21 4 165 (224 279 ¢ (1404° + ‘323;‘) (2°+ 27

+ {256y + 384y'°+ 144y%)(2* + 2 + (256" + B40v'%+ 3849104 152y%), (4)'

Introducing the variable

u=z'+z74 {5)

“we find
Zypp =y u' + 8yt + (481 + 124y‘=+ 16y'%+ 129"

4

+ (2244912 + 4060 4 4By + 8y u+ (184y"‘+ 49650+ 288y°+ 32v°+ 2), (6)

Ze=ub e 165% 08

These are quz,rtlc polynomials in «, and the zeros
of Z can now be found by the solution of a quartic
equation, The corresponding values of z can then
be obtained by solving (5). Notice that since {5)
Involves onty z*, we have always at least four 2’s
locating on a circle., This is due to the periodic
boundary condition imposed on the model which has

" FIG. 6. Distributjon of
Re z  zeros for the 4% 4 F lattice
[ with & staggered field at
€/RT=0.5 {T>Ty.

+ (14ov'+ 32y = 4Md + (zssy“ +384y'%+ 144y® - 48"} u

+{256"° + 640y'%+ 384y — 12855 ~ 64y%+ 2). (1)

[ :
the conseguence of conserving the number of down
arrows from row to row.” In Figs, 2-7 we present
results on numerical calculations of the zeros of

imz
X T
|
L] -
x n X x
o w7y
3 L3
Re 2
i
=
L3
* %
%< X M
x
x x

7. Distribution of zeros for the 4X 4 F latt?
with a staggered field at €/2T=0.1I (T>T,.

FIG.
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Zgpp and Z, for a 4 X4 lattice at three different

"temperatures, ¢/kT=0.7, 0.5, rnd 0.1. The
tranaition temperature is.located at ¢ /kT;=In2

210,803, Figure 8 confirms that the zeros of the F
model in a staggered fleid lie on the unit circle for
T<T, Itis also to be noted that our variable z ia
related to the conventlonal fugacity variable z= e,
where v =VZv is the maguitude of the applied {ield,

by the relation £=% . Evidently |£i =1 implies
lel=1,
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Investigation of the *Mg(d, p)”Mg Reaction below 3MeV () (")
B. K, Lnx, W, N, Wang and J,..G. Yvu
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W. C. TunG
Inatitute of Nuclear Energy. Reseprch, Atomic Energy Council - Taiwan

{(ricevuto il 4 Maggio 1971; mahoscritto reyisionato ricevuto il 13 Tuglio 1971)

Summary. — A study was made of the reaction 2Mg(d, p)>?Mg in tho
deuteron cnergy range from 2.0 to 3.0 MeV. Angular distributions in
the range of {30 -140)° af E,=2.1, 2.3, 2.5,-2.7, 2.8 and 3.0 MeV were
measured. Excitation functions ranging from 2.0 to 3.0 MeV were
obtained for the reactions leading to the ground and first excited states
of ¥Mg. The direct stripping cffect was found to give a cousiderable con-
tribution to the P,-transition, and its significance appears to increase
gradualiy at bombarding energies from 2.1 to 3.0 McV. The distorted-
wave Born approximation (DWBA) was used to calculate the spec-
troseopic factor for the ground state. The mecasured angular distribu-
tiona of higher proton transitions indicate that compound nucleus
formation becemes more important-relative to- the stripping process.

(*) This paper has besn publisked in Nuovo Cimento, 8A {1 972) 801-811, also in

Annual Report of the Institute of Physics, Academia Sinica, {1970) 6172,

(**} Work performed at the Physics Research Centey in IHsinchu and supported by the
© Academia Sinica and Tsing Hua University.
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KINEMATICALLY COMPLETF. INVESTIGATION OF T=0 EXCITED STATES
OF “He BY INELASTIC SCATTERING OF «-PARTICLES ON “He *

.E. L. HAASE, W. N. WANG t and M, A. FAWZI
Institut fiir Experimentelle Kernphysik der Universitét und des Kernforschungszentrums
Karlsruhe

Received 11 March 1971
(Revised 17 May 1971)

Abstract: Using 104 MeV a-particles coincidence measurements were carried out for the following -
_reactions: ‘I-[e(a, «'t)'H, *He(a, «’*He)n and ‘He(x, @’d)*H, In measuring the correlations,
the detector of the inlastic a-particle was kept at a fixed posicion and the second detector.

scanned over_a range of coplanar angles favouring *He final-state interactions.

symmetry of the extracted angular correlations about 0 and 90° in the recoil c.m. system agree
very well with the model of sequential decay. The angular correlations agree well with the
predictions of a simple theory using the impulse approximation.

E NUCLEAR. REACTIONS “He(x, «'t), *He(x, «'3He), *He(z, «'d), E = 104 MéV;
measured o(E,, E,, 8,, 0, ). *“He deduced resonance parameters. Natural gas target.

*This paper has been published in Nuclear Physics, A172 (1 971) 81-98

' On leave from the Institute of Physics, Academia Sinica, and Tsing Hua University, Taiwan, -
China. : T
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Boltzmann FEquation with Fluctuations
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State University of New York at Buffalo

Absiract

From tne Liouville equation, by the method of multiple~time-scales, a generalized
Boltzmann equation with fluctuations is obtained on the statistical considerations of the
randomness of the many-particle correlations in the macroscopic picture. These fluctuations
lead to an H theorem in which the H function decreases, wita fluctuations, with time toward
equilibrium. These fluctuations furnish a source for a rzndom force term introduced by Fox
and Uhlenbeck in the Boltzmann equation.

In ro uction

The following properties of the Boltzmann equation arc well known:
(1) As a consequence of the Stosszahlansatz in the formulation of the collision integral, the
Boltzmann equation is not invariant upon the reversal of time, and the time arrow is expressed
by the H theorem

d d‘?& <0 I D

(2) The monotonic decrease of the H function shows that the Boltzmann eguation describes a

monotonic approach to equilibrium without fluctuations.

On the other hand, in the attempts by Boltzmann(®?’ (4 to reinterpret the H theorem in
views of the criticisms of Loschmidt and Zermelo, the Probability basis of the H theorem was
emphasized, namely, when the state of the gas is not taat of equilibrium, the collision
integral is to represent the overwhelmingly large probability that the collision leads to a
decrease in the value of the H function. From the collisica integral and the definition of the
H function, it follows that this probability of decrease ¢f H remains tae same if tae velocities
of the two colliding particles are reversed. * According to this reformulation of the meaning
of the H theorem, the H function can rise above the minimum Cor, equilibrium) value given

by -gﬁfiaO, only to decrease to the minimum value again with a large probability. While the

physical and probability considerations are all satisfactory, there does seem to be a lack of an
explicit mathematical expression of these fluctuations, especially from the point of view of the
usual Boltzmann equation,

¥ But this does not mean that H decreases both in the forward and the backward directions

of time,
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Very recently, Fox and Uhlenbeck¢®> have studied the question of fluctuations. On
statistical theoretical but more or less ad hoc ground, they introduce a random "force” term
in the usual (linearized) Boltzmana equation. On the assumption of general statistical
properties concerning tais term, they have been able to justify and to extend the earlier
theory of Landau and Lifshitz¢™ in which terms representing fluctuations are added in =
heuristic manner to the hydrodynamical equations.

Since 1946, the theory of the formulation of a kinetic equation (a gensralized Boltzmann
equation) on the basis of the Liouville equation has been developed by many authors. ¢*?7¢3’
3 The so-called B-B-G-K-Y hierarcay of equations have been treated by two metiods,
namely, the “functional” method of Bogoliubov which is similar to and an extension of tae
Chapman-Enskog metihod of solving the Boltzmann equation, and the “multiple-time-scale”
method suggested by Krylov and Bozoliubov ¢*®? for nonlinear mechanics and applied by
Frieman¢®’ and Sandri<*> to tae kinetic theory problem. It has been found in bota metiods
that under certain assumptions about the initial conditions (on the many-particle correlations),
one obtains a kimetic equation whica reduces to tie usual Boltzmann equation upon making
some approximations. This generalized Boltzmann equation also contains no fluctuations, but
leads to a monotonic approach to thermodynamic equilibrium.

The purpose of the present work is to obtain a kinetic equation with fluctuations from
the B-B-G-K-Y hierarchy of equations of the Liouville equation, with the method of
*multiple-time-scale”’, on consideration of the lack of definite knowledge about the initial
microscopic state of the gas. '

Kinetic Equation with Fluctuations

We start with the Liouville equation

00 —~(m,D) (11-1)
where H is the Hamiltonian of the system (N partices, without external fields), D the density
(probability) in [’ space,

B=-5lpe 4 3 #Un—7iD

=, 1=i% §
§--IDCq1, qu, b1, bx,t) dXydXy=1, (11-2a)
dXi=dqi dps,
and the curly brackets denote the Poisson brackets. Let Fy be defined by

Fo(X,, X, )=V DdXs1dXn (I1-2b)
so that F. has the dimension (momentum)}-3'. V is the volume of the system,
N Fia.0,0) dp=n(a,D | (I1-20)

is the number density of particles at ¢ and t. From the Liouville equation, one obtains the
B-B-G-K-Y hierarchy of equations¢*®

381‘;1 +K FiDean, Ly (1;2) F; (1,2) (11-3)
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Bolzman Equatton with Fluctuations

P«
aarﬂ +I].2 F-g;:ln() Lg (1,2;3) F3 (1’2’3), (II_4)

where

N . 1
Ro=—5, KL= - b1V, (II-53)

1 is the particle index,

Ly ()= dg; dp; v, gl,_.apaT

L:(1,2;53=Ly(1;5)--L(2; ), (1I-5b)

2

_ “1,‘.. - . 2—‘ 5 L] a
H2 E :;1 m pi Vi i%i Vi ,di _EJE’ efc

gt

The formal solution of (II-4) is

"
Fy (1,2;8)=2 F, (1,2;0) (1I-6)

"'Hztj‘ Hgﬁ
+7y7 o dle L:(1,2;10Fe(1,2,7;2),
and (II-3) becomes

oF
___3?1_ LK. F, . (IT-7)
sno Li(1;7) {e Fy(1,2;0) +no ¢ vdle  Li(1,2;70F5(1,2;2))

Fa (1, 2, 3; t) is given by the next equation in the aierarchy (II-3, 4) in terms of F. 1,
2, 3, 4; t), ete. If these functions are known from their initial conditions, then the “kinetic
equation” (II-7) in principle completely determines Fy (g, ;t) without any random fluctuations.

Now in the spirit of statistical theories, we do not possess, mor are we interested in, a
knowledge of the microscopic state of a system (2 gas of N particles). We can only specify
a macroscopic state, in terms of macroscopic properties. But uny given macroscopic state
corresponds to a large number of microscopic states. For example, a knowledge of the
macroscopic quantities n, u, E

Particle density: n(r,fd=n.{F; d , _ - (II-8a)
Mean Flow velocity: u(r,t)-‘-anoj—%—Fl dp, (1I-8b)
.. 13 ’

Mean energy dengity: E("’t)“”f']‘_zﬁ F. dp, (11-8¢)

leaves tae function Fy (g¢,p;t) still unspecified. In this sense, we shall regard the initial
values of the F. as random functions.

We shall express the kinetic equation (II-7) in a form which is closer to the usual
Boltzmann equation. Let 7y, 7;, T: be the characteristic times defined by the time of a
collision, the time between two successive collisions and tie time, say, for sound to traverse
a macroscopic distance, namely, '

0
To=a—— Ty~ —
w0 YT

, Ta== —— : (I1-9)

3
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waere 7o, A, L are respactively tie range of intermolecular iateraction, the mean free path
and a macroscopic length, and u is the mean thermal speed of the molecules, and . is the
speed of sound in the system. For ordiaary temperatures and densities,

ToiT1iTe X10-1E: 108104 (II-10)
In a gas, the state evolves in time i1 a complicated way. Let tne time t be replaced by the

taree indepandent time variables

f=af (T4,71,T2) (1I-11a)
witn
%r" =.€n’ 1’1—‘—‘0,1,2, (Ilhllb)

where€ is a parameter{{l (&=10-* in equation (II-10)).
These taree time scales are indepenzent since their origins are completely arbitrary. In fact
even when a gzs has come to thermal equilibrium, processes involving collisions persist,

Thesa collisions Izad to fluctuations (in n, u and E in (I1-8) ) in the time-scale 7..

We shall expand all functions Fy, Fa, Fa, «ceeeeeaa... in powers of €
F1='E e Fl(n) (70)71’--')7
" JII-12)
F!=E e* F'(""l (To, Tl!"'): S=2:35"-N
From (II-11), we have
_.d__.—_-_a_ a* 2 a _
" m +€ o +E& ars +... (II-13)
Equations (II-3), (II-4) become, on dropping the subscript 1 from F,, *%®
OF ) g, FOrag 11-14
Jry t ? ( )
aF™  pFH ) ) _
Tor, | dre +H D =n LG DF 0,0, (11-15)
gF, 9
_._el_.o___;.Hzpz €0 =), (I1-16)
1) (85}
DL 4 OB H, Py g L1 2IDF O (1,20, (1117
3:1 0:0
gF,<m :
e +H, F,(0 =), (1I-18>

where H, is obtained from H; in (II-3) by extending the sumniation to i=7,
Let us make the Ansatz
FotM(1, 2; 1y, T1,ee)=F (1; 74, 77...) FO (2 74, 74,...) (1I-19)
G (1, 27 To, Ti,eee).
The solution of (1I-14) is

"'"Kl TQ -
F (15 79, T1,4..) € Fto (1 79=20, 71,...) (11-20)
= (§3]
Z-To F Cl; 0: TI:"'))
or
FO (130, 0,000 2, Fe (1 70, 7,000, (11-200)
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The solution of (1I-16) is

: —H; 7o
F::(U) (1’ 2; TO, T]_’,.'):e FE(O) (1, 2; 0, Tl:.-o) (II'ZI)

0
L3

- (1,2 [tfrlz

-T

(1

b}
(D F (5 70,71, 0+GO (1, 25 074,..) |
To -

It is important to note here that the two-particle correlation function G<® (1, 2; 7y,7,,...)
at 7o=0 must not be set equal to =zero, but G "(1, 2; 0, 7,,...0) must be left as an
unknown random function in tie 7y, Ta1,... time scales.

If we put (I1I-21) into (II-15) and set
M -, (D

-.ag:l’_.mnﬂ L (1,2 Z [‘Wx Z_ FO (D46 (1, 25 0, 71,...)  (11-22)
X _ -
where _
1) :tf('l To
Z (1D~ lim e
«Q Tog=>30
(L2 :!:HE To,
Z (A,2)= lim e ' (TI-22a)
o 2 To=—>>

then equation (II-15) will approach, as To—vo (i. e.,>d70),

GF

Cgry TK FO 0, (11-23)
and F¢1 does not increase secularly in the 7o scale, On combining (II-14) and (11-22), and
using (II-11) we obtain

C*ai‘ K, F (1) | (T1-24)
€3 1)

=ng L. Z T™Z () FOY (D+ne L1 (132G (1, 25 71,...0

—cot*l oo
where

(33

G (1, 2; 7y,...0=Z G®™ (1, 2; 0, z,,...) (I1-25)

—_—

G (1, 2; ©1,...) is tis the value of the two-particle correlation function traced back, in
accordance with th= equations of motion of the two particles govermed by the Hamiltonian
H; in (1I-2). If we impose tiae condition that

G (1, 2; 1,...0=0, (I1-26)
equation (I1-24) is then the generalized Boltzmann equation obtained by Bogoliubov, ¢(1?’Ci®
, (D
(g HKOF® any Ly (LDZE, T 2 FO (D, (I1-27)

. i= co

which reduces to the usual Boltzmann equation if the inhomogeneity of F( within a region
of the size of the range 7o of intermolecular interaction is neglected. In this case, there is
no fluctuation.

The initial condition (II-26), however, is too strong a condition and must be examined
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more closely. We must remember that the time variables 7o and 7, are independent in the
sense that, if we regard the time t as a linear sequence, at any instant t , there are imbedded

in t the wvariables ro, 7, whose origins are independent and arbitrary: In an interval of

. . , 1. . . :
order 7, there will be of the orderAé' intervals of 4, and—elfxndependent origins of tnese—é

intervals of 7o over each of which the time scale v, spans. The condition (II-26) amounts
then to setting the correlation G (1, 2; 0, 7,,...)=0 independently of t in the 71, T2,..-
scales. The condition is of course mathematically permissible; but it defines a time arrow by
an initial instant, or a “past”, at which there are mo correlations so that the system evolves
in that direction of time in which the particles become correlated by virtue of their
interactions. The result is the time irreversible Boltzmann equation. From the physical
point of view, the assumption of (II-26), or other definite knowledge about the initial
condition of the gas, is not consistent with the spirit of the theory of macroscopic description
of a gas.

In view of the discussions on the statistical point of view following (II-7) above, we
shall regard G (1, 2; =,,...0 in (II-25) as an experimentally unknown random function in
the 7, time scale. Equation (II-24) is then a “Boltzmann equation” wita a random force
term, namely,

(Ltk) Fo (D)

=n, L1 (1,2) Zflo‘frl ZS) Far g, +8(1;t3 (I1-28)
where

CCas, pr; D=nofldqs dbs Vs Fraes0— GO (1, 2; 1) (11-29)

op

is a random function since G¢°? (1, 2; ¢) is a random function.

On writing

FO =f(l4ed=f+ f (I1-300
where f is a solution of the Boltzmann equation (1I-27), and for “‘small” fluctuations
|1 F CII-31>
one obtains the linearized kinetic equation
 w~N7
(2+k>f

e~

—ite Ly 200 [zij’ FzY Foe 2l fz? f(l)] +CC; B, (T-32)

If we are interested in the fluctuations from the equilibrium state, i. e.,

Fofean. (P, (I1-33)

this linearized equation becomes
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(Dt pe) 6q, 13 D
~=[fdpy d? g o(g, 6 fean (b1 LoCq’, p7; D+(q’, p17%; ) (11-34)
~¢Cq, p; D=6, prs I+C Cq, p; B
where gﬂ—”lrlpl-—pl , ¢ 13 the cross-section of the two-body collision, and dQ is the solid

angle of the scattering, and p”, p,” are the momenta of the two particles such that after

collision at g they become p, p.1 respectively. Equation (II-34) without the (::' term is the wusual
linearized Boltzmann equation in tae Chapman-Engskog solution of the Boltzmann equation.
Equation (II-34) is just taat recently obtained by Fox ¢ who introduces a random force term
in the usual linearized Boltzmann equation on statistical considerations. The approach from
the Liouville equation in thé present work thus has furnished a source for a fluctuatien term in

the Boltzmann equation.
The H-Theorem

The original statement of the H theorem (I-1) by Boltzmann on tae basis of the Boltzmann
equation has been criticized by Loschmidt and Zermelo. These criticisms were based on the
assumption that the evolution of tae H function is determined by dymamical laws. In fact, if
the kinetic equation, written in the form

oF

57 = F _ (II1-1)
is time-reversal invariant, i. e., if upon time reversal
t——1,
p——p, (LI1-2)

- Fq, p; O->Fg1—~¢;—w2=~Fq, p; <),
(III-1) goes into
oF .. T _
e =X, (I11-3)
then it can readily by seen taat

dH
—dr =s(), (I11-4>

The Boltzmann equation containing the Stosszahlansatz is however not 2 consequence of
dynamical laws and is not invariant under time reversal. That the Boltzmann equation leads
to (I-1) is therefore not subject to the objections of Loschmidt and Zermelo. Boltzmann has
subsequently reformulated the H theorem by giving it a probability interpretation. The

collision integral is taken to give the probable decrease of H whenever H is above the asymptotic
minimum given by—c;f—=-0. The H function for one individual system may rise, but the

average of the H function of a large number of systems is to be described by the H-theorem
(1-1), This formulation of the H-theorem has been discussed by Boltzmann, %> P, and T,
Ehrenfest (*> and ter Hear¢®?, It remains, as noted in the Introduction above, to have an
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explicit theory for describing the decrease of the H function on the average but with
fluctuations.

We saall first snow that the fine-grained time behavior (in the 7, time scale) of the
system as described by the Liouville equation does not yield fluctuations. Let us take equation
(I11-3), and write

Flzo, Tr,ee )= (T1,.00+0(T0, T1,.0.) (11I-5)
where f is the "slowly” varying part, i. e.,

Tiyeea)= i 1
ST, 00D 7}121& TJ-UT F(to, 71,...) dra, (111-6)
or
P25 [ Teteo, 71,0 ddrem0. (I11-6a)
Similarly, for the G in ‘
we write
GCTD; 71,---)“'gcfl,---)+x<70, TI:"'): (III—S)
where
= i 1
ga-d= lim S TGy, o, dr. (111-9)

On making expansions of F, G as in (II-12), and if we assume the initial condition

GO (74=20, 7,,...)=0, (II1-10)
we obtain for f(ri,...) the generalized Boltzmann equation (I[-27). If we define the
coarse-grained time H function by

H={] f1n f dg dp | (III-11)
then we obtain
dH  dH
a4 <o, (I1-12)

which is the H toeorem in the usual form from the Boltzmann equation. The fine-grained
time H function is defined by F of (III-4)
Heaff Fln F dg dp (II1-13)
in the 7o time scale, In this time scale, F is given by the time-reversal invariant equation
(11-3), and it follows from (TIT-1)—(III-4),
dH
dTy

We summarize the above result by saying that if we assume the initial condition (II1-103,

0.

then the Liouville equation leads to an H function which decreases monotonically in the
coarsegrained T, time scale, but in the fine-grained 7, time scale remains constant., There are

no "fluctuations”,

r~

Let us now use the kinetic equation (I1-28) wiﬂl the random term C (¢, p; £). On putting
(II-30) into (III-13) we obtain
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dH d
A~ i Fin Fodg ap
~If dgdp (141 1) T +Clrln HEL 41n (1o 5y OF CIII-15)

The first term is the gf— as given by the usual Boltzman equation and is( Z;‘_I_) Boter 0.

The other two terms contain tie fluctuations f determined by the random function C (g.p; D

in (II-32) and may have all values = 0. It is to be noted that these fluctuations in H are in

the v; (mean free) time scale. These fluctuations in H correspond to fluetuations in the entropy
in the approach of a system to equilibrium.

The authors wish to express their appreciztion of the discussions with Dr. Y. C. Lee on

tiis work.

[Sh]
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Abastract

The Mg?®¢: 2% (p,p> Mg?*+2¢ differential cross sections have been measured at Ep=1.5-3.0
MeV by using targets of high enrichment in Mg2* and Mg3® respectively. Excitation functions
for the elastic scattering of protons have been obtained at center-of-mass scattering angles near
130° and 150° for proton energies between 1.5 and 3.0 MeV, Scattering angular distributions
were measured at three energies in this range. The elastic scattering excitation functions
exhibit conspicuous resonances at Ep=1.63 MeV for the Mg2* (p,p) case and at Eba2.03 MeV
for tne Mg?® (p,p) case. The measured angular distributions show a characteristic of symmetry
about 90° at resonance and a charac_teristic of Coulomb scattering at non-resonant energies.
Differential cross sections for elastic scattering of protons from Mg?$ were found to be somewhé.t
larger than taose from Mg3+* in tas energy range investigated. |

1. INTRODUCTION

The elastic scattering of protons has been studied rather extensively in the last decade.
A large volume of data has been accumulated at variously high energies. However, the
low-energies experiment has been performed over limited energies at few scattering angles. The
investigation of elastic proton scattering on even-even nuclei at low energies is well kmown to
be a useful tool for studying nuclear energy levels at higa excitation. Measurement of the
angular distributions and excitation functions would serve to give a knowledge of the resonant
energies and widtas of compound nuclei. From phase-shift analysis of elastic scattering data,
it is possible to determine definitz values for tie momenta and parties of the excited states form
in the compound nucleus.

Th2 Tsing Hua Van de Graaff accelerator provides a variable-energy source of protons at
low energies for suca scattering studies. A program was planned at tais laboratory for
investigation on proton resonance reactions for a series of target nuclei and bombarding
energies, wit tie aim of studying niga-lying levels in compound nuclei. The present experiment
was undertaken to measure tae differential cross sections for the elastically scattered protons
from 3tMg and ?*Mg at the bombarding energies below 3 MeV. This paper describes the
experiment and presents the data obtained. The continuatioa work in deal with the analysis is

(*) Work performed at the Physics Research Center in Hsinchu and supported by the Academia
Sinica and Tsing Hua University.
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in progress.

Previous works on **Mg(p,p)** Mg and 3°Mg(p,p)?® Mg reactions at low energies have
been reported in refs. 1 and 2 and refs. 3 and 4 respectively. Many resonances in the energy
region of Ep-=1-4 MeV have been reported.

2. EXPERIMENTAL

The proton beam at energies hetween 1.5 and 3.0 MeV from tie Teing Hua Van de Grasff
accelerator was used to bombard tarzets of 3*Mg and 3Mg. The elastically scattered protons
were analyzed wita two ORTEC surface-barrier datectors. The Cetection system was adjusted to
select and count only the desired elastically scattered protons. Tas accumulation of beam was
performed by using a current integrator and a monitor. The monitor was employed as a c¢aeck
on tne beam integrator system and on the uniformity of the target for the angular éistribution.
The total number of protons scattered elastically =t a given angle was determined from the sum
of two ruas. A more extensive descript ion of the experimental arrangement Aas been given
previously (32,

Tae targets of **Mg and **Mg werz preparad by t's: vacuum evaporation(®? of magnesium
in nigh enrichment (~93%) and werz deposited onto a tiin carbon backinz (~10xg/cm?).
The targets used in this experiment is of ~30 Mg/cm? thick. The thickness was determined by
assuming tdat the scattering was Rutherford near 1 MeV and was ciecked by compzaring tae
data taken from the (d,p) reaction wit values obtained in the previous experiment in tais
laboratory for studies of the Mg(d,p) reactionst??.

Data were collected at laboratory angles of 130° and 150° in steps of 15 keV from Ep=21.3
MeV to 3.0 MeV to obtain energy excitation functions; tie proton ensrgies range investigatad
corrzsponds to excitation energies of 3.73 MeV to 5.17 MeV and 9.71 MeV to 11.25 MeV in the
compound nuclei #%Al and ¥7Al respectively. In addition, data were zlso taken at three ifferen

energies and angle ranges of 50° to 15)° to get angular distributions.
2. RFSUITE AND DISCUSSICN

In Figs. 1 and 2 are shown the yield curves for protons scattered elastically from 2*Mg
and **Mg, respectively, at the laboratory angles of 130° and 153°. Th= full line is drawa
tarough tihe data points. For comparison, the calculated Ruatierford cross section is also siown
in Figs. 1 and 2 by the dash line. The experimental uncertainty in ti= measured absolute
cross sections is of the order of 1025, The principal sources of uncertainty were tie nonunifor-
mity of the target and the beam integration.

For 3*Mg, the only resonance type structure appearing in te yield curves was observed at
Ep=1.5-1.9 MeV. In tais region there is a pronounced resonance at Ep=+1,63 MeV, correspo-
nding to #%Al level with excitation energy 3.85 MeV, This characteristic is similar to tie
yield curve of Mooring et al ¢ > measured at an angle of 164°, which shows the striking
resonance at Ep=1.63 MeV. Valter et al¢3’ have assigned tais level to have odd parity andi

unit of angular momentum. The otaer significant feature of the measured yield curves is’ that
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boti cross sections at £;4y=130° and 6,,,—150° tend to decrease gradually as Ep increase and a
minimum appears near E£p=3.0 MeV. It has been shown(® that there is a resonance at Ep=s
3.14 MeV. In general, the observed cross sectiuns are about 304 higher than the Rutherford
scattering cross sections,

The differential cross sections as a functon of angle for the elastically scattered protons
from **Mg are shown in Fig. 3. The data were recorded in 10° step from 50° to 160°. The
angular distributions vary smoothly as a function of energy. The differential cross section
decreases with increasing bombarding energy. The trend follows closely with the Rutherford
curve at off-resonance region. Significant deviation from Rutherford scattering was observed in
the angular distribution at Ef=3.0 MeV. All data points at angles larger than 99° are lower
than tihe Rutherford curve.

For *f Mg, taes measured excitation functions as shown in Fig. 2 indicate some resonances
appearing at Ep between 2.1 MeV and 2.5 MeV and a conspicuous anomaly at Ep=2.03 MeV
in the elastic proton yield., This corresponds to a doublet with resonance energies at Ep=2.025
MeV and 2.050 MeV with widths /'=140 keV and 70 keV, respectively, as observed in ref. 4.
Our data gives /"=50 keV for the 2.03 MeV resonance. The corresponding energies of excited
states in the compound nucleus 27Al are 10.222 MeV and 10.245 MeV. These two resonance
states were found ¢4:8) to be 3/2- and 1/2* respectively. As is sesen from Fig. 4, the
measured angular cdistribution for the 2.03 MeV resonance show a characteristic of symmetry
about 90°, while t1= measured angular distributions at other energies in the off-resonance
region follow taz Rutaerford curve. Th2 results of measurements are in fairly agreeement
wita thosz of tae earlier works. ¢3,%

It is noticeable that there is somewhat change in the manitude of the cross sections for
elastic scattering of protons from **Mg and 25Mg. The measured magnitudes of the differential
cross sections for *°Mg are somewhsat larger than those for 24Mg. The other noticeable change
in the cifferential cross sections is the fluctuation as the energy of the incident proton changes.
The #*Mg data in tl12 excitation functions show rather smoota curves except near Ep=1.63
MeV resonance. However, we have missed many very narrow resonances in thais energy range.
The large thickness of the target used and insufficient energy resolution made it difficult to
study fine structure of narrow resonant levels in the compound nuclei 2’Al and 27Al in the

present experiment for tie elastic proton scattering.
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Abstiract

The 37Al (p,7D ?58i reaction has been studied in the proton energy range 925-2760 KeV.
Sevénty-four resonances were observed. Gamma-ray spectra of two new strong resonances at 2720
and 2743 KeV, corresponding to the 14.310 and 14.237 MeV levels in 3851, were measured by
a 50-cc Ge(Li) detector. Decay schemes for thess two resomance levels w re proposed and
branching ratios of the de-excitation of gamma-rays were determined. Frm arguments on
transition probabilities it seems to favor a spin assignment for both resonance levels to be J7=3*.

1. INTRODUCTION

In recent years, a considerable amouat of spactroscopic iaformation on a large number of
nuclei has been obtained from the analysis of.the (b,7) reaction®®. In particular, th: 37A]
(b,7) *35i reaction has been extensively iavestigated (3-)_ Previously the AL (p,y) 88§
experiments have been performed, mainly with proton energiss from 1.0-2.0 MeV. For Ez=
0.2-1.4 MeV the results available in 1967 were summarized by Endt and Leun¢™, The excitation
curves obtained show many narrow resoaances correspoading to compound nuclear states of 22Si
in the region of~13MeV excitation. Among thes: resonances, de-excitatioa gamma-ray spectra
from several strongly excited resomances, which populate a large number of 3'S; levels, in this
proton energy range have been investigated, and the information on decay properties, spins and
parities of the 2%Si levels has been obtained.

Receatly Meyer et al¢®>, who have studied the 27Al (p,7) 93Si reaction i1 the energy
region E5=1.01-2.00 MeV, have observed a new resonance at £,=1683.7 KeV. Lam et a]<®
have repcrted an extensive investigation on a proton resonance at Ep=1724 KeV. The resonances
at proton energies above 2.0MeV have been investigated by Gibsop et al®®*, who have reported
six proton resonances at energies between 1262 KeV and 2319 KeV, and by Lyons et al‘% who

> Work performed at the Physics Research Center and supported by the National Science
Council of the Republic of China.
©#% On leave from the Department of Physics, University of Ottawa, Canada.
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have made total yield measurements in the proton energy range 327-2584 KeV in an energy step
of dE,=2.5 KeV. The energies of strongly excited resonances observed in tae *7Al Cp,7) *Si
reaction have been determined to a accuracy less than 1KeV. These values of resonance energies
are now considered as a standard source for calibration of proton beam energies of the accelerator.

The present work reported herein on the 37AI(p,7) 78G5] reaction was carried out In an
exploratory nature. The present experiment copsists of yield measurements for the 37Al
(p,7) 3%Si reaction in the proton energy range 925-2760 KeV and of gamma-ray spectra
measurement at 2720 KeV and 2748 KeV resonances. Since we have extended this work to higher
energies (Ep>>2.50 MeV), more resonances have been observed, and the corresponding level
energies of 33Si have been accurately determined. It was hoped that our results would present
useful information on the 37Al(p,7)?% Si reaction, which would be needed for cezling with the
investigation of the (p,7) reactions on target nuclei other than aluminium.

2. EXPERIMENTAL DETAILS

The protons were accelerated by the 3.0 MeV Van de Graaff accelerator at Tsing Hua
University. The beam current was 5-10 #A in the proton-energy Trange investigated. The
energy resolution of the accelerator was about 1KeV. Tae beam erergy was determined by usual
nuclear magnetic résonance method. The magnetic field was controlled by a current regulator
unit supplied by the Spectro-Magnetic Industries, and was calibrated with several well-known
resonances between 992 KeV and 2560 KeV in the 27Al (p,7) 3%Si reaction‘®»7>., The calibrated
proton energy was related to the frequency f of the NMR fluxmeter by the equation

) Ep=kyfithef +ks
whére the constants k., ks and k; were determined in the calibration, and it was found that
the contribution of the ks and ks terms to the calibrated energy are only about 3% and 1% of
the %, term, respectively.

The experimental arrangement is shown in fig. 1. After passing through quadrupole magnets
and collimators, the beam was focused to a fine spot on the target. Targets were prepared by
vacuum evaporation of Aluminium (99.99%) foil onto gold backings (of~0,4mm thick). The
thickness of the prepared targets was between a few #g/cm? and 20 £g/cm?. In the course of
the experiment, targets were cooled by circulating water, directly against the backings. A small
target chamber was specially designed and constructed ‘*> for the (p,y) experiment. Four
targets can be mounted on a slowly sliding target holder driven by a small motor and they can
be interchanged inside target chamber.as desired without breaking the vacuum. This arra
ngement and water cooling of the targets permitted continuously ruaning for periods of 24 hr or
longer in the gamma-ray spectra measurement without noticeable target deterioration. A liquid
nitrogen cold trap was mounted near the targets to reduce contamination buildup.

The gamma-ray were detected in a 3*3” Nal (TI) crystal enclosed in a lead shield of the
cylindrical shape, and also detected in a 50-cc Ge (Li) detector purchased from ORTEC, OQak
Ridge. These two detectors were mounted oppositively at 90° to the beam direction and were
placed as close as possible to the target (at a distance 4cm from the target) in order to increase
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the total gamma-ray detection efficiency. In front of both detectors, lead absorbers of~2 mm
thickness were placed in order to reduce the large low-energy count rate caused by bremsstrahl-
ung and Coulomb excitation in the gold backing.

For yield measurement the NaI (TI) crystal was used. After amplification the gamma-ray
pulses were fed to three single chaigel analyzers which were set to accept pulses corresponding
to photon energies 1780 +71 KeV, 6880+275 KeV and above 7500 KeV, respectively. The
outputs from single channel anlyzers were recorded in three scalers. The electronic arrangement
is shown in fig. 2.

About thousand points were obtaiped for the 'excitation curve, covering proton energy range
925-2760 KeV. Data were taken at an energy step of 4E;=1-2 KeV. The integrated charges
per point is 20 pc or 40 pc. Measurements were repeated at least twice for each data pcint in
a separate day with maintaining same electronic conditions.

Measurement of de-excitation gamma-ray spectra were made at two proton resonances (FEp=a
2720 KeV and 2748 KeV) by using a 50-cc Ge (Li) detecter. The energy resolution of the
employed detector was 2.1 KeV. The obtained gamma-ray spectra were stored simultaneously
in a TMC 4096-channel analyser and a Hewlett Packard 1024-channel analyser. Since the measu-
rement was carried out in a long run (24 hr) for a accumulation of charges up to 24000 pgc in
order to get sufficient number of counts, we used two multichannel analysers to record data for
a consistent check. The calibration of energies of the observed gamma-ray was based on standard
source gamma-rays, the 6129+0.4 KeV gamma-ray from the *F(p,ar) *®0 reaction originating
from *?F impurities and on the 511 KeV energy difference between full-energy, single-escape,

and double-escape peaks.
3. RESULT

3.1 Resonance energy and excitation function

The excitation function of the 37Al1(p,7) 38Si reaction measured in the proton-energy range
925-2760 KeV is shown in fig. 3. Fig. 3 (a) shows the yields of the gamma-rays in the 1780 +71
KeV region, which corresponding to the transition between the first and ground states of 28§,
The yields of 6880 +275 KeV gamma-rays and gamma-rays with energies higher than 7500 KeV
are shown in figs. 3(b) and 3(c), respectively. The yield curve of fig. 3(a) show many
distinct and well-isolated resomances. There appears a total of seventy-four resonances belonging
to the 37Al (p,7) 38Si reaction. A summary of the determinations of resonance energies and
widths from the present investigation is presented in Table I. As can be seen in Table I, our
data regarding to the resonance energies obtained in the proton-energy range 925-2106 KeV are
overall in good agreement with earlier data reported by Lyons et al‘%? and Meyer et al‘®’, The
resonance energies given in Table I are assumed to be corrected within £1 KeV relative to the
992 KeV resonance, except some resonances which are very weak and their data are meager. At
proton energies higher than 2.58 MeV, we observed several new resonances. In the proton-energy
range 2583-2760 KeV, theré appears several strongly excited resonances. The relative intensity
of resonances can be estimated from fig. 3. The cointrbution due to gold background was found
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to be rather small. In the course of the experiment, background measurements were performed
by bombarding gold foil several time over long periods. The results are shown by the dzsh line
in fig. 3Ch).

3.2 De-excitation of gamma-rays at 2720 KeV and 2748 KeV resonances

It is szen from the yield curves as shown in fig. 3 that several distinet resonainces appear at
proton energies above 2.70 MeV. we have mezasured gamma-ray spectra at two of these resonan-
ces, the 2720 KeV and 2748 KeV resonances, which correspoiding to the excitation energies of
3851 at 14.210 MeV and 14.237 MeV, respectively. There are no previcus cata on the decay of
these two levels.

The result of one cf the above two measurements is shown in fig. 4, which presents a typical
gamma-ray spectrum recorded at 2720 KeV resonance. The characteristic of the spectrum is
that there exhibits a prominent gamma-ray at 12.432 MeV and mcst cf others are weaker. The
observed 12.432 MeV transition indicates that the cecay of resopance feeds the first excited level
of #35i at 1.78MeV. Similar feature was okserved in the measured gamma-ray spectrum at 2748
KeV resonance. This means that the 14.210 MeV and 14.237 MeV resonance levels decay mainly
to the 1.78 MeV level.

Tables II and III show the relative strength of gamma-rays in the decay of resonant states
at 14.210 MeV and 14.237 MeV, respectively, Considering the intensity of the r—1.78 MeV
transition as 100 per cent, gamma-ray decay schemes for above two levels populated in 23S are

propesed ard presented in figs. 5(a) and 5(b).
4. DISCUSSICN

Mcst of preten resorarces fcurd previously have been cheerved in the presert experimert,
The doublets 1364-1335 KeV ard 1976-1978 KeV peaks were not resolvec. Several weak
resonarces reportec.‘*> by the CIT group were confirmed here, except the 1435 KeV, 2067 KeV,
2084 KeV and 2144 KeV resonances. New resonance at 1684 KeV found by Meyer et al‘®
appears to be weakly excited in our measured spectra. We chserved a weak resomance at 2197
KeV, waile the 2120 KeV and 2140 KeV resonances as reported in ref. 4 were not observed.
The weak resonances at 1922 KeV, 2127 KeV, 2159 KeV and 2541 KeV have not been previously
reported. The 2541 KeV resonance was resolved from the 2537 KeV resonance.

The 1381 KeV and 1388 KeV resonances and the 2488 KeV and 2493 KeV resonances are
well-resolved here. Fig. 6 show the yield curves of these resonances measured with thin target at
a step of proton emergy AZ,=0.50 KeV. The corresponding half widths of them are 2.0 KeV
and 1.7 KeV for the 1381 KeV and 1388 KeV resonances, and 3.7 KeV znd 1.6 KeV for the
2488 KeV and 2493 KeV resonances. The resonances found in this measurement at proton energies
higher than 2583 KeV are new, the observed gamma-rays for these resonances are quite intense. In
this energy region a broad peak was observed, which might consist of several resonances; we
identified four resonances at 2583 KeV, 2593 KeV, 2612 KeV and 2641 KeV. It is interesting to
see from yield curve in fig. 3 (a) the steep rise at E, above 2.70 MeV, where there (appears

several strong resonances. Since these resonances were also observed .in the yields] of gamma-rays
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with energies higher than 6880 KeV, as shown in figs. 3(b) and 3(c), it is believed that these
resonances do belong to the 37Al(p, 7) 33Si reaction.

The gamma-ray transitions for the 2748 KeV and 2720 KeV resonances, as shown in figs. 5
(a) and 5(b), were obtained from the analysis of the measured gamma-ray spectra. The numbers
in figs. 5(a) and 5(b) are the percentage of the branching ratio.

These were determined with uncertainty, which includes the experimental errors and the
uncertainty of the effeciency of the Ge(Li) detector, of about 12 per cent for strong transitions
and about 52 per ceat for weak transitions. The effeciency of the 50-cc Ge (Li) detector
was taken from ref. 9.

Some individual discussion of the decay cata follows:

4.1 The 2720 KeV resonance

The decay from the 14.210 MeV level feeds to four lower energy levels at 12.323 MeV,
12.239 MeV, 6.27 MeV and 1.78 MeV. The y—1.78 MeV transition is predom’mant with a
branching ratio of 75 per cent. The branching ratic for the 7—>5.27 MeV transition is 14 per
cent. The y—12.323 MeV and 7—12.296 MeV transitions are quite weak, the branching ratio was
estimated to be about 3 per cent and 8 per cent, respectively. No ground state transition from
the resonance level was observed.

The weak gamma-ray at 7.71 MeV is due to the de-excitation of the 12.323 MeV level to
the 4.52 M2V level, thes branciing ratio for this transition was obtained to be 70 per cent which
is in agreement within the experimental error with the pervious data of Endf and Hyeligers 19>,
The subsequent decay from the 6.27 MeV level goes maizly to the 1.78 MeV level and partly to
tae 4,62 MeV level. The bra:ching ratio was obtained to be 90 per cent for the 6.27 MeV—
1.78 MeV transition and 10 per ceat for tie 6.27 MeV-—>4.62 MeV transition. These values
agres very well with t_',1;;- earlier measurements by Eadt and Heyligers*®, and Jacobs and
Engelbertink ">, Also, the sum of measured intensities for thesz two transitions is consistent wita
the streagtl of the »—3.27 MeV transition.

The 4.62 MeV level cecays to the 1.73 MeV level wih 100 per cent of the intensity of the
transitiors from the resonance level to the 4.62 MeV level and from the 6.27 MeV level to the
4.62 MeV level. For the transition from the 1.78 MeV level to the ground state, the obsarved
intensity is consistent witl the sum of strengths of thoss transitions feeding to the 1.73 MeV
level, wiere tae branching ratio for the 12.293 MeV—>1.78 MeV transition given in ref. 7 is

taken into consideration.
4.2 The 2748 KeV resonance

At tae 2743 KeV resonance s2ven levels at 12.323 KeV, 12,173 KeV, 11.974 KeV, 11.898
KeV, 6.27 KeV, 4.62 KeV, a1d 1.78 KeV were fed from the 14.237 MeV resonance level.
The branching ratios for the decay of these low lying levels are given in fig. 5(b). No ground
state transition directly. from the resonance level was observed. ‘ ‘

In the subsequent decay from the 12.323 MeV level 81 per cent of the total decay was found
to feed the 4.62 MeV level. The obtained branching ratio for the 12.323 MeV—4.62 MeV
transition is in agreement with the_ value reported by Endt and Heyligers‘1?>, Teh 12.173 MeV
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level decays to the 6.27 MeV with 100 per cent of the intensity of the y—12.173 MeV transition.
Although the observed gamma-rays at 5.90 MeV is rather weak, the 12.173 Mev—6.27 MeV
transition presented in ref. 7 is confirmed in the present work.

About same branching ratio (~70%) was found for the transitions from the 11.974 MeV and
11.894 MeV to the 4.62 MeV levels. The obtained values agree fairly well with the previous
data of Okano?!3?, The 6.27 MeV—4,62 MeV transition is rather weak as compared to the 6.27
MeV—1.78 MeV transition. The intensity of the transitions feeding to the 6.27 MeV l:vel is seen
to be somewhat smaller than that of transition outgoing from the 6.27 MeV level. It is apparent
that some weak transitions from highly populated levels to the 6.27 MeV level are likely missed.
We were not able to observe the corresponding gamma-ray lines in the measured spctra. For the
4.62 MeV—1.78 MeV and 1.78—g.s. transitions the obtained strength of gamma-ray &are

consistent with the decay scheme.

It is seen that the decay scheme for two resonances at E,=2720 and 2743 KeV are somewhat
gimilar. The 14.210 and 14.237 MeV resonant levels in #5Si seem to have same spin value. As
discussed above, the y—1.78 MeV trapsition was observed about three to five times stronger than
the v—12.323 MeV and y—5.27 MeV transitions. The 1.78 MeV, 6.27 MeV and 12.323 MeV
levels are known 7 to be J&=2% 3% and 4, respectively., From arguments on transition probabilities
and taking the fact that the ground state of 28Si is 0 into consideration, it is favorable to suggest
two resonance levels to be JT=3*. This assignment gives a consistency in relative transition
probabilities between present data and calculatiors of Weisskopf 113y However, for the 14,237
MeV resonance, as the strengtis of the y~>12.323 MeV and 7—6.27 MeV transitions are compar—
able, it may indicate that the 14.238 MeV level would be 3* with possible higher spin admixture.
In order to give a definite spin assignment, it would reugire a more extersive study of the 37Al

(p,7) ¥*Si reaction with angular correlation measurements.
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Tave I

Summary of 37Al (p,r) 3:Si yield data

Ep (KeV) Eexc (MeV) Half Width
(KeV)

Present ref. /¥ ref,®
Work

935 937 12.489 2.9

992+ 992 12,543 1.3
1002 1002 12.554 12
1025* 1025 1025 12.576 1.3
1089 1090 1090 12.638 4
1056 1098 1098 12.645 6
1118* 1118 1118 12.656 1.48
1171 1172 1172 12,716 . 3.4
1183 1183 1183 12,728 5.8
1200 1200 1199 12,745 5.6
1213, 1213 1213 12.757 2.9
1262* 1262 1262 12.805 3.2
1277 1276 1278 12.819 3.2
1317* 1317 1317 12.858 1
1329 1328 1328 12.869 3.8

1364 1364 ‘
1364 1365 : 1365 12,903 1.2
1381* 1381 1381 12,919 2.0
1388+ 1388 1388 12.926 1.7
1435

1455 1451 1457 12.991 - 4.2
1502 1459 1502 13.036 5.9
1518 1514 1520 13.051 4.5
1563 1568 1566 13.095 2.7
1677 1579 1978 13.108 5.2
1588* 1589 1588 13.119 3.6
1647 1647 1647 13.176 4.1
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1663 1662 13.191 4.0
1669 1663
1680 1680 .
1682 1684 13.209 4.0
1706 1709 1706 13.232° 4.3
1724% : 1726 1724 13.250 4.3
1747 1746 1749 13.272 11
1800* 1797 1800 13.323 3.4
1843 1838 1842 13.365 3.6
1902 1909 1899 13.421 2.5
1911 1917 1910 13.430 ' 4
1922 13.441 3.2
1970 1976 1969 13.487 4.2
1978
2035 2041 13.550 5.9
2047 2054 13.561 2.4
2067
2100 2084 13.612 2.9
2106 2106 13.618 3.0
2114 '
2127 2120 13.638 3.4
_ 2140
2154 2144 13.664 2.5
2159 , 13.669 2.5
2162 2168. . . 13.672 4.9
2172 2171 13.682 3.7
2183 2190 13.692 3.7
2205 2212 13.713 4.2
2222 2021 13.730 3.5
2238 2249 13.746 3.2
2289 2296 13.794 3.8
2306 2312 13.811 3.3
2315 2320 13.820 2.5
2334 2324 13.838 6.3
2360 2365 13.863 2.6
2374 2375 . 13.877 7.7
2404, 2407 . 13.905 3.3
2415, . 13.916 - 2.1
2449 2447 . > 13.949 - 7.8 -
2488 2481 .- : 13.987 3.7
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e

2493
2522
2537
2541
2554
2583
2593
2612
2641
2683
2720
2729
2733
2748

2489
2522
2037

2560
2584

n in the proton Energy Range 925-2760 KeV

13.991 | 1.6
14.019 | 2.4
14,034 4.0
14.037 2.6
14.050 3.2
14.078 2.7
14.088 4.0
14.106 1.6
14.134 5.4
14.174 3.8
14.210 2.2
14.218 2.1
14.222 2.1
14.237 ‘3.6

* Rescnannces were used for the energy calibration ia the present wark.

Ex(MeV)

12,323

12.299
6.27
4,61
1.78

g.s.

Table II

Relative strengta of gamma-rays in thke
decay of the 14.210 Me V resonance

14.210
| 10+4 | 12.323
354 | - 12.299
6126 | 6.7
745 54 | 4.62
315431 (16) | 4516  13+2 178

\
|
| |

397 £40 |

The errors include the statistical measurement and the uncertainty of the efficiency for

Ge-detector,

The number in parenthesis is taken from the previous data of Endt and Heyligers<10?,

Table III

Relative strength of gamma-rays in the
decay of the 14.237 MeV resonance
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Ex (MeV)
12.323
12.173
11.974
11.898

6.27
4,61
1.78

g.8.

14,237

32+5

12.323

10£2

T. H. Hsu et al

152

102

29%5

11.974

| 11.893

6.27

13+2

26+4

97+10

11+2

5+3.} 4.62

42+6 | 70£11 | 1,78

L 210x21

The errors include the statistical measurement and the uncertainty of the

efficiency for Ge-detector.
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Fig. 2
Block disgram of electronic circuit used in gamma-ray spectra and yield measurements
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Fig. 3 Yield curves from the 37Al (p,7) ?°Si reaction (a) Yield of 178071 KeV gamma-rays
(b) Yield of 68804275 KeV gamma-rays (c¢) Yield of gamma-rays with energies higher
than 7500 KeV.

— 102 —



Investigation of the 37Al(p, ¥) 28Si Reaction in the proton Energy Range 925-2760 KeV

R

t
:
o ;
[ 14
ool b Tap.n"s
i
- il
L\Js 2
] §
v] sy £
} t
oo :

400

° v
Pria.01)

2000
ST et | TRMY
i T i
o0
o+ s '
w‘-m B, PR
L adan 4 gy WA ot
w0 000 700 [ o
0o W) e 27 b
L

[2 323 —= 48NV

COUNTS PER CHANNEL

7 i | :
L]
HM%QWWWMW
™ E 000 ] 200 Moo 2600
J . 2O = TV

r = .

[PPSO TE L, ‘ww‘

= [ e e ol o

CHANNEL  NUNMCER

Fig. 4 A gamma-ray spectrum of the 27Al (p,r) **Si reaction at E;~2720 KeV, B.G.,
background,

— 103 —



T. H. Hsu et al
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Fig. o

Gamma-ray tdecay scheme for the levels populated in 38Si at (a) the 2720 KeV resonance

and (b) the 2748 KeV resonance. The number in parenthesis is taken from ref. 10.
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Yield curves for the 1381 KeV and 1388 KeV resonances, and for the 2488 KeV and 2493
KeV resonances.
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A Sensitive Discharge Switch Function

as a Pulse Generator or a Self-tone Modulator

Chen Bin and S. C. Yeh

Institute of Physics, National Tsing Hua University
Hsinchu, Taiwan, Republic of China

W. N. Wang (TR
Institute of Physics, Académia Sinica and Tsing Hua University

Abstract

A single conventional transistor wired as a discharge switch for generating pulses or
discharging the staircase waveform is described. The repetition rate of the pulse generator has
been achieved from one pulse per hour to 200 kH .. And the integrating input frequencies for

the staircase waveform has been tested up to 50 MH,.

Introdu tion

A single transistor pulse generator circuit is designed, It genmerates pulses with the pulse
duration in seconds to minutes while the blocking duration as long as hours. The pulse rate
and the duty ratio are both adjustable.

In some aspect, this one silicon transistor circuit takes place the role of the unijunction
transistors, For example the voltage-variable repetition rate circuit is one of the typical

usages of the ujt, and the function of this reporting circuit is very similar to that.

Circuit De.cxi tion

Figure 1 shows the circuit diagram of the pulse generator, @, is a silicon transistor. The
base firing voltage of the transistor is approximately 0.5 volt in a workable range of temperature
conditions. . Around this characteristic the circuit is wired

As switch "¢ is closed, capacitor C, is charged throug K, and the base voltage of @,
begins to rise. When the base voltage reaches the firing poiat of the transistor, it fires. The
collector current rises suddenly and the high frequency oscillation of the circuit is initiatec. At
the moment the transistor fires, C, discharges rapidly through it’s low resistamce path, L,,
base-emitter region and L. to ground. The oscillation is maintained in a short period of time
until the capacitor voltage or the holding current becomes too low to sustain further oscillations.
C, passes the oscillating frequencies to ground during circuit oscillation., The action of the
collector drawing current through R; combined with the capacitor. Cz decoupling high
frequencies leaves a pulse voltage appearing on the collector terminal. After the transistor cuts.
off C, begines to be charged again, and the circuit functions repeatedly.
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The Oscillation

Figure 2 shows the equivalent circuit of the pulse generator., The value of—A;7Z; is
estimated to be

L
a Ca when R is small

. 1

hFE
(I+jec 1y"e)

—ArZy =

. q 1 . . . .
Consider the case (sz—-aIc—)’>>tae other terms in the denominator and R is small. The real
2

part of ~A;Z; can be written

hpg ( ::d—:--—) CC?'a’c) '—'&)2L2+
1 )8

Wes
as w3L, larger than 1/Cs, there exists a negative resistance component in the input circuit,

Ca

Re(—A;Z)=

(oL~

When the total resultant resistance in the input branch is negative, the oscillation of the circuit
accurs,

The term 1/C: shows the larger the value of C, the more negative in the resultant
resistance. But C; is limited to a certain value by the fact that it would flat out the initial
abrubt change of current; the oscillation could not be initiated if the C, is too large. Actually
Zy is a high @ honeycomb type inductor, a deep oscillation of the circuit is very easy to obtain
as Ly >L,.

The Staircase Waveform Discharge Switch and the Self-tone Modulator

Figure 3 shows the staircase discharge switch circuit, which needs no power supply. The
pulses and the sinewave signals have been adapted as the input signal of ‘the pumping circuit.
The randum pulses are also acceptable, for there is no way for capacitor C, to leak before Q,
conducting.

This circuit is born with the nature of a self-tone modulator. To working as a tone
modulator we need only to adjust the value of B, C; to its suitable pulse rate and then couple
the modulated signal out for transimiting.}To vary the transimiting frequency vary the inductor
Ly, still Ly>>L, should be obeyed.

Discussion

The blocking duration of the circuit is largely determined by the time constant Ry Cy while
the conducting duration is determined by the value of R.C,. R. is the effective resistance
presented in the path of C, discharge. Thus the width of the output pulse ig adjustable. Besides
R can be minimized for getting very narrow current pulses.

For determining the length of the blocking time the linear portion of C, charging curve is
utilized, For the one hour generating one pulse example, the blocking duration equals
approximately R, C;/3. For the long time blocking it is suggested that the charging current
should be larger than a certain value, this is the initial abrubt firing condition of this circuit,
The Icsp of a transistor in some cases should be considered. The higher is the conducting
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current the fewer is the residual charge left on capacitor C; after each discharge. This condition

allows the  blocking duration longer and conducting duration shorter. To increase the conducting

current, the hre value of a transistor i§ the larger the better. The load R, and DC collector
supply are also to be considered. Photo shows the cutput pulse of the circuit.

‘Notahle Fealures

This circuitry has the features cf lorg time blocking curation,
both can be made variable, The time iznterval is acurate.
a few bands of Ry C: can be arrarged.
working voltage is very

short conducting duration,
A continuous variable pulse rate over
C: can be large in value and small in  volume for its

low. The maximum iaput triggering sensitivity reaches 1.5 micrcamperes
at 0.7 volt under the condition of nano amperes order of logp.

This circuit is a power concentration device, it saves power. The cecllector current can be
drawing from 22 rA to approximately 200 MA in DC. depend on trapsistor selected. If the

Kz is replaced to a DC relay,
programed intervals.

Test Re ults

The following table lists the data of several test.

this circuit can be used for heavy load power supply switching in

Transistors 2N834 2N3033 2N3055 2IN3642
2N3642 HEP-75 Audio power
used (D (1D transistor (Iv)
(11D
R: 1 Meg? o K@ 2 Meg? 2 Megf?
variable variable
Cy 2000 PF 800 PF 3300 MFD 5000 MFD
‘ WV6evVDC
L, 1 zh 1 ph 4553 KH, 7 th
I.F. T.
coil
L, .25 mh 25 mh 200 mh .25 mh
ferite
core used
R, 10 K2 4.7 K& 1 K2
C. 2000 PF 100 PF 10 MFD 05 MFD
fo 23 MHz 23 MH:z 455 kHz 11 MHz
Pulse rate 2.5 kHz 20— 1in 1lin
200 kHz 24 minutes an hour
Blocking time 4-24 an hour
minutes
Pulse duration 10 psec 1 #sec 20 sec 1.7 minutes
Rise ti 1 0.1 psec 10 Msec Msec
F;slel! t;rng 3 ﬁ: 20 Msec order
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Pulse height
DC supply

Collector
current
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1.2 V pp
7.5V

25 pA
DC

20V pp
24V

10 MA pp
measured by
Tektronix
7704 Scope

10V pp
24V

20 MA
DC

1.5V pp
3V

0.5 MA
DC
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S
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Fig. 1

The diagram of the pulse generator.

Rbe

ngb'c C',)

Fig. 2

The equivalent circuit of the pulse generator,
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Fig. 3

The diagram of the staircase waveform discharge switch.

- Fig. 4
The output pulse of the pulse generator
5V/em 20ps/em.
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Ab:stract

Skin-depth and related parameters of In Sb have been measured by using the damped radio
wave technique at room temperature. The results show that there is difference bhetween the
data obtained with a marginal oscillator-detector system and with a fixed frequency signal
detector system. We found the latter is more reliable. The former can only give qualitative
results. -

1. Introu tion _ : ‘

According to the electrodynamic and the electron plasma theory Fischer and Kao(» have
shown a method to study the radio freduency size effect of a conducting substance. They have
used that method and a positive feed-back marginal oscillator to study the size effect of
Bismuth¢*?, One of the purpose of the tlieory is for _the determination of the mobiIity‘,u and the
carrier concentration # of the conducting substance. The important formulae are

cd
= Hy @
Hy, 4
e i @
_& .
d d(2z onect)
Bomzrrla , ©
SCH=H) s papr,n® |
= wH=0y | @
ﬁ:.._if_.:. nf:c . 6]

where © is a fixed frequency of the instrument, H, is the H-field at maximum power absorption.
All the other symbols are the same as shown in the previous report¢’,
For u and n determination it is known that the shape of the experimental - curves is very

* Project supported by the National Science Codnci_l, Republic of China, 1971-1972,
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important. The usefulness of the method is based upon a proper curve-fitting technique. One
compares the true experimental curve with the theoretical ones and finds the best fit. Once that
is done, a proper 4 value is thus fixed. g and # are calculated accordingly.

A general positive feed-back LC oscillator-detector system such as a Colpitts circuit, a
Franklinlcircuit, or a Knight circuit ¢3-% can not in general provide us with a highly stable
radio frequency for the test when the circuit @ is changed during the power absorption. The
frequency instability becomes more serious during the slowpassage through resonance. The
change of frequency will in turn cause the power absorpticn curve to deform, and thus the true
phenomenon is blurred. Phase of the feed-back is changed when & changes and therefore the
problem becomes even more complicated.

2. Exreriment and results _

In order to circumvent the difficulty we decided to use the high resolution NMR instrument
for the size-effect measurement. The difference between the marginal cscillater result and the
fixed frequency result is shown in Fig. 2.

Qur instrument ccnsists essentially of a crystal controlled high frequency cscillator as the
transmitter and a receiver which receives the power absorpticn signal and sends out a detected
signal for record. In principle, the instrument we have is the same as that designed by Varian
Associates for high resolution NMR purpose.

The experimental set-up is shown in Fig. . The frequency is constantly monitored at the
receiver end by a Hewlett-Packard high frequency counter (meodel 5245L). The frequency
stability of our instrument is generaily within %1 cycle at 107 Hz. No change of the frequency
what so ever is observed during the experiment. ) '

An InSb sample in the form of a slab is put in the receiver coil for test. The area of the
slab is about 8mm¥10mm. The thickness of the slab is varied by fine grinding. The samples
are single crystals in 111 direction. It is 35S grade, n-type¢®-%>. The known mean free time
T at room temperature is about 10-'!sec, which makes wr<(<(1 in our case and the theory is
valid. '

The output signal is so strong that no lock-in amplifier is needed for amplification, The
signal output is fed directly into an XY recorder.

According to the theory we also have, beside the already meni:ioned formulae, the thickness
d and the field H, linear relation namely,

d=sconst. Hy, ' (6)
and azlso in case of the sample rotation,

csc E=const. H,, . {7
where € is the angle between the slab face and the direction of the applied field H. Experimen-
tally we found they could be satisfied (Fig.8 and Fig.9).

The power absorption is a function of &, and

— U —g__ '—'2525 )
pcg)a_?f_‘_"i 1-2 sing ¢ _r:’ o 2ad B, 8
¢ BC1+2 cosP e 2i,28) o«

In the above formula, the function f () depends on 4 because @ depends on 4. Omne may
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select a 4 value then one can determine the form of the power absorption curve theoretically
according to the eq.(8). @, at H, is found a constant and

@o=2_254140.0001 D
by computer calculation to 8 digits of the function f(Z).

One may fix the values of 4 in integral steps (say from 2 to 30) then draw the power
absorption curve according to eq.(8) by computer calculations. The theoretical curve is compared
with the experimental one and a proper fit is made. A proper 4 is thus selected and the g and
n values are determined according to the equations (1) to (5).

Alternatively, according to the equations (1) to (5) we may aiso have

gm0 | (10)

The values of t+ and » of the samples are shown in Table I.

In the case of d=+4, the result (Fig. 6) is not as good as the others and probably a better 4
value selection around 4 which is no more an integer may give better result.

The curve fitting results are shown in Fig.(3), Fig.(6), and TFig.(7). The theoretical
relations as shown in eq.(6) and eq.(7) are compared with the experimental values and they
show clearly the size effect nature of the InSb sample at room temperature., (Fig.(8) and
Fig.(9)).

The values of £ and n found by applying the galvanomagnetic methods are 6.6x10% and
1.8 10%¢ respectively. They are smaller (300%) then the values shown in Table I. The experi-
mental errors in both cases are within +104%.

We are grateful to Prof. Y. H, Kao for his valuable advice.
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Table T’

Mobility and carrier concentration in n-type
InSb at room temperature according to size
effect measurement by damped radio wave

technique at a fixed frequency

| | .
Frequency | d A H, Mobility Carrier
: x 103 concentration
(MH2z) i (mm) (Gaunss) Cem3/v-sec) (x 10%*%/cm3)
21.798330 2.45 8 1590 2.143 5.67
21.798330 | 1.84 6 71 | 2.106 5.76
B 4* _ 1 .
21.798330 . 1.23 or about: 755 | - 1.940 6.22
: i 4 ol
| |
average ‘i . 2.063. 5.88
|
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i it

Fig. 1
Instrument set-up. 1. crystal controlled oscillator and transmitter. 2. Electromaga=
power supply. 10-¢ stability, field homogeneity is of milligauss order from high resohmim
NMR test. No a. c. field modulation is needed for the present experiment. 3. Trans—--
ter-receiver cross-coil arrangement. The InSh slab is put inside the receiver coil. 4. Poa
face of the magnet. 5. Gaussmeter probe. 3. Gaussmeter proper. 6. Frequency cour=r
HP 5245L connected with the frequency check point of the receiver. 7. Receiver-detector
unit. 9. X-Y recorder with millivoit range sensitivity. The frequency counter is 2k
used as a monitor to show us the frequency stability during the experiment. The frequears
meter receives no signal if the receiver-detector unit 7 is turned off alome. It means t%
receiver-detector unit is active if power is supplied.
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F -
Fig. 2

Curve 1 is obtained by using the fixed-frequency technique. It is compared with a 4=4
theoretical curve (shown in circles as a result from computer calculation). The {frequency
is f=21.7983 MH, and is constant, (8 digits). Curves 2,3, and 4 are obtained by using a
marginal-oscillator-detector system; Curve 2 shows He=a certain H, at f=21.573 MHz,
and curve 4 shows a different H value at the same frequency f=21.573 MHz but with a
small change of feed-back. Curve 3 shows the same H=H, as curve 2 except the frequency
is now 21.705 MHz. All curves were obtained with the same sample of thickness 4. In the
case of 2,3, and 4 the frequency drops more than 10% as the curve grows from A to B to
C and the shape is deformed due to phase changes in the system. The above facts show
the. difficulties with a marginal oscillator of positive feedback type as an instrument for the

size-effect study.
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H—pm

@,
Fig. 3
Power absorption vs. H-field. o is theoretical‘ by computer calcuiation. —— is. the

experimental result. P scale is arbitrary. H,=1590 G, d=2.45 mm, 4 =8 is a ’proper fit. .
f=21,798330 MHz. |
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Q
,
Fig. 4
Power absorption vs. H-field. o is theoretical by computer calculation. ——— is the experi-

mental result, P scale is arbitrary. f=21.798330 MHz, H;=1590 G, d=-2.45mm, d=6
is not a proper choice, the theoretical curve falls too low at high H-field.
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°°Go°°

Fig. =

Power absorption vs. H-field. o is theoretical by computer calculation. —— is the experi-
menta] result. P scale is arbitrary. f=21.798330 MHz, H,=1590 G, d=2.45mm, 4=10
is not a proper choice, the theoretical curve raises too high at high H-field.
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©

Fig. 6

Power absorption vs. H-field. o is theoretical by computer calculation. — is the
experimental result. P scale is arbitrary. f =21.798330 MHz, Hy,=755 G, d=1.23mm,

4=4 or nearly equal to 4.
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Fig. 7
Power absorption vs. H-field. o is theoretical by computer calculation. —— i3 the

experimental result. P scale is arbitrary. f=21.798330 MHz, H,=1171 G, d=1.84mm,
d=6 is a proper selection.
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Fig. 8
H-field (H,) vs. the sample thickness d. o is experimental and the straight line is a least

square fit.
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H-field (Ho) vs. the acinge of d due to rctation. of the sample
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Absiract

The purpose of the present paper is to report and Giscuss the excitation spectrum of magresium
in silicen. Diffused into undoped silicon, magzesium is a heliumlike neutral donor with excitation
spectrum similar to those of group-V denors in silicon. Diffused into silicon containing group-III
impurities, tie excitation spectrum of magnesium observed is also similar except that the spacings
between corresponding excitation lines are~4 times larger. This is consistent witn a singly ionized
heliumlike magresium coror. Tke ionization erergies of peutral apd singly ionized magnesium
in silicon at liquid kelium temperature are (107.50:£0.04) ord (256,47+0.07) meV, respectively.

KA T BTSSR ER IR c BAMUZEHE R PR 0 EMEBEEEER
WTEEDSFARERAM - EYhERSESZEDEN » SXMIRERAL S gl o E
FWBENG KRS THR-GEFEERLZEHERE c EREIRER » PESELBESZEEIER
SolRIES (107.5040.04) & (256.47:£0.07) meV.

1. Iniroduction

The behavior of group-V impurities as donors and of group-III impurities as acceptors in
silicon and gérmanium represents one of the most extelsively studied and best understood aspects of
semiconductor physics. The substitutional nature of these impurities, the large dielectric constant
of the host, and the effective mass of the bound carrier are the significant features of the model
used to explain a variety of phenomena®!-%? associated with tiese donors and acceptors which are
solid-state analogs of the hydrogen atom. It is also now well established that the group-1I
elements, zinc, %23 mercury, ¢*> and beryllium¢™ in germanium and beryllium in silicon , ("> are
solid-state analogs of the kelium atom in that they are double acceptors; by compensation witn
group-V donors one can study tnese double acceptors in their singly ionized state whaich then are
the analogs of singly ionized helium. The group-VI element sulfur wien introduced into silicon
s-10) hehaves like a helinmlike double domor; several sulfur donor centers have been discovered
though the exact structures of these kave not yvet been establisied. The group-I impurity copper
in germanium, ‘1) is another element which has been studied to some extent. The acceptor states
associated with this impurity are consistent wita its being substitutional.

Of the impurities which are interstitial rather than substitational, the best-known example
is that of lithium in silicon and germanium.¢!%>'3> Transition-metal ions in silicon and germanium,
both as interstitial and subgtitutional impurities, have been studied by WoodBury and Ludwig¢+
who investigated their EPR spectra. Interstitial aluminum has been reported in electron-irradiated
‘aluminum-doped silicon where interstitial silicon and substitutional aluminum are believed to
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exchange their roles; €57 it has been shown that these interstitial aluminum impurities are then
donors. Recently, ‘18.177 the group-1I element magnesium, when diffused into silicon, has been
siown to behave like a double donor rather than a double acceptor. This behavior can be
understood only if magnesium is interstitial rather than substitutional. Singly ionized magnesium
donors can be produced by diffusing magnesium into silicon containing acceplors¢*7? like boron or
aluminum or by electron irradiation as well as by thermally ionizing neutral magnesium.¢:%) The
purpose of the presznt paper is to report and Ciscuss the results of a detajled study of the Lyman

spectra associated with both neutral z:d singly ionized magnesium doaors in silicon.
2. Experiwenial Procedure

Magnesium was ciffused into silicon in the following manmer. Pure magnesium of 99,99182;5
purity was deposited by evaporation on the surfaces of the optical sample. The optical sample wsas
sandwicied between two other specimens, all three having magnesium on the surfaces in contact,
and heated at ~1230 C for ~1 hour in a helium atmosphere; tte sample and the “‘covers” weld
togetner and thus the magnesium does not escape into the ambient. After the heat treatment, the
sample, together with the covers, was quenched in liquid nitrogen. The covers were then ground
off, By following this procedure an undoped floating-zone silicon, initially p-type and of resistivity
~1700 ohm-cm, was converted to a low resistivity n-type specimen with a room temperature
carrier concentration~2X10'® cm~-*. Thess specimens were adequate for observing the excitation
spectra of neutral magnesium (Mg®) at low temperatures. In order to study singly ionized
magnesium (Mg*) donors, low resistivity~10 ohm-cm boron-doped or aluminum-doped floating-zone
silicon was used instead of pure silicon. From experience it was found that diffusion times of~10
hours were required to produce sufficient concentration Of Mg* for the present studies, The samples
were too inhomogeneous to give reliable Hall measurements. The boron concenfration in most of
the specimens used was~1.5Xx10'% cm~% and such specimens saowed only Mg* spectrum and no
trace of Mg® spectrum; an upper limit of 10'% em~3 of Mg* is thus estimated. It was also found
that Mg* could be produced in specimens containing initially Mg® only, by subjecting them to an
irradiation with high-energy electrons. In this case magnesium-doped silicon was irradiated with 1
MeV electrons from a2 Van de Graaff accelerator. Specimens subjected to the same heat treatment
and quench failed to show the spectra if no magnesium was deposited on them initially; this check
was made to satisfy ourselves that we are indeed dealing with magnesium centers, Mg? or Mg* as
the case may be.

A double-pass Perkin-Elmer spectrometer, model 112G, equipped with Bausch-Lomb plane
reflection gratings and appropriate filtering systems, was used for the measurements. Typical
resolution is~0.5 ¢m~*. A Reeder thermocouple with a cesium-iodide window was used as the
detector. Sample temperatures~12°K are estimated in liquid-helium measurements.

3. Experimental Results and Di:cussion: Mg®

The excitation spectrum for neutral magnesium donors in silicon measured with liquid helium
as coolant is shown in Fig. 1. The energies of the excitation lines are given” in Table I. The
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excitation spectrum for phosplhorus donors in silicon drawn on the same energy scale as that of
Fig. 1 is shown in Fig. 2 for comparison. It is evident that the lines of the two spectra are
strikingly similar in spacing and relative intensities. This can also be seen from Table II where
the spacings for the two spectra are compared. The labeling of the excitation lines for magnesium
donor is based on this similarity. The half-width for the excitation lines of Mg?° is approximately
twice as large as that of the phosphorus lines. The factors contributing to this feature have yet to
be established. The broacening of the lires could also be the reason why tae a and b lines in the
phosphorus spectrum are not seen in the Mg® spectrum.

As an interstitial impurity the conor electrons of magnesium are expected to be the two 3s
valence electrons thus constituting reutral heliumlike centers. When one of these electrons is excited,
the screening of tie ruclear charge by the remaining electron and the other core electrons should
result in hydrogeric excited states. The higher the excited state the more accurate will be this
cescription. Comparison of energy levels of atomic kydrogen and belium shows this to be the
case. '8 We expect the screening tc be particularly effective for the p-like final states in the
Is—np transitions. The remarkable similarity of the spacings between the excited states of Mg®
and those of the group-V cdonors is thus explained. In the same manner it is also clear why the
spacings observed in the excitation spectrum of Mg® are strikingly close to those calculated<i%> for
group-V donors in the effective-mass theory.

As in the case of group-V donors, the positions of the excitation lines of Mg® will be
determined by the location of the ground state which may lie below the effective-mass. position
due to the breakdown of the effective-mass theory in the vicinity of the impurity, giving the
chemical splitting, The ground state is expected to be affected most seriously by this breakdown
because of the large concentration of its wave function near the impurity core.(* It is thus of
interest to deduce the effective-mass ionization energy, which can perhaps be estimated by increasing
the effective-mass ionization energy of group-V donors calculated by Faulkner(!®’ in the ratio of
the first jonization energy of the helium atom to that of the ionization energy of the hydrogen
atom; this turns out to be (31,27) (24.46)/(13.6)=+55.24 meV. Here we have used tne experim-
ental values for the ionization energies of atomic helium and hydrogen, which, of course, are
well known to be close to the calculated values. 3% The experimental ionization energy obtained
by adding the calculated value<'®) of the binding energy of the 3p+ state to the experimental
energy of tioe tranmsition labeled 3p+ in the Mg® spectrum is 107.50 meV; the justification .for
this procedure lies in the excellent agreement between the calculated and the experimental spacings
of the excitation lines on tie one hand and that hetween the spacings of the corresponding lines of
phosphorus and magnesium donors on the other. Thus, it is evident that the ground state has
suffered considerable chemical splitting. Presumably the sixfold degeneracy of the Is state due to
the multi-valley nature of the conduction-band minima along <{100>> is lifted in the same manner
as for group-V donors, and the ground state is the total]ly symmetric linear combination Is(A4,)
with equal contribution of all the six <C100>" Bloch wave functions.

Recently Faulkner¢*** has calculated in the effective-mass approximation the binding energies
of energy levels which are not expected to be observed in the Lyman spectrum, viz., of 2s, 3s,
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3d,, 4s, 4do, 4%,..., etc. Though transitions from tne s state to these levels zre not allowed
in the effective-mass approximation, they may become weakly allowed due to departures from it.
Kleiner and Krag¢® > have ascribed several weak lines to just such transitions, We hLave
unsuccessfully searched for the corresponding trarsitions in tke spectrum of Mg? in silicon. We can
not rule out that the concentration of magnesium donors in the samples used was insufficient.

As mentioned already, a sigrificant feature Of tze ofzor levels in silicon is the chemical
splitting of the sixfold degenerate Is ground state into singlet 1sCA;), doublet 1sCED, and triplet
1sCT3) levels, with IsCED and 1s(T:) close to the effective-mass position and 1sCA;) depressed
considerably below it. In contrast to the case of shallower group-V donors, ¢3% it is not feasible
to thermally populate the IsCED and 1s(T3) for Mg® and observe excitation lines which originate
from them. Attempts were made to observe the IsC A )—1s(T,) transition which is again allowed
only to the extent of the breakdown of the effective-mass theory. Such transitions have been
reported for bismuth donors in silicon, 3% and selenium and tellurium donors in aluminum
antimonide. (3+) However, we have been unsuccessful in observing the corresponding transitions
in the spectral range from 41 to 95 meV. In the course of the above measurements we found
several weak excitation lines at 87.18, 87.99, and 104.90 meV which occurred in oanly a few of

the samples examined. They appear to be dus to as yet uaidentified centers.
4. Experimental Results and Discussion: Mg*

The excitation spectrum for Mg* donors in silicon measured with liquid helium _as coolant is
shown in Fig. 3. The energies of the excitation lines are given in Table III. The excitation
spectrum for Mg® donors in silicon is also shown in the same figure for comparison; note the
energy scale for Mg? is four times larger than that for Mg* and the strongest line of Mg®
spectrum, corresponding to IsCA;)~2p+, is brought into coincidence with the strongest line of
Mg* spectrum. It is to be noted that the half-width for the excitation lines of Mg* is approxim-~
ately four times as large as that of the Mg® lines. This might explain why the lines corresponding
to the 3p+, a and b lines in tae phosphorus spectrum in Fig. 2 are not observable in tae Mg*
specfrum.

While the interstitianl Mg? is a solid-state analog of tae helium atom as already mentioned,
Mg* can be considered as the analog of singly ionized helium when one of its two 3s valence
electrons is ionized. In this manner, then, the Lyman spectrum associated with Mg* donors is
expected to be like those of group-V and Mg® donors in silicon except that the binding energy
for each energy state is increased by a factor of 4 since now the effective nuclear charge is 2
instead of 1. This explains why in Fig. 3 the two spectra are strikingly similar in relative
intensities and why the energy separations between the corresponding lines of Mg* are~4 times
the corresponding spacings of Mg®. The labeling of the excitation lines for Mg* donors is based
on this comparison.

Presented in Table IV is the comparison of energy spacings for excited states of Mg* and Mg®
in silicon. The ratio of the corresponding spacings is approximately 4 as expected. It should
be noted, however, that the ratio is not exactly 4 but slightly larger. This could be due to the
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penetration of the donor electron, the 3s valence electron, inside the inner electron shell. Thus
each energy state could be more tightly bound than the corresponding state neglecting this effect.
Also, the lower energy state is expzcted to be affected more than the higher energy state. This
should also apply to Mg?; however, since there is another 3s electron which provides shielding,
the donor electron may not penetrate the inner electron shell as much, thus resulting in a smaller
effect. Besides this, the orbits of Mg* should be smaller than those for the other donors.

As in the case of Mg?, it is of interest to estimate the effective-mass ionization energy for
Mg*. It is reasonable to assume this to be four times the effective-mass ionization energy of
group-V donors calculated by Faulkner, i. e., 125,08 meV. The experimental ionization energy
obtained by adding four times the theoretical value of the binding energy of the 3pd- state to the
experimental energy of tie transition labeled 3p+ is 256.47 meV. It is thus quite clear that the
ground state has suffered a very large chemical splitting.

A notewortay feature in tae Mg* spectrum saown in Fig. 3 is the coublet nature of tae 2p%-
line, 2p2 = and 2pb+. At liquid nitrogen temperature this feature is obscured due to broad:ning.
At liquid helium temperature this éplitting was observed in the samples irrespective of the method
used for compensation. It is tempting to ascribe this to the chemical splitting of the excited
states. The irreducible representation for tae 2pk state is 27, +27, for a T: Gonor site
symmetry. It could be that this State, due to chemical splitting, splits into two T,-+7: states,
or even four states with two belonging to 7, and the other two belonging to Ta. Since the
transition from the 1sCA;) ground state is allowed to an excited state belonging to T; and not to

T,, a doublet feature is thus expected in either case. Though tke 2p+£ state‘of Mg* donors is
still expected to be effective-mass-like, compared with the corresponding state of group-V and
Mg® donors, its binding energy is four times larger with a smaller Bohr radius and hence a larger
chemical splitting. This perhaps explains why tiae Goublet feature of the 2p+ state is not
observed in tne group-V and Mg?® spectra. The 2p, state lies even deeper than the 2p+ state; it
should have thus suffered a larger chemiceal splitting. It should be noted, however, that the
symmetry of the 2p, state is givea by the combination of irreducible representations A, E+T,,
and the transition from the 1sCA;) ground state is allowed only to an excited state belonging to
T,. Thus no splitting would be observed for the 2p, line, even if the final T, state had a
chemical shift. As for the 3p+ and higher states, chemical splitting is presumably too small to
be observed.

Attempts were again made to observe the Is(A,)~—1s(T:) transition for Mg*, which is
expected to be~256.47—125.08=131.39 meV, if the excited Is states are still close to the
effective-mass position. No excitation lines, however, were observed in the spectral range from
107 to 135 meV. Similar attempts were also made to observe the even-parity levels like 2s, 3s,
3de,..., €tc., for Mg*. An excitation line at 248,80 meV occurred only in some of the samples
examined. It lies to tae higher energy side of the 4p+, 5pe line. Its position, however, does not
agree with any of the calculated donor levels. ¢*?> This line thus appears to be due to some as yet
unidentified center. In one of the samples examined, three extra excitation lines were observed at
238.65, 239.60, and 241.25 meV, respectively. They fall near the region of 3s and 3d,. Again, since
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these lines are not reproducible in other samples, their origin is not certain.

As mentioaed earlier, irradiation of magnesium-doped silicon with high energy electrens was
one of the methods of compensation used for producing Mg* donors. Extensive studies¢:5) have
shown that a variety of donor as well as acceptor states associated with vacancies, interstitials,
and their complexes are prcduced in silicon as a result of irradiation with high energy electrons;
with sufficient irradiation the Fermi level moves towards tbe middle of the energy gap. It is thus
to be expected that compensation of Mg?o could occur yielding Mg* donors. It is also pcssible 35>
that tne compensation occurs in the following way: A vacancy moves clese to the interstitial
magnesium donor, or vice versa and is annihilated yielding substitutional magnesium. The latter
should be a double acceptor which in turn can compensate tne magnesium donors. This is an
intriguing possibility which needs further study,

The magnesium-doped siliccn samples studied in the present work were irradiated with 1 MeV
electrons at 10°C. Magnesium doncrs were only partially ccmpensated after irradiaticn; thus both
Mg"® and Mg* spectra can be chserved in the same specimen. In most of the samples compensated
witn group-III accepters, the comtrol was net sufficient to produce partial ccmpensation snd  hence
Mg® and Mg* excitatior spectra were not vhserved in the same specimen. A typical example is
presented in Fig. 4 which shows the appearance cf the Mg* spectrum and a decrease in that of
Mg® as a result of electron irradiaticn. It is clear that the concentration of the Mg® donors is
decreased while the excitation spectrum for Mg* appears cnly after the sample is bombarded.

5. Concluding Discussion

In the present investigaticn evidence has been accumulated to suppert the conclusicn  that
magnesium enters the silicon lattice interstitially and as a consequence behaves as a heliumlike
double donor. The excitation spectra indicate a T4 site symmetry for the Mg? and Mg* donors.
Thus, the present investigations on magnesium favor the tetrahedral rather tgan the hexagonal
interstitial site, This is also the case for lithium donors in silicon, €¢*3-13  the other interstitial
impurity wiichi has been extensively studied.

Another feature which emerges from these studies is how well the effective-mass theory predicts
tae p-states even for donors with ionization energies very mucih larger than the calculated(19?
value of 31.27 meV, e. g., 107.50 meV for Mg® and 187.2 meV for one of the neutral sulfur
donors. ‘3 The positions of the IsCED and 1s(T,) have yet to be experimentally established for
both Mg® and Mg* donors. As discussed already, these siould be close to the effective-mass
position for the ls state. Also they should be deeper for 2 heliumlike donor in comparison to a
hydrogenic donor.
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Table 1
Energies of excitation lines
of Mg® donors in silicon (in meV)

Lahel Assignment Energy

2po 1sCA;) — 2po 95.80+0.015
2p+ 1sCA,) — 2p+ 101.12.£0.015
3pes IsCA; ) — 3pe 101.95+£0.015
4py 1sCA,) — 4po 104.17£0.015
3p+ IsCA;) — 3p+ 104.38+0.015
4p=,5po Is{A:) — 4p+,5pe 105.33£0.015
5p+ IsCA,) - bp+ 106.05+0.015
E, 107.50+0.04

Table II

Spacings of donor excited states in silicon (in meV)

States Theory ¢19? . P Mg?

2p+—2po 5.11 5.06+0.03 5.32+0.03
3po—2p+ 0.92 0.93+0.03 0.834+0.03
4dpo—2p+ 3.07 .3.09+0.03 3.05+0.03
3p+—2pt 3.28 3.28+0.03 3.26+£0.03
4p+—2p+ 4.21 4.214:0.03 4.21+0.03
Spy—2pt 4.17 4.21+0.03 4,21+0.03
5p+ —2p+ 4.97 4.94+0.03 4.93+0.03
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Table II1

Energies of excitation lines of Mg* donors in silicon (in meV)

Label Assignment Energy
2po 1sCA:) - 2p, 208.63 + 0.015
2p* & IsCA,) — 2p2& 230.22 + 0.015
2pb 4 IsCA;) — 2pb+ 230.42 + 0.015
3po 1sCA:D — 3po 233.87 % 0.015
4p, 1sCA.) — 4p, 243.00 +.0.045
3p+ IsCA;) — 3p+ 243.99 + 0.015
4p+,5pe IsCA;) — 4p+,5p, 247.92 £ 0,015

jop ' 256.47 + 0.07

Table IV
Comparison of energy spacings for excited states
of Mg® and Mg* donors in silicon (in meV)

States Mg* Mg? Ratio

3p+—2py 35.3640.03 8.58+0.03 4.12£0.02
(a) 13.77+0.03 4.22+0.05

3pt—2pk {b) 13.57+0.03 3.26+0.03 4.16£0.05
3p+—3po 10.12+£0.03 2.43+£0.03 4,17+0.06
3p+—4p, 0.99+0.06 0.21+0.03 4.78+0.97
4p+ ,5ps—3pt 3.93+0.03 0.95+0.03 4.14+0.16
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Mg* was produced by compensation Mg® with boron acceptors.
for Mg® is four times larger than that for Mg*..
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Fig. 4 Effect of 1 MeV electron irradiation on a magnesium-doped silicon sample. Excitation
spectra were measured using liquid helium as the coolant. A and B show the spectrum
before and after the irradiation, respectively. The energy scale for Mg® is four times

larger than that for Mg*.
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ON THE YOUNG'S INTERFERENCE PATTERN

CHUN CHIANG (##)

Institute of Physics, Academia Sinica
Nankang, Taipei, Taiwan,
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Young's experiment is the earliest demenstration for the existance of the light interference.
Since then nearly every book on optics has the description and calculation cf Young’s. interference
pattern (see reference 1 and 23. The calculation, however, utilizes a few ap‘pmximations' and
reader may not easily grasp their significance. The purposes of this paper are threefold: Firstly,
following QOster’s lead (3,4), we would like to usz a graphic moire pattern to show the Young'’s
interference phenomenon, ttis graph would help the reader to grasp tne interference concept easily.
Secondly, we would like to present an exact formula for Young’s interefrence pattern, using only
elementary mathematics. Thirdly, we would like to siow tiat under what conditions thi_s exact
formula may be reduced to the approximate formula appeared usually in the text books on optics.
These conditions seem not have been clearly borne out in the usual treatmant and may easily be
overlooked by the reader. -

The experimental arrangement of Young’sinterference is saown in Figure 1.. Light is passed
through a pinhole S so as to illuminate an aperture consisting of two narrow slits S; and S;. If =
white screen is placed in the region beyond the slits, a pattern of bright and dark interference
bands can be observed. The white band will be observed at point P when the - path - difference
between S;P and S;P is an integer number of wave length, and the wave amplitudés are conmstruc-
tive. In Figure 2, two series of concentric circles representing the propagating waves originated
from 5, and Sy are shown, the spacing between two successive circles is the wave length 4.

These two series of concentric circles can be repersented as fcllows:

/ x3+Cy“——g—)f‘='m12 ¥

}/ x*+(y+--’-‘-2—)‘°‘=-mzl €))
where h is the distance between S; and S:,s, and m; are irtegers 0,1,2.-----., Every intersection
point of the circles is the location where the path difference from S; and S; is an integr number

of the wave length 2. A curve correlating these intersection point is the resulting moire pattern as
observed on the figure 2. This moirc pattern* can be represented as (see reference 3 and 4)

/ xa+cy___f§_)a'_'/ x2+cy+rﬁ24)3=fm1.—mg)2=ﬂnl '€))

whare n is also an integer 0,1,2---, Eqnation (3) can be reduced to

y3 _ P -1
o o

(¥

*  Moire pattern is the new pattern observed when two component patterns are overlapped.
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This equation represents a series of hyperbola which is the location of the constructive
interference. If a screen is placed at a distance d from the slits S; and S,, then the interference
bands on the screen locate at the intersection points of those hyperbola with the screen, The
locations of the interferance bands are

=i~ ‘]/ 1+ d? (5)
( 2 Sy Cn}t 53

This is the exact formula for the Young’s interference bands on a screen at a distance d from

the slits. n is the difference of the wave number for the interference bands and is called the order
of interference.
If d»k, and A>nl, then eq.(5) reduces to the familiar equation

nid
yor e L (6)

The condition that &>k is requirsd for the derivation of eg. (6) is clearly stated in the optics
book, however, the condition that Z3»#1 is also reguired seems not have been clearly borne out.

This condition shows that the interference bands on the s:reen can not be equally spaced infinitely;
for a given h and 1,7 must be much smaller than—}jrfor eq.(6) to be valid. I hope that this

paper presents a conceptually simpler derivation of Young’s interference formula and it gives

student a clear idea and an interesting demonstration of the interference phenomenon. (To be
published in Am..J. Phys. Feb. or March, 1973.)
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Fig. 1. Young’s experime=nt,
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SUMMARY

1. The active transport species Na* is assumed to couple with biochemicals involved in the
metabolism. The production, movement and distribution of these biochemicals are governed by
known physical laws such as chemicals reactions, diffusion and migration. The transport of
these biochemicals are not against the electrochemical gradient, kowever, the Na* species
follows the movement of its coupled biochemicals, thus can transport against Na* electrochem-

ical gradient.

%]

The outside stimuli, such as the clamped voltage, the clamped current, the concentration of
the bathing solution, the pressure and the temperature, are considered to perturbate the
distribution of biochemicals and Na*. The disturbance of -the stimuli propagates from the
boundaries inward, thus the Na* distribution and the membrane voltage or current show a
transient phenomenon. The negative resistance of the membrane is considered to be the result
of this phenomeénon. '

"INTRODUCTICN

Many data on biological membrane have been accumulated now, however, our understanding
about the functions of biological membranes is fragmental. Various theories advanced seem to have
dealt with only certain portions of the data and it seems that no thecry has been put out to give
a cohensive picture as to how the membrane cperates and functions under various environmants.

The purpose of this paper is to present a unified view as to how the skin membrane functions
and responds to different stimuli such as temperature, pressure, chemicals and electric field. A
scheme of biochemical reaction is proposed to account for the active transport and the external
stimulus is considered to perturbate this scheme of biochemicai reactions. This perturbation gives

Tise to the oscillation or excitation benavior in membrane.
ACTIVE TRANSPORT

It has been realized that the energy has to be provided from the metabolism to transport ions
against the electrochemical gradient (active transport). Many models have been proposed to explain
the active transport, for example, the carrier model (1), the conformational model (2), the
association induction model (3) and the cooporative model (4), However, it seems that most of
the models have dealt with only a limited protion of data, and the electric properties have not
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been incorporated in the model. 1t is the attempt of this paper to propose a biochemical scheme,
which would be able to explain the active transport, the voltage clamp data, the negative
resistance and the temperature, preassure or chemical influences on the membranes.

In a metaboilc pathway oxygen is invoived. Ussing et al. (5) have shown that about 20
Na* are transported per mole of extra oxygen consumed. Also, we have observed that changing
the concentration of Q. in the solution can perturbate the frog skin membrane and change the
membrane potential. Ussing and Zerabn (6) have shown tnat only 54 of CO. in air saturated in
the solution can depress the open circuit potential of frog skin to zero. The influence of O and
CO; are understandalbe, because if sodium active transport involves with the metaboilsm, any
chemical which upsets the equilibrium of the metabolism would affect the active transport. Besides
0: and CO,;, ATP and many other biochemicals are involved in the metabolism. ATP is conside-
red to be the main energy source for the active transport. However, merely the presence of
energy souce is not sufficient to transport the sodium ions against the electrochemical gradient, a
physical mechanism is necessary. Recently, Wang (7) has assumed the diffusion of pyrophosphate
linkage which carries sodium ions against the electrochemical potential. In this paper, an unspecified
biochemical in the metabolic pat’nw'ay is assumed to couple witi the sodium ions which diffuse
together across the membrane according to the concentration gradient of that biochemical component.
The scheme is shown in Fig. 1. This whole scheme is reacting in a unit volaume within tne
membrane, and similar unit volume extends along both Y and Z direction. ,

An attractive feature of this scheme is that the coupling component B continues to be produced
from the metabolic pathway in the outer membrane and diffuse across the membrane to the inner
_membrane, where it is consumed by a similar metaholic pathway. There is no return pathway
required for the coupling component B. Whereas in the carrier model, such a return pathway for
the carrier is required. The only assumtions in this model are: 1) B is coupled with Na* rapidly
with a ratio Na:B=K, 20 B is synthesized more at the outer membran than at the inner membrane
such that a concentration gradient exists; this concentration gradient drives the Na* by the
coupling mechanism across the membrane. The difference of rate of production of B between
outer membrane and inner membrane can be arisen from the concentration difference of enzymes
which catalyze the biochemical reactions or from the structure factors of the membrane. In view
that biological membranes are asymetrical, this assumption seems to be justified. Mathematically,
we can write following equations to describe the system

A ] aA av

“ar ‘="—'k1A+kgB‘+ —ax‘ ED‘,—aT‘}'ZA AU,gﬁa‘"x - C].)
aB d aB av

—at—="k1A-—-Ckz +ky )B4k, CH -a;EDB a;:_‘l"ZB BU}raI*] 2
ac 2 oC | .. av

—at—:'kgB—'k*C'{" WEDG*@}“'{‘A(: CUC—a—x“‘*J . C3) .

where ky,k;3,k3 and k, are reaction constants which may be a function of x due to the anistoropic
propesties of the membrane. D,U, and Z represent diffusion coefficient, mobility and charge
respectively, and the subscripts A,B and C represent the species they refer to. There may be
many chemicals involved in the reaction; for convience, we assume the system involves only
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species A,B and C. The above equations (1)~(3) describe the changing of concentration due to
chemical reactions, the diffusion and the potential according to the scheme in Fig. (1).

Differential equations of this kind are difficult to solve. However, most of the biochemical
components (except B which has been coupled with Na*) may be neutral species, thus the
potential gradient may not influence them directly. Fourthermore, we assume that for the case
with no externally appled electric field, the transport of Na* is governed mainly by biochemical
reactions, and the voltage arisen due to the accumulation of Na* plays littie or no offect compared
wita biothemical reactions; for the case with externally applied electric field, we assume that the
externally applied electric field sets the boundary conditions for the Na* profile and pertubates
the Na* distribution arisen from the biochemical reactions, this perturbation propagates from the
boundaries inwards and changes tie rates of chemical reactions. If the propagation is very fast,
taen the perturbation can be considered to be instantaneous; howevr, if the propagation is slow,
taen it takes some time for the perturbation to get tarough, thus a transient phenomenon is
observed. With this in mind we may solve equations

A i A .

9B 8 o8B ;.
Gt ~hA=(ki+hs) BHEC+ g (Dag>) (2)

aC 8 ac , | ,
*6“ - =‘kgB—'k4C"“"6?CD0 Ax ) (3)

instead of equations (1)-(3), and treat the experimental conditions such as claniped voltage,
clamped current and concentration of the bathing solution as the boundary conditions for the
sodium ion distribution or voltage profile in the membrane.

Following a similar procedure as Turing (8), the solution of equations (1)7-(3)” can be
written as follows

A= 2 Cagr b, P70 o o Dy e 4
§=—

B"=‘ AN Cf'?pcf+g‘3p:’f+hsgp:’t)guz (5)
= — "0

C= 2 (P tam P P g ®
S=% — 20

where f.,f,” and p,* are roots of equation

b+E1+53D) (p+katka+53Dy) (b+ky+53D:)

=kiks(p+ha+ 53D+ kaky(p+ky 453D ™
and

a,(pat+ ki +53Dgd) =k, fo

blel, + &y +5:Do)‘=‘ ksga . (8)
CJCPJ"*“kl +S,D¢)=' Bah,
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(e pathy+sAD)=ky fi
mil(ps” ke +353Dy )=k , (D
N pa? +ho-+ 53Dy )= ky hs
Of the nine coefficients @, be,cs,fs,41,ks, 0o, %1, 7. only toree are indepandent and tne rest
can be determined by eqs. (8) and (9). These three independent coefficients can be determined
by the boundary and initial conditions.
The voltage profile due to the ion distribution witain the membrane can be calculated

A

according to Poisson equation as follows:
8w
ax3

combining with eq. (5}, we obtain

= —4aNa*=—41KB 10)

—%}Kﬂ=—4:rK = Cfaep‘t+g.ep"f+h.ep"t)e‘" (11
== —=CO
and
Vadzk T -L.Cfeltage? e ne P oo (12)

S=a—co ¥

If all the coefficients fs,g: and hs are of the same sign, then voltage V will decay monoton-
ically to a stead value following a perturbation from outside stimuli, provided that pa,ps, and
ps* are negative and real. However, If the coefficients are not of the same sign, V will show
a peck-vally transient phenomenon. For a detailed discussion of this, see Torring (8). The
value of those coefficients are determined by boundary and initial conditicns at the time  the
manipulations of the skin are made, such as mounting of the skin, the chemicals and concentrations
in the bathing solution, the temperature, the concentration of the . biochemical components within
the membrane, and the timing of the perturbation. If the anions can leak through the membrane,
these anions will short circuit the membrane and decreas the charge density. It is well known
that SO.= can not leak through tie membrane as easily as Cl-; thus the open-circuit voltage of
a skin bathing in the chloride ringer solution is lower as observed than that in the sulfate ringer
solution. '

Katchalsky and Oster (9) have approched this problem by means of thermodynamics of
irreversible processes; Selengny et el (10,24) have coupled the diffussion equation and Michaelian
kinetic equation to treat the problem; Verhoff and Sundaresan (12) present a coupled transport
theory in a steady state. The treatment present here seems to be more general and conceptually

simpler in explaining the membrane transient phenomena.

ELECTRIC PERTURBATION

If a potential step is applied across the membrane, then sodium ions will migrate according
to this potential step such that the potential profile at the boundaries of the membrane can be
conformed to the applied voltage. This migration changes the Na* concentration which in turn

disturb the steady state condition among various chemical components tahrough reactions and
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diffusion. This disturbance propagates from the boundaries inward and, the system has to
approach to a new steady state. Before the new steady state can be reached, the system may
oscillate depending on the potenital steps applied and the boundary conditions at which the
potential stops are applied. The current from the voltage perturbation can be written as

I=f éga dx=k J ﬂgEB—a’x

where one molecule of Na is assumed to couple with % molecule of B. Using eq. (5), we obtain

I=K = - L(fpePagpire P pupire P pus (1

S=— 00
toe coefficients may be determined by the initial conditions and boundary conditions. However,
not all tie initial conditions are avaliable under the experimental situation, this is because we have
no way of knowing the voltage, current or concentration of Na* within the membrane. Thus
the conefficients caa not be determined uniquely. Depending on the signs and values of the
coefficients, I may decay monotonically or oscillate. Experimentally, we often observe that when
the clamped voltage of the membrane is changed from one value to another, the current I does
not always beiave consistently. This irreproducibility of data is not due to the fault of the
experimental technique, but simply due to the fact that we do not specity sufficient initial and
boundary conditions. Samples with different history may have different distribution of ions and
voltage profile within the membrane, thus even though the externally applied voltage may be the
same, the responsing current is different. Typical current transient phenomena can be seen in
Fig. (2) and in Fisaman and Macey’s work (11).

THE NEGATIVE RESISTANCE OF THE MEMBRANE

Maay tneories have been proposed to explain the negative resistences phenomenon, for
example, the cooperative model (4) and the electric di'pole theory (13). We would like to show
that the negative resistance can be considered as a direct consequence of the oscillatory behavior of
the membrane. Suppose in a voltage ramp experiment, the rate of voltage increase is m, and
Veemt. Thus, the resistance is

RSt (OEOCLy amy 3L | (15)

Since m is always positive, the sigh of resistane R depends on the sign of ("gf_)' When

(7%{9 is negative and oscillatory, negative resistane is observed. The oscillation of current is

due to the spatial distribution of ions whose migration have a wave-like characteristics and this
wave-like characteristics is generated by the spatial production and consumption of. chemicals
produced by chemical reactions and diffusion. It is obvious from this discussion that the internal
responses of the biochemicals within the membrane is not instantaneous; following a perturbation
at the boundary, the perturbation must propagate inward from the boundary and this propagation
rate is the characteristic of the mombrane. Thus the resistance varies with voltage ramp rate m
according to eq. (15) (For data, see reference 11 and 14).
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CHEMICAL PZRTURBATION AND CHEMICAL EXCITATICN CF MEMBRANE

Following the above theory, we can interprate many chemical effects on membrane as a
perturbation process. There are two ways that chemicals may perturbate the system. First,
enzymes, hormones or inorganic catalysts may change the reaction rates of the biochemical reactions

By kyeseto By? kg?eee; thus, the membrane, which was in a steady state corresponding to
1 p

reaction constants kq, &g , is not in a steady state corresponding to the new reaction constants
By Ry e after the addition of enzymes, hormones or inorganic catalyst. The system is thus

gradually adjusting itself to a new steady sstate; in the process of adjustiﬁg, the system may
oscillate. Second, if the concentration of the componenis involved in matabolic reactions 1is
changed, other components invclved in metabolic reactions have to abjust accordingly. Thus the
system gradually approaches to a new steady stste and oscillation may =lso happen in the process
(for example see reference 15,16 and 17). it is commonly observed (see Fig.3) tbat after mounting
a freshly prepared skin membrene in a chamber with ringer solutions, the voltage or current snows
a sharp peck-valley phenornena; only after a period of abcut 10 min., the voltage reaches a
felatively stable value. Le peck-valley transient is due to the changing of the bathing solution
from its natural eavironment to the ringer sclutioa. A chemical ccrcentration step would also
cause the membrane voltage to oscillate as can be scen in Fig. 4. It is of interest to note that the
concept of receptor sites can ecsily be incorporated into this theoretical framework. Every interface
between the bathing solution and the reaction urit volume cs stown in Fig. 1. can be regarded
ag a receptor site. '

. s . . 14 .
If we vary the concentration of bathing solutions continuocusly, (—g ~-) may be negative due

. - . . o . . av
to the oscillation of the voltage caused by perturbaticn of chemicals. This negative value of ( a0 )

would cerrespend to the negative resistance in currént ramp experiments.
PFRTURBATICN AND EXCITATION BY TEMPERATU RE AND PRESSURE

Temperature and pressure may also affect the membrare system in a prefound weay. Again,
the effect of temperature and pressure can be undstced as a perturbation process. Karger and
Krause (18,19) have reported that increasing or decreasing the temperature causes the open-circuit
potential or saort-circuit current to cscillate. Schaffeniels (20) kos shown that incresse of hydro-
static pressure can czuses the potential to osclliate. Parise and Rivas (21) have also shown toe
transient conductance changes induced by preassure in artificial lipid membranes. These transient
phenomena are very similar to those produced by chemicals or electrical perturbaticn s shown ia
previous figures. The main effect of temperature and pressure to the membrane is, following this
theory, considered to be thrcugh tie change of reaction rate constants ky,&z- of the biochemical
reactions. It is known that &, kg are a function of temperature and pressure, - thus changing
of temperature or pressure would change reaction rcte constants 29 -FEIIRLE to a new set of constants

IR - FLERS , and the system has to approach o a new steady state. During the process of

N
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approaching to the new steady state, oscillation may occure,

If we increase the temperature continuously and record the open circuit potential, —g%{—may be

negative in certain period of time due to the oscillation of the voltage. This negative value of

av . . V. . .
—aTwould correspond to the negative remstanceg [in the current or voitage ramp experiment,

Similarly, it would also predict that fg-P—would be negative under certain conditions in the pressure
ramp experiment.

SATURATION EFFECT

From the scheme in Fig. (1), it is obvious that those biochemical componénts all exeft a
mutual influence on each other. Changing the concentration of one of the ~ biochemicals would
change the flux of the active transport. However, if the concentration of one of these biochomical
components is higher than a critical value, then the amount of active transport will depend only
on the supply of other biochemicals and no longer depend on the concentration of that particular
biochemical component. This can be secen from the data of Cereijido et el on the sodium flux
versus sodium concentration (22). Beyound certain sodium concentraton sodium flux no longer
increases with sodim concentration. Oxygen concentration also shows a similar phenomenon (23).
The other biochemical components involved in the metabolism would show a similar effect.

CONCLUSIONS

A scheme is presented to show the active transport process. The active transport species is
assumed to couple with biochemicals involved in the metabolism. The movement and distribution
of biochemicals are governed by known physical laws such as chemical reactions, diffusion and
migration, The chemical reactions need enzymes to stimulate the speed and usually expends
energy. ATP is considered to provide the energy. This energy is transmitted through the
coupling biochemicals to Na*, thus Na* moves against its own electrochemical gradient,

Since the membrane is relatively rigid and extends for a fixed distance, the chemical reactions
can not proceed uniformly over the whole membrane. Any outside stimuli, such as voltage,
current, chemicals, temperature and pressure may perturbate and modulate the spatial chemical
reactions. The disturbance propagates from the receptor sites inwards. Thus the membrane voltage
or current shows a transient phenomenon. This transient phenomenon is considered to be the cause
of tae negative resistance. (Submitted for publication)
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Fig. 1. A biochemical scheme representing the ‘interaction of chemical reactions and. diffusion
“represents chemical reaction and <——~—-> represents diffusion,” The scheme is enclosed in
the unit reacting volume. Similar unit volume extends in the Y and Z direction.
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Fig. 2. Current transint of a frog skin membrane after short-circuiting the tembrane (short-
circuit current). ' ' :

1201

{(mV)

Potential

i ' y s i i

L L —
1B 30 45 60 75 30 105 120

Time {min)

Fig. 3. Potential transient of a frog skin. The skin was immediately mounted in the chamber

after desecting. The composition of bathing solution was 55 mN Na*, 5mN K+*,. 0.5mN
" Ca** and 60.5 mN Cl-. ‘
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Fig. 4. KCIl concentration perturbation of frog skin membrane from 5mN to 44.5mN. The com-
position of the bathing ringer solution was 55mN Na*, 5mN K*, 0.5mN Ca** and 60.5

mN Cl-.
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A THEORY OF THE MULLER-LYER ILLUSION

Chun Chiang (/)

Institute of Physics, Academia Sinica
Nankang, Taipei, Taiwan
The Republic of China

The concepts of the field of attention and Sfield of vision are differentiated and defined.
Perception is viewed as a series of discrete brocesses and the probability concept is introduced.
The perceived length in the Muller-Lyer illusion is assumed to be a statistical average of
all the instantaneously perceived distances between the lines forming the angles. With an
assumed perception distribution function, the magnitude of the illusion can be predicted and
agree with the experimental data. Alternatively, using the experimental data and this
theory, the perception distribution function can be deduced. This probability distribution
function is a representation of the mental activities.

The Muller-Lyer illusion has been the focus of research for many years in the hope that an
understanding of this illusion will clarify some important meckanisms of percepticn.

The standard form of the Mujler-Lyer illusion is shown in Fig. 1. The horizontal lines /, in
Fig. 1(a) and Fig. 1(bh) are of equal length. However, /y in Fig. 1(a) appears longer than that
in Fig. 1CbD. |

Of the many theories proposed to explain tais illusion, there is a group of theories called the
confusion theory (see Wocdworth and Schiosberg, 1954). Tkhe individua! theories of this group
differ in detail from each other; howevér, they all emphasize that the whole figure is responsible
for the illusion. Recently, Erlebacher and Sekuler (1969) propesed that S obtains the erroneous
results by incorporating, in his judgement, the distance between the ends of the lines forming the
angles. Pressey (1967) propeses that “the judgement of the korizontal line is embedded in the
context of judgement of varying extents, the magnitudes of which are determined by the contour
forming the angles---”". Piaget (1951) has used the concept of centration and decentration to explain
the illusion. However, it seems that no theory has been completely satistactory. Gregory’s (1966)
misplaced constancy scaling theory may under certain situations explain parts of the illusion,
however this dces not seem to be the fundathental cause.

The purpose of this paper is to give a detailed account of another underlying mechanism as to
how the angle contour may give rise to the illusion. For a review of other theories, see Over’s
(1968) excellent article. .

When S observes a figure, his eyes do not fix on all the points of interest at the same time;
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instead, his eyes fix on some point selectively. Furthermore, for every fixation, one cannot
simultaneously perceive all the information within the visual field of that fixation. Only certain
bits of information are perceived at one time, and other bits of information have to be perceived
later. For example, while reading, one perceives each word in succession instead of all words
simultaneously for every fixation (Woodworth and Schlosberg, 1954, p.505). Thus one receives
the information discretely, and perception is a discrete process. It is suggested here that the field
of vision and field of attention should be differentiated. The field of vision for a given
orientation of the eye is defined here as the area in space which can be projected onto the retina
and which is perceptable if sufficient time is allowed. The field of attention is defined as the
area within the field of vision which is actually perceived at a given time. It may take several
different fields of attention to map the entire area of the field of vision. Thus, even though the
entire area of a given field of vision is visible at one time or another, not all the areas of field
of vision are perceptable at the same time. This concept is important in understanding the
perceptual mechanism of Muller-Lyer illusion. The failure of the eye-movement theory (Woodw-
orth and Schlosberg, 1954, p. 419) is essentially due to the failure to grasp this key concept.
Gibson (1950) has made the distinction of visual field and visual world; however, the concept of
field of attention has not been realized and clearly distinguished from visual world or visual field.
- This is probably the reason for much of the controversy.

In the case of the Muller-Lyer illusion, the instantaneously perceived length within the field
of attention may be [, at one time and /y,l3----- or [. at other times, where /o,y I. are the
distances between the lines forming the angles as shown in Fig. 1. (lo,l;,/s----are assumed to be
parallel. Probably that is the case for most situations, However, this model can easily be
extended to the case that lo,l1,l3--"" are not parallel.) The probability of perceiving /lo,ly= In
is PClo),PCly)w+PCly). Finally, the perceived length is assumed to be a statistical average of ail
these instantaneously perceived lengths, Io,ly» /5. Since the whole figure is within the field of
vision, the information concerning the lengths, lo,ly+ I+ keeps on flowing into the brain, and
the brain simply cannot ignore this information and single out the length /o. Consequently, the
resultant perceived length is somewhere between [ and /». Mathematically, we can write the
perceived length L as follows:

L=P (L) IQ+P (L) L4+ P () Iy P (la) I, e))

where P(lo)+PCl)+ < P(lx)=1. The value of P(lo), Pl depends on factors such as
the subject’s attention, the fixation points, the inspection period, etc. This will be discussed in
more detail later.

As can be seen from Fig. la, lo<[i<Tlge- <l., thus L>{o. Namely, the percieved length
of the horizontal line /, is longer than its objective length. In Fig. 1b, Ll >z >ln, thus
L<l,. Namely, the perceived length of /, is shorter than its objective length.

Using the same argument, the perceived length of /. in Fig.lb should be longer than its
objective length., This was indeed reported by Mountjoy (1966).

In a previous paper (Chiang, 1968), diffraction and aberrations have heen invoked as causes
of the illusion. For example, due to blurring, the length of the horizontal line on the retina is
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actually /o’ instead of /o; In Fig.la, /o" is longer than /, due to the blurring and in Fig. b,
/o’ is shorter than /o due to the blurring. ' Thus, the perceived length L is

' L=PCy’ )"+ PCL )y + P g 4 oeeeis PC! J'a : BERN¢)
and the magnitude of the illusicn increases. Co '

The above theory may also explain other forms of the Muller-Lyer illusion as shown in Fig.
2. Gergory presents the illusion in a vertical orientation, however, it seems that no experiment
has demonstrated the difference between the vertical and horizontal orientation for _this  illusion
vet. _ : ‘ . o

In order to make a quantitative calculation of L, the probbaility distribution function hkas to
be known. This distribution function may depend on the instructicns, - the . person’s -experience
and the fixation point of the eve. With an assumed distribution function, the (illusion can be
calculated and compared with experiment data. Alternatively, using the experimental data and
this theory, the perception distribution function can be deduced. Thus, this theory provides a tool
to investigate the perception distribution function which is a representation of the mental- activities.

Case (1D. If S is specifically instructed to Spencl equal time in flxmg his eye on, points along
the perpendicular to /4, then, P(lod=s F(ly)=-ve P(la), and the perceived length L can be shown,

accerding to Eq. 1, to be equal to /o £S5, cos —g—, where S, is the length of the. outgoing er

ingoing fins, and @ is the angle between tie two outgoing cr ingoing fins (the positive sign
applies to the outgoing fins and- the negative:sign zpplies to the ingecing fins). Note that the

magnitude of the illusion =S, COS_g-IS Curectly proportlonal to. tie length cf t;ae fins. Dewar

(1967 a) has provided some data about the effect cf fins’ lergth and angle on the magmtude cf

illusion. Even though kis experimental cenditiors do not correspond exactly to the  requirements

. /)
spec1f1ed bere, hxs data indicate that the magmtuue of 1Ilus1on follows a ccsine fu nction of - 57, 88
snown here, ratiaer than an inverse relaticnship, as is uSually beheved L . ,
Case (2). Asymmetry of the illusicn: If S is epacifically imstructed to spend equal time in
fixing his eye on points. within the entire figure, taen, every point within the contour line has
equal probability of being perceived, thus, according to Eq.1,

J'So Cly+£25 cos- 432 acs sm—g—) s cés—g— _
=T — C!D:tL 0 ccs___) + (3
Eh "Cly £25 cos- 2-)d(Ssn-9-y 27 3 CloSo cos-- -

and the magnitude of illusion D is -

D=-L—- o =S4 ces-

-Socos—g— ‘ —]

RE — @
3CHh£Ss cos "2-7)_' o

7]
2
where+is for the outgoing fins case and—is for the ingoing fins case. Note that the absolute
value of D is larger for outgoing fins case than that for ingoing fins case, Indeed, Binet (1895),
Heymans (1889), and more recently Pollack and Chaplin (1934) kave shown that the outgoing
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fins produce about four times as much illusion as do the ingoing fins.

The illusion D, calculated according to Eq. 4, only involves the misestimation of length due
to high central brain processes, The total illusion- may have an additional component arising from
blurring in the optical image in the retina, as discussed elsewhere (Chiang, 1968). The effect
explained by other theories (see Over’s review, 1968) may also contribute to the illusion to a

certain extent.

Case (3). S If is instructed to fix his eyes on the middle point of [o, then the probability

distribution function may be a normal distribution function;, 21 - exp (—85% sin? —g—/Za’) where
i . s 3

§ Sin —g—- is the vertical distance from the fin to /, and o is a constant. The perceived length L

according to Eq.1, will then be

ISO (%o x2S cos—e—) - 1_-—-exp (-5 sin—ﬂﬂ/Zas) d (S8 sinﬁe—)
= 0 h 2 ‘/_23’(}' 2 2 g (5)

'So__ 1_ . . _6' . WB‘J_'
JO — 5= exp (=S* sin?—-/25°)1 (S sin—5-)

This equation is not‘integrable. However, if tne figure is relatively large, the value of ¢ is
small, and the probability distribution is suca that PCl.) =0, then Eq. 5 may be approximated as
follows: :

ea ] 1 . 8 . 0
N-[ﬂ (lyt2 8 cos”—z—) e exp (—5? sm’—z-/Za’):z' (S sin —2-—)

24

L

= 08 o ,_0__ 3 . __B_
J‘o e exp (—S% sin 9 /2:%) d (S sin 5 ) )
=], i%?— cot—g—

Case (4). Brightness contrast effect: The brightness contrast may affect the distribution
function through varying the value of ¢. By increasing the brightness contrast, the attention may
be attracted away from /o to the contour of the fins, thus raising the value of ¢ in the normal
distribution function. From Egq. 5, it can be shown that the magiu’tude of the illusion increases
with ¢. Thus, it would be predicted from this theory that increasing the brightness contrast will
increase the magnitude of the illusion. This was indees found to be the case by Wickelgren
(1965).

Case (5). Short-term transient effect: Due to the dependence of perceived length on the
probability, the perceived length may be varied with time. A statistically stable averaging
value of perceived length can be obtained only if a large number of instantaneous perceptions are
used. It takes a relatively long time to obtain this large number of instantaneous perceptions.
Thus, in the early period of perceiving, the perceived length can fluctuate at any value between
I, and ., depending on the fixation point of the eye and the focus of the attention. OnIy
after a sufficiently long period of perceiving, the perceived length reaches a stable value,
Primary tests indicate that this is indeed so. The time required to reach a stable value is in the
order of seconds.
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Case (6). Long-term transient effect: Judd (1905), Lewis (1908) and Day (1962) have
shown that the magnitude of illusion may be decreased with prolonged viewing or practice. Dewar
(1967 b) suggests that this may be due to the change of attention in the horizontal shift. This

kind of voluntary change of attention would change the probability distribution function by
decreasing the value of o, which, in turn, will decrease the magnitude of the illusion. In
addition to this, the unit area of the field of attention may also be decreased with time. This
can occur by focusing more attention to the areas of interent and ignoring the areas of less
interest. With a smaller area of field of attention, less contour of the figure will be within the
field; thus the magnitude of the illusion decreases. This explains the decreasing of the illusion

by practice and prolonged viewing. The change cf the field of attention approximates an

exponential function exp(-#/y) where 7 is a constant the magnitude of which is estimated to be in
the order of hours (from the data of Dewar 1963, and Judd 1903), and ¢ represents time.

Case (7). If the figure is small and the whole contour of the figure is always within the
field of attention, regardless of the changing of the field of attention, then prolohged viewing
should not effect the magnitude of the illusion. Furthermore, if the figure is presented- tachistosco-
pically such that one will not be able to direct his attention to horizontal line, then ¢ will not
change with time and the magnitude of illusion should not decresse with repeated presentation.
Eysenck and Slater (1958), Day (1952) and Pollack and Chaplin'C195'4) have indeed shown that
repeated or prolonged presentations of a Muller-Lyer figure subtendiﬁg a small visual angle do
not result in the illusion’s diminution.

Case (8). Tllusion in haptic space: The above discussion is concerned with the illusion in
visual space. However, the concept of field of attention should not only be applicable in visua
space, but in haptic space as well. Indeed, Fisher (1966), for example, has shown thﬁt oné ‘ean
perceive this illusion using the somatic sense instead of the visual sense.

In summary, tae concept of the field of attention and the probability distribution of perception
is introduced to explain the illusion. With the assumed probability distribution function, many
major experimental data can be predicted. The theory explains that the instruction, the fixation
point of the eye, tae size of the figure, the brightness contrast, and tae period of inspection in
the figure, can all have important effects on the magnitude of the illusion, and ¢ is a function
of thes factors. Alteraatively, with the experimental data and this theory, the probability
distribution. function can be deduced. It szems that no otier direct experimental method is
available to map tais probability distribution function. It is ‘wped that this paper can stimulate
further experiments in this field. (To be published in Vision Research)
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Electronic Conduction in Ultra Thin Semi-metal Films
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Abstract

Ultra thin films of Bi on SiO substrate prepared at room temperature and at an approximate
evaporation rate 100 A/min have been observed to have a resistivity drop of about 5 orders of
magnitude within an average thickness increase from 95 A to 105 A, We also note that other
metallic films like Al, Sn, In exnibit much slow rates of the retistivity drop under similar evapor-
ation conditions. The structure of these films has been observed by using an elestron microscope.
It is found that the resistivity drop in Bi films follows the ciange in film structure from discontin-
wous or island film into quasi-continuous state. The origin of the sudden resistivity drbp .in "Bi has
been traced as due to the relatively lower interfacial mobility of Bi islands such that' they form
quasi-continuous structure without aggregating into segregated large Bi islands. Tne Al, Sn, In
films of nominal average thickness less than 200 A were not found to form the quasi-continuous
structure on SiO substrate, -

1. Introduction

An ultra thin film is usually known as the structure in which clusters of the evaporated atoms
are formed on the subsrrate. These clusters are called islands or simply small particles. The
physical properties have been studied¢?’»>¢®> by a number of paysicists. The resistivity is found to
decrease very rapidly as the nominal average thickness is increased during the evaporation..
However, various metallic materials with various insulating substrates exhibit quite different
decreasing slopes of resistivity versus tiaickness. The study of slope is important in the sense that
control of the transition between high resistivity and low resistivity might be made possible and
applicable as switching device.

In the following we first give a survey of theoretical results related to our problem and then
describe experimental procedures. Finally we discuss our results of curves and micrograpns.

9_ Theoratical Accounts for Electroni¢c Conduction in Ultra Thin Metal Films

The mechanisms of conduction of electron in an ultra thin metallic film in which islands of
metallic atoms are randomly distributed are quite different from those in an paraliel-sided
crystalline film. In the latter type of films electrons are expressed in Bloch waves and the drift
velocities are limited by phonon scattering, impurity scattering as well as the size effects. On the
contrary, in an aggregated metal films with an insulating substrate one considers transmission
propability through barriers. The basic mechanisms of electronic conduction may be clamified
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simply as thermionic and tunnelling th:ough the barriers. The thermionic emission is predominating
when the separation between two partxcles is comparatwely large. Tt is based on the Fermi
statistics by which the distribution of electron energies allows finite fraction of electrons to have
sufficient energy over the barriers; On the other hand the conduction due to tunnelling through
the barriers becomes important when the gaps between metallic islands are relatively short. A brief
listing of the different mechanisms of conduction of electrons in an ultra thin film which consists
of both island films and quasi-continuous films is given below ¢33,

1. Thermionic emission. The current density Ji» can be derived with slight modification of

Richardson~Dushman formula as:

‘l;,-r - 2 —_
o Jor M%SKKL ¢ ﬁ/ff'T

where K is Boltzmann constant, V is the applie& potential, ,E is esseritially the overall average

potennal of the substrate gap between two part1cles We will descrlbe 53 in more detail.

2. Unactivated tunnelling, There necessitates a characteristic Coulombic energy JE for an
electronic charge to be injected from one island onto the nearest neighboring island. If 6_E<K T,
the tunnelling process is essentially unactivated with tunnelling current density ‘

Jra= _3793_‘?)1:)10 E [ nh( )] ng?g?; . (15{]_?) -exp {—1. 02545(,”*52;)1 3}

where the guantities and units are precisely the same as reference (3). Note that the exponential

factor is temperature independent.

3. Activated tunnelling. When 6E>KT, the conduction mechanism for cases of large
separation between islands should be mainly the activated tunnelling. The current den-s'it; can be
snown as
—0E/KT —1.0254S(m* @)t /3

LY 2 e

Jacm' L czjsﬁ)i 5255111]1( ) . ﬁg’%:p
in which the symbols =nd units are given again in reference (3). We note that SE/KT ‘appears
as exponential.

4. Quasi-continuous conGuction. During this stage tke structure of film is between the state of
islands and the state which consists parﬂy of islands and partly of connected islands. In this type of
films the conduction meckanisms are tunnelling and thermionic processes for the discontinuous part :nd
direct metallic conduction limited essentially by boundary scattering and size effects. The impedance
of film will be dominated by the discontinuous part because the impedances can be considered ' zs
series connection. Since the paths of direct metallic conduction are . limited - by the size of .
particles and con.nectmn portion between particls the paths are rnarrowed mxcroscoplcally to tﬁe
order of 100 A. Thus the approprlate formulas would be those given in 1, 2, 3 above and
those for classical and quantum meckanical size effects. '

Thermionic emission and quantum mechanical tunnelling of electrcrs are processes in which
electronic potential barrier presents the hindrance to tke transmission of the electrons. Consider
two metalhc 1slands or particles each of diameter d angstroms and separated s angstroms on a sea

of 1nsulat1ng substrate material. The transmission of an electron from one particle to the other
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would be accomplished via two ways: through free space or through the substrate. Since the
potential barrier for free tunnellig is of the order of the work function of the metal and that for
substrate tunnelling is roughly the work function of the metal less the electron affinity of the
substrate, the free tunnelling current can be shown¢®? to be negligible compared to that of
substrate tunnelling. The average substrate barrier combined with the influence of metallic particle

QT may be described as a sum of various terms in the following:
F=Bst+iF— B 1~ BB
Where

,Ef_. is the energy gap between conduction band and the Fermi level of the substrate;
& is the energy change of the conduction band edge of the substrate due to the flow of
electrons between the substrate and the metzllic particle when they are brought into contact;

@ ¢ is the energy reduction due to image force;
,g 7 is the energy reduction due to applied field;

E;’ is the energy reduction due to ionized impurities at the interface.
For both thermionic and quantum mechanical tunnelling processes the overall average potential

barrier, 3, given above may be taken the same.

The afore-mentioned activation energy 6F can be derived from the Coulomb energy difference
needed in transfering an electronic charge from one neutral metallic particle to another. The
origin of the force lies in the image force and the effective local electric field /. For small F’
the expression of 6E can be shown as¢®

o el r+8

o " T —F7e(2r+5).

For high fields,
sE=E—~2(-£- F)*"*
(33

Eymgd/(eeqr)
2. Exrerimental Pro:edures

The main procedures are to make ultra thin films by vacuum evaporation, to measure the
resistivity changes as they are being evaporated, and to observe the structure of the films using
an electron microscope. We first used a high vacuum 3x10-% Torr in our vacuum evaporator
system Varian VI-61 to make the substrate system. As shown in Fig. 1 this system contained
a thick glass plate (Micro slide glass, made in Japan), an evaporated layer of LiF, another layer
of Si0 and 8 indium terminals. The layer of SiQ (purity 99.94) was abot 700—900 A so that it
can be transmitted witn enough intensity of electron beams to allow an eiec&on-micrnscopic study .
Another use of SiO is its protection¢4? against oxidation of films in addition to its function as
supporting substrate. The choice of using LiF is due to its ease of detaching the film from _the
glass base plate when inserting in water. Now we took the substrate system out of the._ evaporator
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and connected the conducting leads from the terminals to the outside via electrical feed tarough.
The substrate system was then placed in the evaporator again and the metallic film was now to be
evaporated onto the substrate and the resistivity to be measured during the evaporation. The
substrate temperature was assumed at room temperature and the rate of evaporation was kept about
100 A/min. On each substrate system two films were simultaneously evaporated. The metallic
substances Bi, Ai cnd Sn were of 59 grace wkhile In was 39.  The thickness of each film was
measured by using a microbalance (%> of which the quartz crystal was bought from NEVA Co.,
Japan. The accuracy of the thickness measured was estimated to within 15%. However, we must
note that for an island film the thickness doces not bear the usual meaning. A Keithley Electrometer
of model 610B was used to measure the resistivity of films. Since the readings of the resistance

were very large we used two-terminal method instead of the 4-terminal method.

Upon completion with the resistivity mersurement the film with its substrate system was taken
out of the evaporator and placed in distilled water. As LiF dissolves in water the metallic film
together with the substrate SiO was floating in water and detached from the glass. Then we used
small cupper mesh to accomodate the film and it was ready for electron-microscopic study. The
electron microscope used was Hitachi’s E.M. type Fu-1lc-1. Direct observation of the structure of
the film and SiO substrate was made possible through transmission of electron-beam. Micrographs
were obtained on Bi and Al films as well as the bare substrate SiO.

4. Resuits and Discussions

As shown in Fig. 2, although the resistivity érops of Bi film on SiO substrate were found to
occur within 10 A the curve Bi (1) occuring between 69A-79 A -associated with SiO substrate
thicker than 1000 A differs from the curve Bi (2) wita substrate thickness 700 A-900 A for which
the transition takes place between 93A-105A. We also obtained curve Bi (1) when Bi was
evaporated directly on the glass substrate without SiO. It has convinced us that the rougher surface
condition of Si O for curve Bi (2) was the cause for the shift of transition region. However,
since the observation by electron microscope will not be possible for films thicker than 1000 A we
used thinner SiO substrates (7004-900A).

The resistivity drops of other films are shown in Fig. 2 for Al, in Fig. 3 for Sn, in Fig. 4
for Int5>. Conditions of evaporation for these films and the SiO substrate were kept the same as
possible as for Bi. None of these exhibits such sharp resistivity drop as Bi. To resolve the puzzle
we may recall the various mechanisms of electronic conduction given in section 2. Eacn resistivity
drop from top to bottom of tie sami-logarithm plot respactively in Fig. 2, 3 and 4 correponds to
electronic conductions from thermionic emission to guantum mechanical tunnelling and finally to
the size-limited guasi-continuous conduction. In case of Bi the surface mobility may be assumed
not so high that quasi-continuous structure rather than larger-islands structure is formed as the
evaporation proceeds. Thus we would first reach the quasi-continuous conduction. There was an
evidence of this model in observing the films with electron microscope. As the Iintensity of
electoron beam was increased we did see the motion of islands such that a number of neighboring
islands of the quasi-continuous Bi film got together to become a large island with well-defined
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boundary of substrate material.  This implies that the laternal motion and thus the agregation of
islands were created by the impinging electrons of the electron microscope. On the contrary, films
of Al, Sn, In could be assumed to have higher interfacial mobility such that they aggregated for
a much larger thickness without forming quasi-continuous structure. The electron microscopic
findings as given below apparently support this model. ‘

The micrographs of Bi with magnification ® 62,500 are shown in Fig. 5, 6, and 7. The
pure SiO substrate surface, s1own in Fig. 5 appears so fine and smooth that islands on it would
be clearly distinguished. Fig. 6 shows the structure of segregated islands or gains with resistance ~
2X10°*' ohms; the two photoes were taken at different places of the same film. Figure 7 shows
the quasi-coptinuous structure of resistance 1.6xX10% ohms, with the two photoes taken from two
different film at identical conditiors. In Fig. 8a with magnification X 62,500 we see clear
islands of Al of average thickness 50 A with resistance 2.2x10'* ghms whereas Fig. 8b is just
Fig. 8a except tae magnification reduces to x18,750. Fig. 9(a) shows the structure of Al film of
thickness 190 A with magnification x 62,500 and resistance ~ 2108 ohms whereas Fig. (b)) and
Fig. 9(c) are taken from the same film but at different locations. The small dots (islands) in
Fig. 9 are bzlieved to be the cause of resistance difference from Fig. 8.
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Fig. 5
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Fig. 6
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Figure 7 BURNERBEEAT 12 JRHE 2-field o JtFF computation domain ¥iLAHBR—ETRE B
pressure low, BIRHR FAIBHTERRES FERFH

Figure 8-1 Bim%E fixed boundary condition T 11.67 /it 2 z-field o H#LHEH free-slip bounda-
ry condition (Fig. 6) FriBESEL o HE—mESITE 2. BYFILF » fixed boundary condition EptpE{y
fR¥F initial stage FYERR + T free-slip boundary condition F » WLEBRBENEES o = boundary
condition B#EH L EEES » —TWS I computation domain X » boundary 7= computation

A (LA AE + —% boundary condition RE#STHAEIESE « % computation domain HF—ERE (AT E
ARF) Ky 1 free-slip boundary condition THEEHTFTEZRNREABIHE (MAT~ERER) o
Figure 8-2 % fixed boundary condition F 23.53 /\&% 2-field o fhRERE T ((=10, 7=7) [
EIEGAXBH T —M@ grid size XE MRTEBEREMAM CKRYEERL 1 1972) o mHAYE
heat supply, BAERE decay MIEE B - '

Figures 9-1 and 9-2 BURZE 5 boundary conditions Ff 12 /MBE% 24 /|\EREy z-field,

%Zc_ao at x-direction boundary

_g.;_g.o at y-direction boundary

Wyoungary =0

i&f boundary condition FE#gAR% + physically SEF/REE boundary B: » AREHEE boundary T
58y (under geostrophic wind assumption) e HZESHHHE boundary TAREE AR » AHD4AES
°o l# Figs. 8 and 9 R LIBHBLALE boundary HZE VK 7G4 boundarys RSk o

6. WRHEERR

3. FNEEEHSNHE boundary condition T + solutions TEEEEA M1k » Fig. 7 Esem boundary
condition T 3EHTNEEHER + Figs. 6 and 8 B/R boundary condition EREMESE » 4R
computation domain Ff free slip boundary condition | PEEHBENZE boundary FgE{L o
Fig. 9 B —& &Y governing equations {HAB AN boundary condition TRIRERE «

§. HERFIUTEZRM heat supply, 24 /ELIAARRREZSZBLITTLL baroclinic model KB&
TRHIZ o E—LBHEA computation domain X ERBMFELNF » ETESEOENARRRRAASY
g o

§. AICPTH iteration method (Eqs. 12 and 14), } convergence speed HF[fH over-relaxation
¥ (with relaxation factor=0.35 for two-dimensional case, relaxation factor==0.25 for three-
dimensional case) FEIE{LL o

7. & 3

EMFHEBEARZARYEAR COBERE ~ 17~ AR ~ BRI BEE BAK  BRSA
o ARARFREFBIGTR » HEXBHERFO4EA [BM 1130 B » BHNE o
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Annual Report of Institute of ‘Physics, Academia Sinica, 1971
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RN EaEREST CRAYEERC » 1972) R Gray (1970) HiHHBREE » 775
SHEFSS persistence ZAMHT 0 WEHEEREE B EREK o Hope and Neumann (1970) BiEd—
Kebk » B — AR HRE AR R BRED 2 BB o £ ANKETRR LR L (Simpson,
1971) » AR AR AT BAEEEE S AR Tt o

> H F ok
1. BeREpLEH
BERBH—FERBERZSOEE (o, yo) ~FEH (B ~BE (e Rﬁ%ﬁjﬂﬁ (6o) » H/—HT
e R EBBRTERER TGRS :

1.1 HFREAL (o, yo) Bl * A, RAPEAHE -
RE—LFBALERRER :
(x5, ¥1, t1) =1 2,...... ,nn €Y

SRR
(Catr—20) -+ (31—90) I/ 2 <Ay [xs—x0) ¥+ (Y1—yo)?)L/3< A, for any j 2
1.2 H#E Cxo, yo, to) HE~BR (1, 51, f:) » IRED _ )
(xi—x0)3 +(i—yo )3 < (x5 —~x0)¥+(Ps—yo)* 3
1.3 REHHER 60 ZETER A2, HE0 | |
tan-t (Z22E) 0] <4, &

1.4 HEER vo 2F/NEE Ay 0 7RED
Exul—*x;)"'—i-(yu_l—'yz)“]l“

tir1—l —ve| <Az (5
1.5 HEBARRE 4, Zz—ﬂ‘%;‘?@ Ay, JRER
[t —to] <Ay (6

HIELIERE AR BRI S EERREETRE - EEMREATIBEE to B » BRI
BT ANE AR S ELERARNTZEE  E o+ As RRERELEREES S I o TIEE
nlFER ) EEMEREEER

[ X, =Xo at { when ' (7
Y, T
(k—‘l)(xk"xk 1)+£As_k+l)(xl)"‘x0 1) +x: . at t&
. -
- : when k=/+1,...,/+As—1
‘_ (k—-l)(yx—-yx_l)-!-(As—-k+l)(yo—-yo-1) ’ :
] 2, +7, . (8)
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ra V4
x =xr—Xe-1+ X at s
k k-1
’ when k=l+Ag,.oo., 1 (9
k

-1

y:myr—yh1+y
mﬁmﬁﬁm%zm@mwm , AR E A OAEE IR Cfo+40) ZBBILE (x 7, v B
{x 5 xH.dt. /N

P
y _~y1+dt /N

(10

2. mAGOBEEE

&EEEE—E#F&E&E.@D%@%EE— bivariate normal probability density function B » HIRSAL
A ERE A Ll E R FZHEZ
{ major axis=+ka>C

(1D
minor axis=1k,A¢
ZHCH .
c=(ln (1—P)-23°"% (12)
P &4 P-probability @“Eﬁﬁ.#lb?ﬁ%%ﬁkdﬁﬁ@ ka, ko ﬁ‘: '
k3 =-s:+sy;tE(sz+sv)3—-4 s (l——-r )] / (13)
ok, R i1]

s.=( 50 Q’)ﬁ/(N—m”” ﬁ

T::“E(x 37~y (B -X’)’ECy’—y’) 31“‘
IEEEEREEERA TR

=} tan-1 12 Y=y Sz Sy ' . (15)

53—y
3. AXLEERB LHEZA AT ﬁZﬁﬂ%HXEuERﬂ—t{%{#Mﬁ%%E{J y REEZEEER

tj+1—'tj"“'6 /NEE

A,=2.5° 8% 5°

Ag=22.5°
5 kt =1 ve<10 kt

A3={ 10 kt 10kt <zo<20 kt : (16)

15 kt vo>20 kt

A,=15 KiZ 30 X

As=36 /\NEp

As

Ag== fre1—ls

B, @ Gloria (1963)
1. ThEERAEGEE)
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R B BT R b AR o MR BRI A LD L B RERIR
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1972) » AL R R DR R T o
W 1-1 ZE 14 BTARET
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FPRMBAA N BREERREC/HE « RE R RIBE

AN EEEWEAGIE T EL TR  TERMEHIE - B2BR A, ETARETARERE
BAAR+ARLERRTR « AXSFRDESRED LA G UERETE o R XERLHBIH TR
BRE B2 Ea b TEEEEET A, E A, BEURERRE o TLUFELRNR A1 £ A HEE
R0 B N ERA  EANBERAT ~ERRGERNREHSOEDHHVRAEHE o 3| ALEERERRRSR
WTIEsE » BBE—SWT A E As BBLo

2. 24/ EpReRLER)
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WA BB T R 330 X BB Sy 45 3¢

I B 4 & & & (Chun-Tsung Wang)

AN TS RN BB AGE B SR E N AR A ML - BB EWAYEE (Surface friction
) TE# (Sensible Leat) Z ML, (Latent heat) 2B SEHEE » LLSESTHEo

AITIEH AR (Geotrophic wind) ZBRBHEE: - S ENZRBMLIZE » T8 —BHER S
REBEE - HEEY » TEMFZUERERRARER « BANERESEDFER - M E3E BB 8
AREREE (Cirrus cloud) HREH/Z #E (Cumuius cloud) MELFE » BREEREAREET
FRAEHBE SR REEOE AR SEENEENEBES (Mechanism) BERRE S » EEHIE
BE—ERETEEEAER » AT —ERTHE (Local average value) LIERENLIE o B
LARMAASIE RN T 2 B3 :

BOoMmEEERSHEEH (Hydrostatic)

NE e R

M SRR EBERET] (990 mb)

BHMZBRBIRR 500 mb LT

EROTHEERES -

2. HELE

2.1 EFFER:
FE AR LR (Pressure coordinate system) Fik A REBHEAHERS :
S FREEHH SRS

AR ;
§ EEEHETER

8z _,__1 ___RT

b ge b 2
§ sEEAHEL

dQ _ ~ dT _  dp

at e e (3)

ERESN ?"‘%@Ek%’g ' F“EEWZEQQQ v feofIFZ%E (Coriolis parameter), g=EH
MRARL » 2=+ AL » == 3077 (Shear stress) +p ~BN) >0 ~2EHE » R EHEZFRBER » T EE »

LY MR B R ENTTIZ A - C ~SE BT » « =% i M RB S (o Ly e
R o

Do ® 4 Vivorw.? K
FTa TR Vi@ gy » V= 7 ? ay 7
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o BLRNE 1,y BERELAE bWl , j B b2 B E
§ HmE HE
_";. Y _.g, s BT ﬂj_
Ve kb % ya vz JL 7 viz (4

Vi Dt Jo B S 2FBE L BEEE (= E-vx V) o
2.2 AAAERK:
yg(zid + @ (Potential teurpuature) FiFFRiEREF S (Static stability)
ez_T(i(i)‘gp_)R/Cp, o1 98

of B8P
5 A Eqs. 1-4, {bffiw#§ (Thompson, 1951),(Staff Members, 1965)
§. GEWE TR
8\? z o
S ==fo B-vX( 55 ©

‘ ~ PA ag _90A 4B
J =Jacobian f@% J(A, B T Tax oy ay ox

A, B %Eﬂﬁ@ﬁﬁi@%ﬁ (Scalar function),
R & (Boundary conditions) E7E#E&E (Computation domain) LI z ETFER R TIEE o
TIRE & (Initial conditions) £ ¢=10 B% >z (x,y, p)=z0(x, y, p) (Figs. 1-4).

§ LEEEREN

) fzo d%w _,7 ! — 0z - }a VK~
—V9w+ ‘a" - } ( C f) 2]( ] ag ) fD x ap

BEEEE P=200mb, 5 1000mb, @=0;
FRFCEHAIESR b CREBRERL »1972) 0=~ &= (2, 75).

2.3 FEEBAARY BRERE
§. FEmmEEE:
KE A MTREZEEN RS
t’—10 = ;;0 CD |_VloE V_:u (7)
w Cp BEESH I HE (Miller, 19693

Cp=(1.0+0.07] V,0])x10-3

1o WEERLFYEE » | Vio| ~BEERZTHRE 48
p_10='1 18 10-3mb sec?/m?*, lelol =25m/sec.

BEEDS (5) (6) ME « 2HBHEREER  EREHIETEE -

—

Hi (gp )P=900m3_' gPo C; le! Vi n“ka (8)

bE=6.67x10-% sec-1
§. TJRER UL

R Vio ZSEEATRE ¢ B TR ARETR
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MR B T TS R 2 £

F3=A’1|V,a| (To—T10) ' )

Fs=BMME (Heat flux), A%y BEBEHEE (=Ce (o 0, |Vig]) P ERNE L ERHE » T
HERZIE + Tro REHRAE 1000mb 208 CEAMES 1000mb SisEEy) » AR 850mb, 700mb
ZERRELNRZ

Tyo 2‘Q(Ts-—715)+05H72+7ﬂ)+089Tﬁ - (10)

Tio, Tsus T-; & 1000mb, 850mb 700mb Zjﬁ}g Ty, Ts. s, T BREBLTIHER o
W #EE (Miller, 1969)

ﬂ;{?. qg_ggL‘Allel(Ta T10) - a1

Te—T,0>>0 A;=7.45>10-% m/sec? deg
— T 6<0 A1 =7.45x10-5m/sec? deg
§. BHER:
BEBHS (Gambo, 1963; Danard, 1966)
2G5 o LF* 04S-8 @<0

=0 0=0 (12)

- d9* 1 8@ 8z
Sy I CH Cr op (13
1+ C;Qz

Hrf ¢*= faMLRgZEE
L= K2 it #,=2.22% 105 m3 sec-?

Qu= (-5 )r = —1.48x10-5 mb-2

Qg=(—g§ni)p=-6.99x10-“f{—1

4§=]— T;j g ‘. T—Te<7.5

=0 T—Ty=7.5

T TR ZBUEE (Dew point temperature)
B=1 ‘at 800 mb
=().826 at 600 mh

A3

dQ _ dQs . d@s
ar " 7di T ar (14)

EEEBRORIE  REEER » DHBARRE T—T.<7.5 WERBSD T'—T,~2.5 3o

3. B R

W Egs. 8, 11 K 12 %A Eqs. 4,5 & 6 s+ {25 (Finite difference form) (EFHi
19723 » E07] A% Eqs. 4,5 % 6 MFETARE L - 72 Eq. 6 BBEER Vie HEEAR 0.2_5— ' I3[
RN EHEER (Elliptic type partial differential equation) o
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Figures 1 & 4 AH% 900mb, 700mb, 500mb X 300mb &FZFEHild 1
Figures 5 Z 7735 800mb, 600mb % 400mb &z -HIEESMEH
&2 FAEREVIEEIE (o M EREEFRNRSB)  TRER 16 MR ME - ol o L Ch
ABlwfE Fig. 1.1 & Fig. 5, 1, 4%t Fig. 1 #2 » iy Fig. 1. [ WFEHEeE (12,60 5-ERK
Bz (16,8) MiEE—HEEmER » 16/ (12,60 B&F (11,6) Mgtk - g (16,8) &
R » BB BEEANT R IR AREEGED - £&%E L 500mb S (Fig. 3
) BB -FREYESEH o 7 Fig. 5 TEH LTEEZBLFE - EXEHZ LR (12,6) BEaH-—
MAH FEEE (—o>>20%x10-* mb/sec), 16 /weEH7TE (11,7) F—HAMHLREE - BHRREE
BEgzmem (12,6) g% (11,6) B mibi « £ b&EFFER (12,60 < (EBEEH GRS
TR SR BB AR R (Nitta, 1965 ) AR ATES TR AR R 2% (st AR
10° 4 HEEZ BRSNS Z1RE o ATRA AR BRI RANER H—ml 2R
THRARFEYHER » R oRESFREHRAFHEEN S « hUIigRA U FrETREN K 2 BL AT
HREHIFTE R o

FA R R RE RS EET

2 £ X ™
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Energy Generation and Transformation in the AtmosPhere Over
the [ast China Sea During Winter®

L. C. Chien (#4)

Institute of physics, Academia Sinica
ABSTRACT

Energy generation and transformation is evaluated for seven layer model from 1000 mb. to
100 mb. by the use of IBM 1130 using daily aerological date from the notwork over the FEast
China Sea during the period of continuous outburst of cold air predominated in January, 1966.

By tae kinetic energy equation, we can researched into the generation and transformation of
kinetic energy. The work done by the horizontal pressure force, horizontal transport, vertical
transport, local change of kinetic energy, the divergence of eddy kinetic emergy, and the energy
transformed from the mean kinetic energy to eddy kinetic energy can be calculated by the use of
daily aerological data. The dissipation is then obtained as the residual to balance the kinetic
energy ejuation. It is clear, that during the continuous outburst of ccld air, the FEast China Sea
is a source region of kinetic energy. - A large surplus of kinetic energy is exported across the
boundary. Part of the kinetic energy is transported to the northeastern of Taiwan. The release of
kinetic energy is directly associated with the process of sinking of cold air. It is the reason of
rainfall over the northeastern part of Taiwan during winter.

Using the potential energy equation, we can discuss the generation and the transformation of
potential energy. The horizontal transport, vertical transport, and local change of pbtential
energy, the quantity transformed from the mean potential energy into eddy potential energy, the
divergence of the eddy potential energy, and the potential energy transformed into kinetic energy
can be evaluated by observed data. The residual to balance the potential energy equation is the
energy supplied from the sza sarface. As for the available potential energy, the FEast China Sea
is a sink region. The import of available potential energy is mainly accomplished by the upper

zona! flow and NE-monsoon.
1. INTRODUCTION

It is suggested by Margules (1903) that the significant process which produces kinetic energy
in the atmosphere appears to be the simultaneous rising of warm air and sinking of cold air. One
may suspect taat the more vigorous energy trasformation process takes place in the lower and
middle troposiere where baroclinity is more pronounced and kinetic energy is produced at the
€xpanse of potential energy. In the upper troposphere and lower stratosphere there. is some

evidence of a reversal of this process, i. e. kinetic energy is transformed into potential energy.
_ T

* work supported by Natianal Science Council, 1970-1971,
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The investigation of energy process has contributed substantially to tne understanding of the
atmosphere’s general circulation. Growta and decay of synoptic-scale weather disturbances are
strongly affected by the rate of energy generation and transformation. Thus to study the energy
generation and transformation is important to the understanding of the synoptic scale atmosphere
dynamices.

The study of energy generation and transformation has been done by may investigators.
Jacobs (1951a, b) researcied into the energy supported from the ocean to the atmosphere. Lorent:z
(1955) and White (1956) presented tiie mathematical form which could be used in the study of the
general circulation by the concept of available potential energy. Recently, Wiin-Nielsen (1968)
studied the energy generation and transformation in term of internal energy, potential energy,
kinetic energy and dissipation. Smith and Horn (1969), Starr and Gaut(1969) developed symmetrical
formujation of the zonal kinetic energy.

I

Fig. 1 The annual values of the rate of total emergy gained by the atmosphere,
Unit: cal/cm?®. day
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Jacobs (1951a, b) found that the amount of energy transported from the ocean to the atmosp-
here is large on the East China Sea and on Japan Sea (Fig. 1). Japan Sea is surrounded by the
land, And there are many observatories on its shore. The energy generation and transformation
over tne Japan Sea during winter has been studied by many Japanese authors, e. g. Manabhe
(1937, 1958) , Murakami (1959), Matsumoto et al (1963), Ninimiya (19564). Although the East
China Sea is surrounded by Taiwan, Chinese Continent, Korea, Japan Islands, and Ryuku Islands,
there has not been researched systematically. Recently, Liao (1968a, b) made a scheme and began to
studied the air mass of the East China Sea. In Previous paper, Jean (1969), Liao and Jean (1971)
the kinetic energy budget was studied in various partitions with daily wind and geopotential data

during the period of a typical outburst of cold continental air.

Fig. 2 Stations and triangle grids wused in computing energy generation and
transformation, Heavy lines define thz East China Sea.

In this study, generation and transformation of energy is studied. Various kinetic energy
paramenters and potential paramenters were evaluated for seven layer model from the sea surface
to 100 mb., from January 25 to 31, 19535 over the East China Sea.
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2. DATA AND COMPUTATION

In this study, I choose eight stations of data ocmparably completed as the vertex of the
polygon and select another seven stations for computing the gradient of the quantities. The station
distribution used in this study and triangle grids used in computing energy generation and transfor-
mation are shown in Fig. 2. Tae polygon area enclosed by the heavy line is defined, in this
study, as “the East China Sea”. The dimension of the East China Sea is

A=+585,240.4403 km?*
The boundary of the East China Sea is subdivided into eight segments (Fig. 2).

All the data, the wind velocity, geopotential, temperature, are read from the Asia Synoptic
Chart, Japan Meteorology Agency (January, 1966). And incorporate the observed reports of
Mosulpo (47187) to complete the data of Jeju (47184).

The hydrostatic equation, dp=—gdz will be used to substitute pressure for height as vertical

coordinate. The vertical p velocity, @, is represented by

O . )]

and the principle of conservation of mass is expressed by
fw

V- V:‘ — —ap—- (2)
The vertical p-velocity is obtained

wps == [ 327+ Vip+os, (3
where @, and w,; are w at pressure level py and p; respectively. for the area mean, we have

1 r
Eajpzja—'-—A—‘[P:‘fV‘ndsdp+[w1)1] (4)

where S is the boundary of the East China Sea, n the outward directed unit vector normal to the
boundary. For shake of simplicity, we assume, in this paper, that the surface pressure is constant
and equal to 1000 mb.. In consequence of such assumption the vertical p-velocity at the sea
surface wpo in equation (4) is approximated to be zero. Then [w] at every level can be obtained
by the use of equation (4).

The area mean values of energy variables over the East China Sea for seven prssure layers
from the sea surface to 100 mb, were examined in detail in our previous reports (Jean 1969), Liao
and Jean (1971).

3. BUDGET OF KINETIC ENERGY

Using pressure as the vertical coordinate, we may write the equation of moticn for the

horizontal wind in the form

_BL_I_ Ve V+ow-

v
57 5—-+fk>< V=—p@—~F, (5)

7]

where # is the geopotential of any isobaric surface, @ =gz, F the vector of horizontal frictional
force per unit mass, f the horizontal component of Coriolis’ paramenter, k the vertical unit
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vector. Now let each of the quantity in equation (5) be expressed by the mean (time mean)

value and a departure from this mean, e. g. qm-c;-!-q’, where_q=-

1 (r ,
T qudt, g’ =q—q.

With the use of this expression (5) may be rewtitten as

av oV oy TV AV
=T L VepV 4o - e LAV e g V4V gV +w"’aﬁ"_+ b
+ VgV 0Lt fk X Vermp F—Fep 87 —F, (6)

Scalar-muitipling equation (6) by V and V* respectively, and making time averaging operation,
we obtaine two kinds of energy equation for the horizontal wind in the form,

A LA 7
Vst 7KVt joKo =—Vop -g—~Il— V. F, <P,
eV . A
vV —at—-!-p' kV+ 3p kawt+E
=V FT+ [V F7, )

in which
K= —é‘-ﬂ (V)’, the mean kinetic energy,

k ﬂ_é_'(j_f'js_, the eddy kinetic energy,

AR TR O [ Wiy O 176 L T N T
M=ot gy ' op )+ o ar " ey e, )

the conversion between the mean kinetic energy and the the eddy kinetic energy,

Eﬂ—'%—u" (u’;-.# v v)+ —:y—v’(u’;-l'- v’?),

the net horizontal and vertical fiux of eddy kinetic energy
For I-th pressure layer, the integranted values of each term in equation (7) and (8) over the
East China Sea, we obtained the following equations:

br [{v. 27 -—dAdp+—1ﬁ §VK-ndsap+__ b | apr dAdp
=-——;— br | [Virgdaap~-1. 1 g; T I,dAdp—-nggj_ljfv-F dAdp (9)

1 ﬁi JI V.- ---—dAdp—}-—IpI ka-na’Sdp+ L g; JJ[ Oka +E] dAdp

g

z.__JE br [ [ orrsr—r—v; Faaap (10)

For the sake of simplicity, the horlzontal mean over the East China Sea will be hereafter be

denoted by
(@~ [ a4

and for the vertical integration the following notation will be used:
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1 P
<o>= - 3tadp
Using the above notatings, equation (9) and (10) may be rewritten in the forms,
QV LEPA(rE ¥+ K w p=< (=P ED+ = LD+~ V-FD,
LA i 0 £
(VS5 D qrekV+ ko + CED

L[~V P B7W+LLD+LL—~ V- F D,

(11)

(12>

The mean kinetic energy balance and eddy kinetic energy balance for seven pressure layers

from the sea surface to 100 mb., is presented in Table 1 and Table 2 in term of the kinetic

energy paramenters.

Table 1. Mean kinetic energy budget within each pressure layer

Layer md.) | K | <(VEXD <o KV i<t—£b—"f€33> <CLD {<t~‘r7-v763> (C~V-F3
1 - . . { N

1000-850 0.644 0.001 0.241 0.015 0.725 6.818 5.836
850-700 2,324 0.001 0.12¢ . 0.031 0.423 2.762 2.183
700-500 3.175 0.003 0.163 0.085 0.345  1.860 1.263
500-400 3.857) 0.005 1.086 0.122 0.514 1.759  -0.032
400-300 4.121 0.006 2.398 0.183 0.614  3.453  -0.232
300-200 4.890 0.005 3.520 0.158 0.807,  4.022 -0.468
200-100 3.438 0.006 2.665 0.187 0.587 -  6.580 3.185

H | + !

H |
Sum | 22.49 0.027  10.197 -  0.78L 3.965  25.254  12.219

i ‘ : | | !

K in unit 10% joules/m?, other quantities in watts/m?3
Table 2. Eddy kinetic energy budget withn each pressure layer

o ——— — N B — »
Layer (mb.) {<£ V2D VD (CE ke D] D <c~v*fmf1>} CEY | CT7FDS
1000-850 | 0.000 0.018 0.002  0.016 0.725 2193 -1.054
850-700 | 0.001, 0.015 0.008  0.022 0.423  -1.334  -0.957
700-500 0.001 0.034 0.023  0.186 0.346 ~ -0.195  -0.093
500-400 | 0.002 0.022 0011 0240 . 0714 0.7 -0.008
400200 | 0.003 0.057 0.002 0.127 0.714  1.264 1.639
300-200 ! 0.003 0.316 0.017.  0.388 0.807,  2.315 2.393
200-100 i 0.004 0.196 0.053, 0.215 0.537] 1.664 1.733
! ( | _
Sum | 0.014 0.658 0.116  1.194 4156 1.074 3.708

Unit: watts/m?
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Viewing the tables, they show that strong generations take place in the upper and lower
atmosphere, while the generation in the midtropesphere is very weak. Starting from the sea
surface, we see a maximum of the generation in the boundary layer, which gradually decreases
toward a minimum in the mid-troposphere, and then increases towad a second maximum in the
upper part of the atmosphere. It is estimated that roughly 33 per cent of the generation occurs in
the layer between 1000 mb. and 750mb., 19 per cent in the layer between 700 mb. and 400 mb.,
and 48 per cent in the layer between 400 mb. and 100 mb..

The work done by the pressure gradient can be rewritten as
~VepB=p BV go—wa as)

If we devide Pw into two parts, one being its space mean [ @) () and other a departure from
this mean, @*o*, Egquation (13) can be transformed into the following form:

C=V-rBD=ll=0 ¥ aXD+{( =7 BV % %, a9
L=V 7B D=~ R0 + (=g FPRV7D) +( = f T (15)

The first term on the righ of equation (14) and (15) have positive values. Those represent
the release of kinetic energy by overturning within atmospheric wave. Under this formulation,
a decreasz of available potential energy occurs when relatively warm air rises and cold air sinks.

Table 3. The transformation of mean gravitatiofxal potential energy

Layer (mb.) | ({=Verd)y | {~a* a¥)> | <(—p-p* VI <c—%_'5*5*3>

1000-850 6.818 5.454 3.688 -2.223
850-700 2.762 | 1.932 1.875 | -1.045
700-500 _.1.860 "% 1.655 - 1.528 -1.323
500-400 1.759 i 1.493 0.644 -0.378
400-300 3.543 i 2.833 | 0.769 ~0.149
300-200 4.062 é“ 3.007 1.385 ~0.460
200-100 6.580 4.672 | 2.706 ~0.798

Sum 27.540 I 20.586 12.595 ~6.376

Unit: watts/m3
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Table 4. The transformation of eddy gravitational potential energy

Layer (mb.) | <(=V"-787°D> | (=w*a’) | (=p-B7FVD L<c——31—ﬁf'*“m7*‘3>
|

1000-850 -2.193 1.572 -3.652 -0.113
850-700 -1.134 1.123 -0.812 -0.645
700-500 -1.195 0.774 -1.725 -0.244
500-400 -0.447 0.423 -0.688 -0.182
400-300 1.264 1.006 0.522 -0.254
300-200 2.315 1.272 1.670 -0.627
200-100 - 1.664 1.135 -0.048 -0.577

Sum 1.074 7.305 -4.045 -2.632

Unit: watts/m?

The second term and the third term on the right of equation (14) and (15) express tne
horizontal and vertical flux of gravitational potential energy. The net inward horizontal flux of
gravitational potential energy is 12.595 watts/m? and the amount of net outward horizontal flux
due to the eddies is 3.587 watts/m?. In consequence, adding equation (14) and (15), we have

(VB D= e+ (=7 BT+ (= B (16)
28.328  27.891 9.445 -9.008
In equation (16), we see that the net flux of gravitational potential energy, 0.423 watts/m?*, is

insignificant and the magnitude of the gradient {(—~V+F £ is almost the same with that of the

conversion of available potential energy to kinetic energy <[—e*a*)>. From this fact, it may be
said that, so far as the work done by pressure gradient is concerned, the release of kinetic energy
can be computed with good approximation as if the region were a closed system.

Mow consider the horizontal transport and vertiaal transport of kinetic energy. The horizonta-

10utflow,-1g—J—714—- f VK-ndSdp, which is small near the sea surface and has significant large
in the upper half of the atmosphere. This indicates that there is a jet stream in the upper
atmosphere over the East China Sea. The vertical transport term,*azj-b—Kw, its numerical value is

rather insignificant. The computations show that the net export of mean kinetic energy is 10.109
watts/m3. Part of these exported energy is transported to the nortieastern of Taiwan, and plays
an important role for releasing the kinetic energy over the northeastern of Taiwan.

In equation (11) and (12), the appearance of . with opposite sign in both equations means
that this term gives a conversion between the mean kinetic energy and the eddy kinetic energy,
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a loss in one representing a gain in the other. A positive sign of the conversion term indicates
that the eddy kinetic energy is partly furnisied from the mean kinetic energy. This amount is of
valee 4.166 watts/m3.

In equation (12), the term E represent the net horizontal and vertica flux of deddy Lkinetic
energy across the boundary since #’u and v”v in E expresses a kind of eddy kinetic energy.

Formerly, most of scholars recognized that the friction force is small and the work done by it
may be neglected. The result of Kung (1966a, b), Smith (1969) and this study show that the
work done by the friction force is the same order of magnitude as the work done by the pressure
gradient. Therefore, the friction term is important and must not be neglected,

The kinetic energy dissipation in the boundary layer is estimated by Lettau (1962). The
surface stress 7po and the boundary layer dissipation D, are

Tpﬂ=‘PpoC3V (17)
Dy=2Verty (18)
where pjo iis the air density at the sea surface and may be estimated by the equation of state

ppo=-—R%‘lo-. The energy dissipation in the atomosphere can be partitioned into contributions

from the boundary layer Dy and free atmosphere Dy

D=Dy+ D, ' (19)
To estimate frictional dissipation at the sea surface, E in equation (17) is put to be 0.03, tae
results are as follows:

D = D, + D;

15.927 4.523 11.404

The results show that the surface friction is about 28 per cent of the total dissipation. At the total
rate of frictional dissipation 15.927 watts/m?, might be expected to consume entirely the total
kinetic energy within 57.46 hours provided that there is not any process of generation of kinetic
energy.

~ 4. BUDGET OF POTENTIAL ENERGY

Using tae first law of thermodynamics

dQ dT da '

dt " ar TP (20)
and the equation of state

pa=RT )
we obtain the equation

dQ . (1. 49

=y T o g (22)
With the aid of equatino of continuity, we have

K IS WY T

o TV Ve + b wl c ( b )Q, (23)

where d@Q/dt is the rate of addition of heat, 8 the potential temperature, ¢, the specific heat at
constant pressure, K the ratio R/.». If 8 is represented by space mean plus a departure from this
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mean plus a departure fronl this mean &* equation (23) may be rewritten as

Table 5. Mean available potential budget within each pressure layer

Layer (mb.) | (34x/38) [0 -7+ Vo*3) :[—-922- 3‘1 0Q*3) (L] | (@* a®) | —ca(@* Q")
1000-850 0.520) -3.062 -5.921 0.833 -5.454 _2.176
850-700 0.745 -3.768 -6.230 0.895 -1.932 -6.425
700-500 1.170 -2.732 -4.961 0.765 -1.655 -4.103
500-400 1.490 -1.171 -6.134 0.682 -1.493 | -3.640
400-300 1.632 -0.635 3.871 1.436 -2.833 6.265
! |
300-200 1.846 -0.870 5.82 = 1.537 -3.097 8.396
200-100 1.927 -0.842 9.353 1.465 _4.672 -5.061
Sum 9.930 -13.080 -4.160 |  7.609 -20.586 | -6.745

Unit: watts/m?3

Table 6. Eddy available potential budget within each pressure layer

Layer (mb.) | (94x/94) E—%E”-WWJ:E—% %WJ (A) | (=L | [@Fa*) ~calQ7%67%)
1000-850 0.417 -0.615 -1.475 0.421 -0.833  -1.672 -3.757
850-700 0.59 -0.723 -2.184 0.440| -0.895, -1.123 -3.889
700-500 0.752 -0.534 ~1.492 1.141) -0.765  -0.974 -1.872
500-400 1.153 -0.262 -1.723 1.033 -0 682  -0.423 -0.904
400-300 1.168 ~0.159 10.774 1.041 -1.436 -1.006 0.386
300-200 1.243 -0.187 1.180 1.931 -1.537, -1.792  0.838
200-100 1.487 ~0.163 1.562 1.523| -1.465 -1.235 1.709
Sum 6.816 -2.643 -3.358 7.530| -7.069  =7.305 _7.489

Unit: watts/m?

065 s D ey @ OO 1 (o) R
kg Vet - aor s G L= (B) 7Q, e

Multiplying equation (24) by 6% and ¢7#, and integrating with respect to time, horizontal space,
we obtain the equations for the budget of mean available potential energy and eddy potential
energy, '
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BAx

L D=5 T Vce*>-"'+— —o (6%

(LI d>+ <T@ *3y +{ =, LQHE, (25)
R N O (G i @87 F)1]3 4L A

={{ =L+ L™ a™ ]>) +{—c,, (G7¥67%1), (26)
where

—_——

U1 tace J}/ap

94z, _ La] A [51*3331:
ot () ace 3700 ot
e AR (1 AR 1 1

[aA,, SR S _aa*]

E

Cg=

@acedyop 0! P € aredsep P
U= I VT2 arprm), @n

[A)= —-citr-b‘*V’ﬁT*-f-—g% G 67%], (28)

The appearance of {{«¥a*)> with opposite sign in both equation (11) and. (25) indjcates
that this term represents a conversion between mean available potential energy and mean kinetic

energy. A minus sign of {(«*a*]> means that a conversion occurs from mean available potential

energy to mean kinetic energy. As for equation (12) and (26), the term Lo ™ a’*]> 1nd1cates
that a conversion takes place from eddy available potential energy to eddy kinetic energy.

The first term on the righ of equation (25) and (26) is associated with the horizontal as
well asvertical transport of sensible heat due to eddies, and represents a conversion between mean
available potential energy to eddy available potential energy. The positive sign of in equation
(25) indicates a conversion from eddy available potential energy to mean available potential

energy.

In equation (28), {[A)) represents a net flux of 6?6"* across the boundary and may be
considered as indicating a part of divergence of eddy available potential energy. Table 5 and
Table 6 reveal that the horizontal and vertical import of mean available potential energy and eddy
available potential enrgy are of amount 17.240 watts/m? and 6.001 watts/m? respectively.  The
net import of available potential energy is of amount 25.241 wattss/m%. The loss of available

potential energy within the East China Sea due to the effect of {[w*a*J» and (e *a”*]> is mainly
compensated by the net import of mean available potential energy and eddy available potential
energy.

The residual to balance the potential energy equations are the energy supplied from the sea
sarface. The heat energy supplied from the ser surface during the outburst of the cold air is
significant, of amount 14.232 watts/m?, and plays an important role for the budget of potential
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energy over the East China Sea. Generally speaking, we find nonadiabatic heating over the FEast
China Sea, since there is a temperature difference aboat 10°C between the atmosphere and sea
surface. ,

It was shown by Jacobs (1951a) that in cold season vast amount of heat are supplied to the
atmosphere from the sea surface. And the marked maximum in the supply of heat is encounted
just east of the East China Sea.

Since the sensible heat supplied from the sea surface is concentrated near the earth’s surface,
turbulent vertical transport up to rather high levels of troposphere may accunt for much of tne
sizable values of heating found in Table 5 and Table 6. Heat supplied from the sea surface depends

largly upon the transport of heat from warmer sea surface due to vertical eddies.
5. CONCLUSION

From 1000 mb. to 100 mb., the energy generation and transformation over the East China
Sea during the period of the outburst of cold air is studied for seven. layer model by the use of
IBM 1130. The results obtained above are summarized as follows:

1. The East China Sea is the sink region of available potential energy. The imported mean
potential energy is 17.240 watts/m?, and the imported eddy available potential energy is 6.001
watts/m3,

2. The mean available potential energy and eddy available potential energy are transformed
into mean kinetic energy and eddy kinetic energy, of values 20.586 watts/m? and 7.305
watts/m? respectively.

3. The heat supplied from the sea surface to the atmosphere, 14.232 watts/m?, plays an import-
ant role in the energy budget.

4, The energy generation is maximun in the boundary layer, which decreases toward a minimun
inthe mid-troposphere, and increases toward a second maximum in the upper part of the
atmospnere.

5. The East China Sea is the source region of kinetic energy. The net export of kinetic energy
is 10.109 watts/m?.  part of these exported energy is transported to the northern of Taiwan,
and plays an important role for the rainfall over the northern of Taiwan during this period.

It become possible to propose a crude picture concerning the generation and transformation of
energy in the atmosphere during this period which is shown in Fig. 3. Here M. G. P.E., E.G.
P.E., M.A.P.E., and E. A. P.E. are used to denote the mean gravitational potential energy,
eddy gravitational potential energy, man available potential energy and eddy available potential
energy respectively.
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Fig. 3. The schematical indication of gemeration and transformation of emergy during
the period 26-31 January, 1966. Unit value is Watts/m?%,
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Abstract

The problem of diffraction and reflection of a plane pulse, such as the first shock of the sonic
boom produced by SST airplane, by rectangular openings, such as windows, is solved by use of
Bernoullis Seperation method in three variables {=(x%+3%+22)%/2/Ct, # and ¢. The three-
dimensional effect is confined inside the unit sphere {=1 or the sonic sphere »=Ct with the corners of
the opening as center. The solution extgrior to the corner and inside the unit sphere is constructed
by the seperation of variable { from # and ¢. The associated eigenvalue problem is subjected to
the same differential equation in potential theory. A systematic procedure is presented such that
the eigenvalue problem is reduced to that of a system of linear algebraic equations. Numerical
results for the eigenvalues and functions are obtained and are applied to construct the conical
solution for the diffraction of a plane pulse.

1. Introduction

The problem of diffraction and reflection of  acoustic waves or electromagnetic wave by
wedges, corners and other two-dimensional or axially symmetric obstacles has received extensive
investigations. A survey of ‘these investigations can be found in Reference 1.

The present investigation is motivated by the study of the effect of sonic boom on the
openings of the structures, such as windows. The pressure wave created by a supersonic airplane
is three-dimensional in nature. However, the radius of curvature of the wave front is usually much
larger than the length scale of a structure. Therefore, the first shock of the incident wave can
be approximated by progressing plane wave. ,

For two-dimensional structures in the shape of a rectangular block, the diffrgction of a plane
pulse by the first corner is given explicitly by the two-dimensional conical solution of Kel_ler and
Blank (2]. ' ' ' ' T

For the three-dimensional problem of the diffraction of sonic boom by the openning of the
structures, tne first step is tie construction of the solution for the diffraction of a plane pulse by
a corner of 2 opening. The formulation of the differential equation and the appropriate boundary
conditions for the problem in three-dimensional conical variables is presented in the next section.

2. Formulation of the problem

For a weak snock, the flow can be assumed as irrotational in the first approximation, the

disturbance pressure p’ obeys the simple wave equation

b7 22+ D vyt s C-3p7 (=0 W
Where C is the speed of propagation in the region outside the wall. The two edges of the wall
OA and QA” lie in the y-z plane (Fig.1). | ' "
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A2z

Ay

Fig. 1 Coordinates System

Let {=0 be the instant when the pulse front hits the wall. Since the normal disturbance velocity va
must vanish on the rigid wall. This leads to t he boundary condition 3p“/3n=0. Due to the

linearized equation of motion:

d t/n

b’ %{z ==to;
where {o (=770"/Co3) is the density of the air in front of the shock. The initial conditions are
p’=p,”=0,when t<0. The three-dimensional disturbance due to the thin wall with edges
perpendicular to each other is confined inside the sonic sphere of radius »=Cf, where r~(x*+

y3+23)1/% with the origin at x=y=z=0. Outside the sonic sphere, the pressure distribution is

given either by the regular reflection of the plane pulse from the surface of the thin wall
according to the law of reflection or by the diffraction of the pulse by the edges according to the
Huygen’s principe. Solutions outside the sonic sphere are given in two conical variables in (2]
by means of Busemann’s conical flow method (3].

Following {4) the disturbance pressure p“nondimensionalized by the strength of the incident
pulse should be a function of the conical variables, x/(Ct}, y/(Ct) and 2/(CE) or in terms of the

spherical coordinates by {=r/(Ct), # and ¢. The simple wave equation (1) then becomes:
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ap 1 q . 1
2 - TRy _ - 3
ale ) —+2.(1- L)+ sné~ 78 (smﬂ )+ Sni 0 3 =0 (2)
inside the unit sphere (W1th §=1) and exterior to the thin wall. The boundary conditions are
4613— = =y
P J  for g= 0, £, and— 1:;#5}/———- (3) ‘
i.e. on the surfaces fo the wall. and
p=F(6,0) €Y

on the unit sphere {=1 and outside the wall. The solution which we consider have a jump
discontinunities. The jump across the sphere is 1nverse1y proportional to the square rcot of the
area of the ray tube, (d5)'/2. Since all the rays reaching the sphere is come from the origin
where dSo=2, the jump across the sphere zero. Hence the pressure is continuous across the sphere
£=1. F(8,p) is the pressure distribution on the sphere and is defined by the solutions outside
the sonic sphere in two conical variables given by (2] and [5].

By use of Bernoullis seperation method to construct the solution, the usual trial substitution
D8, 8,0)=2(T)G(s,p) is introduced where #=cosf, then eqn (2) becomes:

L1~ ’)"(C)%‘E(l—-"”)"z’(n 2(2+1)z(€)==-0 (5)
for 1>4= and
[ (1—p?)- ——]+2(2+1)G+—1; - g;f—mo | Q)

for the domain in p-p plane with |p|<{r and ~1<p<1. Since p and also ¢ are single valued,
G must be periodic in ¢ when —1<p<1, fe,: '
GCu,p+22)=G (g, ) (M

The range of ¢ is therefore restricted from —= to = and the two ends are connected by the
periodicity condition(7).

The change of the variable # to g and the use of the seperation constant 1(x+1) are
motivated by the intention of representing G, 6‘) by tne spherical harmonics.

For eqn (6) the boundary conditions on the surfaces of the wall are

95 for p=s £0, 7, ~l<p<—, Lo ®
\ do ED V3
p is bounded in particular at tie two poles, £=9 and §=z yields the following condition
|Gi<cos at pmzl - @

The differential equation (6) and the boundary conditions (7) (8) (9) define an eigenvalue
problem. In the next Sections the eigenvalues X and the associated eigenfunctions, Ga (,u,cp) are
to be determined.

3. The eigenvalue problem
3.1. Construction of the solutions _ .

The eigenvalue problem is now defined by the differential equation (6) and boundary
conditions (7)(8)(9). In order to reduce the problem to that for a set of algebraic equations,
two expressions of the eigenfunction Ga (p,) associated with the eigenvalue 2 are to be sought;
one for the region R*, with #>1/,”2 and the other for R- with ;z<1/,/ 2 . These two
solutions and their normal derivatives will be matched across the dividing surfaces x=1/,""3" for

lol|<z.
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Since the {ront of the plane wave is assumed prarllel to the wall, the pressure distribution
on the sonic sphere centered at the corner is obvicusly antisymmetrical with respect to the plane
¢=0. So the solutions in both the upper and lower regions are odd functions teco. Thus the
solution in the upper region which is periodic in ¢ on account of egqn (7) can be reprcsented by
the Fourier series in ¢ with a period of 2x:

G ()= Y Bapa™(pdsin mep (10D

mul, g,

For each m, equation (6) yields the Legendre équation for Py-™(p):

d 3
L P )+ (30 D= 2 P (=0 an

d
2 (e
Since eqn. (11) is defined for lzp=-1, Px™(g) should be finite at g =1. Prm(p) is
identified as the generalized Legendre function defined by

P =(15a) T F{ -2 a1 10m, Loy (12)

Where F denotes the Gaussian hypergeometric function. The factor 1/r(1+m) is omitted on the
right hand side of eqn. (12), since it is automatically absorbed into coefficients Ba.

For the lower region R-, i.e., —l<p<l/y/' "2 the eigenfunction Ga-, which fulfills the
boundary conditions can be expressed by:

Ga-(u,0)= El DjPy -7 (—pcos jo for 0 <g<m (13)

S glyne-

The argument is —# so that the function is finite for —l<puglhy/ 2 <1l. To satisfy the
asymmetry of the boundary data, Ga~(gz,9) is extended to #<¢<2x by the relation
Ga(pt, )= —Gr (&, —9) (14)

Both, expressions (10) and (13) fulfill the differential equation (6) and the boundary conditions.
(7),(8) and (9) appropriate for regions R* and R- respectively.

Across the dividing surface of R* and R-, where pg=1/}/2 and 0< |g|<=, the matching
conditions are the continuity of the eigenfunction G and its normal derivatives 9Ga/dp, The
continuity of the second derivatives are then assured since both Gi* and G~ fulfill the differential

equation (6). Thus:

G; (17“‘1“—2_—-—4',50)*‘0; (}—/—12—',99)  for 0ol <= (15a)
NS 267 (25="0)
7"9)- ]/a 2 for 0<|¢| <= C15b)
ou 0 # for leo|=0,=

The singularity along edges of the wall §=45° (or g =1/y/ 2 ) and |p|==0, x can be ascertained
by investigating the behaviour of the local solution near the edge. By pufting

P~

Fz')/"];é“"'_'f-‘

~

and Qe —

and letting I;I €1 and || <1, the equation (6) can be approximated by the Laplace equation
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3
(Lp) -G @G _,
dp*  Gpt

after neglecting the finite part. Since p=0 oustide the wall, and pa=+0 on the wall (Fig.2), the
local solution thus behaves as that of a two-dimensional slit:
G~r® cos kr

Fig.2 Boundary conditions along the edge

The boundary condition gives the value of %2 as 1/2 and the normal derivative on the edge
behaves like

G " o
3G e S (16)

Although the eigenfunctions are continuous, its derivatives doesn’t exist along the edge, but it is
square integrable, " _
3.2. Derivation of systems cf algebraic equations
- For Ga*(u,¢) and Ga-(u,0), the Legendre function are expressed by (12). Egns. (15a) and
(15b) can be reduced to a system of linear homogeneous algebraic equation for the unknown
constants Bn and Dy by Fourier analysis. For this purpose it should be noted that for m=o0dd
number=1,3,5,--,. Ga*(u,9) is an even function while for m=even numbgrm2,4,6,m an odd
functjon and for j=reven number=20,2, 4, .., Ga~(#,¢) is an odd function while for j=1,3,5,- an
even function with respect to ¢=/2. Since the odd solutions and the even solutions are
orthogonal to each other, the conditions of (15a) and'(15b) for Gi* and Ga- should he fulfilled
by their even terms and also by their odd term respectively. The eigenvalue and the associated
even eigenfuriction can be determined seperately from the eigenvalues and the associated odd
function.
For m=odd number=1,3,5,--- and j=0,2,4,+, egn. (15a) will be multiplied by coslp and

integrated over the interval 0<e<z. An algebraic equation for the coefficients is obtained

el )i ) o

[ 2nBn

mi—;a

For the same numbers of m and ;, condition (15h) is multiplied by sinke and “integrated

over 0 and =, another algebraic equation for the coefficients is obtained: °
= . -7
.. -m _*17_ o - ___m]__' _2??1! S
P (B (A (Gt P () 2 as) ¢ a®

For m=2ven number=2,4,9-.and j=odd number==1,38,5-:-,eqn.(15a) will then be multiplied
by cosly and (15b) by sinkp and integrated over 0 and = likewisely, two another algebraic

equations are brought about:
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Z omBe 1 1
it LA [ m”:—-,r“ Py (l_/'_'z"’)'_D’P*_’(_'_:T)" 2 ]"0 (19)
) : .
g (BaP T ) -0 1,( )‘ 7 )0 (20)

3.3 Numerical determination of eigenvalhes

To obtain the numerical solutions the infinite series in egns. (17),(18),(19) and (20) will
be truncated with M and J. This has been proved (4] that the convergence of the eigenvalues
and eigenfunctions of the truncated problem has been assumed and the eigenvalue between the
matching conditions of eqns. (15a) and (15b) and the matching of the Fourier coefficients is also
assumed. It is also proved there that the relation between M and J should be so ckosen that the
ratio M/J equals one, Here in this paper M=2]J=6 is thus adopted. Seo that equns. (17) and (18)
as well as (19) and (20) yield 2(M+]J)=24 linear homogeneous equations for the 24 constants

By,Bsz, e Bi: and Dg,Dy, e D;,.These solutions are nontrivial only if 2 is a root of the
characteristic equation
A4e(2)=]an| =0 1)
For the system (17) and (18)
(2i—1) -¢3t-13, ] haal,2 0, J=8
— 3_. F PA (——::) . 3=y ]
TTEI-D=2(=1)] v 2 i=1,2,- , M=6
. -3¢a-137 ] h=11,2, 0, J=6
ahi='“f“¢i—(1+_5o,ch-1)) 8n,y ¢1m> P (/—2) i=-M+1,'--,M+]£112
% e -3(i-1) 1 i=1,2,--,]J=6
ani 4 é (h=m}, ‘P.\ ( 72—) hﬂf+1,.n-,(M+Mm12

h=J 1, ]+ M=12

2(h M’) -1 - -zu-m-l)( L
“,72—) i= M1, , M+]=12

T RG-M)—13-0G—-M-1D3 P
]:ule for the system of (19) and (20)

- 2t “_l h=1,2,-,]=6
M T (Bh—1)T T (;/'2_) j=1,2, o, M6
___‘__._fri E-8(€—M) _13 1 h':.lyz’ '"1]=.6
ani 4 55,(£-x)P.\ ( I/T) i""M‘{"l,"',M'{"]""lg
: IRV h=af 41, ]+ M=12

ane= Zi Fen-arePa (,7“‘"2_) : \ / i=-1,2],---,M=-3
2Ch=]) p, e '1](_,_1_ h=] 41, ]+ M~12

S T2h—)) —(2(i~-M)—13% ‘/”2—) im M1, M+] =12

Where dots over Pa-™(z) refer to differentiation with respect to g. F or the given pair of M=6
and /=6, the determinant 4.(1) can be evaluated as a function of 2. Because of the relation

P V() =P () (22)

the function is symmetrical about 2==—2/,. For the given range of 1, say —?*/y3=<i<3.5, the
eigenvalues for this part of the prcblem are located by the roots of 4.(2*)=0. When the derivative
of 4.(2) at a root A=X* is not zero, the coefficients Bm,D; are proportional to the cofactors of

the determinant, t.e.,
BmmN3'1A1,k+1 kwo,l’z’n.,M; m=1,2,---
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D1=N3"1A1,H+1+L L-=-0,1,2,---,j; j=‘0,1,2, ------
Where S=1 or 2; with Ny denotes the constant defined by the normalization condition for the

first set of equations (17 and 18; m=al,3,0; j=0,2,4,-.), while Ny for the second set (eqns.
19 and 20; m=2.4,-.; J=1,3,5, ), i.e.,

—

v 2

# _1 -
1 + = : -
J_ 1 anf G conmrrapr [V 4] (G pdp=1  (28)
The equations for N, and N, are:

‘T_m=l!3!' *

1
R S N e
V' 2

i=0,3,

1__=3(.r_13
T (P04, —’-;-*—J’ﬂ”w)d*‘} @9
J

1
N, [f W GOV

1 ey 2
+_f‘/ 2 S [P:'H{C_#)Als C4+1) /3 ] dp (23)
L d=1,3,40
By a numerical program the eigenvalues of the Ist and 2nd set of the determinants are _determined
and the coefficients belonging to each 1 are obtained and tabulated below:

J A=0,2954 A=21,4248 ’ 1=2.0391 )Z=-2.4795 A=3.1440 [ A=23,4953

By [-7.16288x10-12.01873 8.25470% 10-1 -3.82423 1.34669 -4.923.44
B:  |~6.86121x10-11.04923 3.67672 f-g 83673 10-11-9.07537 -1.95304
Bs  |—1.89302  13.08676 E-5.37737 §-2.45595 -1.11275x 10 -1.15350
B: —=7.16099  11.19176x10 |-1.67208x10 -9.92521 -3.38143x10 |-5.03899

By —3.33079x10 |5.62043 % 10 !—-6.99883 x10 "—4. 8427910 z-l 40566 X 10% -2.59818x 10
B;l 1 “'2-25658)(103

3.86899x 103 ;—4 375629 %103 i—3 .45948% 103 }—8 .82509%x10% -1.97036x 102

I |
D, -5.45413><10—1’-3.09500><10-1;-2.44411x10-1!—8.9364s><10—l'-4.73302><10-1] 7.82393% 10

Dy (1.43911310-3 |

! ! \ !
-1.66298 x 10- 1[?3 .22036 i—l .80261 i—? .83749 l 4.65323

D,  8.45154x10~4 -3.20195X 10-%'~4. 57067 x 10-3 133905 10-2 760879102 1.27953x10-1

|
i I | !
Dg |7.99126><10—5 !-2.26414X10"‘1 2.80292x10-+ 5.07442X10“4f 1.7185410-% 1.15571x10-3

- |
Dy [9.30607 x10-# |‘—2.28582><10‘5 2.72872><‘10'5',—3.90014><10'5[ 1.17734 X10-+ 5.70147 % 10-5

Do [1.26006x10~% [-2.831745 103 3.373775 105

4.09645x10-5) 1.1983310-5| 4.65793%¢ 10-¢
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1 A=1.1299 ~ A=2.2848 \ A=3.0092 1=3.4051

By 168744 | 4.50867 1.0142110
B, -2.26381 \ 4.20257  ~7.52432 5.61075

: | -
B 679367 | 1.2354x10 -1.04935%10 | 1.47895%10

o = | |
B,  -2.66980x10 |4.81284x10 -3.13769x10 | 5.74324x 10

Bio -1.26718x103 | 2.27893x10% |-1.27040x10% | 2.73351x10°

i | .
B,s 1-8.66149%10% | 1.56374x10° ‘|—7 63452108 | 1.90252 10° | Table 1.
‘ -

|

Dy *i—1 .69925 --3.89283 |—1 .06215  6.12147
Dy | 9.33711x10- 3‘ -1.3291610°2-6.69116 | 3.24872
s |-5.80530 10-4_2. 81713 10- 31-1 91604  |-1.87143x10-3
Dy  -5.6104910-7 -1.95200 10-+ 110846 |-6.7908710-4

Dy 6.62528 X 10~ ¢ -1.93937x10-5| 1.04728x10- 5-—5.02826>< 10-3

Dy, | 9.07635%10-71-2.38166 X 10-®

1.28081 % 10-%-5.16359 x10~°|

4. Construction of the conical solution
4..1. The numerical determination of associated function Z.({)

The eigenvalues 2”s and the eigenfunctions Gx of eqn. (6) are determined in the preceeding
sections. For the determination of the conical solution inside the unit sphere, ' it is necessary to
construct the solution za(Z) of the differential equation (5) for the given 2 subject’ to the boundary
conditions at {=0 and {=1, they are: .

2(0)<eo - and z(1)=1 - (26)
Since {=0 and (=1 are the regular singular points the solution to be finite ‘at- {=0 can be
represented by the power series:

Z:LCC)“GOC{].‘}‘ A(+1)

T 42146
By setting ap=1, the differential equation can be integrated numencally from a small value
of Lo (say 0.001) with the initial data:

C’+"-] | _ : 20

za(l:o)=-‘—”—*g—°) L1+ K;ié) ] | _ (28)
and
A= Co [1+Ut&)fé+ 2 ] | | (29)

The numerical integration for zk(g) is continued untll £ is clase to 1 (say O. 99).

' For the determination of z;\ (1),the values of Z (%) and o » (L) at the last station are matched

with those given by the series solution of {—1, which is valid only in the neighbourhood of {=1
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a@=am {1424 1 _Dlog1-0) (140 1-03)
+a; (1= {1+0 (101} (30D

Since the problem is linear, the correct solution is za({)=2,({)/zx (1) and the correct value for

a; in eqn. (30), which is needed to start the numerical integration is

a, =228 AL (1 4 10g(1-0)) . BN GY
NOE | |
Thus for a given boundary data on the sonic sphere F(p, o) (s. eqn. (4)) which is defined
by -the solutions outside the sonic sphere in two conical variables p and = (ref. next section)
4. 2. 2-dimensional coni‘a' so ution - 7 '
OQutside the unit sphere, the solutions are given by the two-dimensional conical solutions of
Keller and Blank (2]. o o
Following Ting (5], the thin wall can be represented by segment OA on the y-axis with
EAB as x”—axis (Fig. 3). If ¢ is the shock strength of weak shock defined as (p1—pod/bo,
where po and p, are the pressure in front and behind the shock respectively.

| P: = Po (1+¢)
Sl(xlsylit) =0

C. 10 (€) = Po Air st rest
o € —

po (1+2¢)

F

Fig. 3., Plane pulse hits a 2-d. thin wall,

After hitting the wall, ¢=0. part of the shock BD advances into still air undisturbed, the
disturbed pressure behind BD is po ¢, while the other part EF is reflected. The disturbed pressure
behind the shock EF is 2epo, 7, e. with double intensity. - The disturbance due to the edge A is
confined inside the Mach cone

Si(x?, y7, D=p—Cot=y/ x 8ty ¥ —Cot=0 (32)
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Since p is defined as Ehe nondimensionalized perturbed pressure by
b= P..E_ _ (33)

The diffraction by either one of the edges of the openning is given by a two-dimensional
conical solution and the Busemann conical transformation is introduced

p¥=p/(1+(1—p?) /3] (38
with
;3_= r/Ct
e P
In these new variables p* and *, the simple wave equation for p reduces to a Laplace equation
Pp*p*-f-(l/P*)Pp_ﬁ+(1/P*’)Pf*r*‘='0 (35)
After taking out 1 from the dimensionalized pressure the boundary conditions become an odd
function of * (as shown in Fig. 4)

Fig. 4, z- pIane
In order to Solve for p(p*, %), the exterior of the thin wall in the z-plane is mapped into
the upper half of the w-plane (Fig. 5) by the transformation
w =6 =(iz)* /3 (36)
Using the reflection principle p is extented into the whole circle and a boundary value problem in

the unit circle is obtained and the solution is [5]
pe(w)= L . rctan 10 - arctan 12 (37)
AT T+22+2 5 cos @ = 1+0522,/73 cos

The arctangent is taken in the interval o and =. It is clear that from the result above, the

pressure in front of and behind the wall are different.

p=0
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The surface of the unit sphere is to be divided into four regions (Fig. 6)

NN S S

Fig. 6, Four regions on the unit sphere
(1) not covered by either of these circular cylinders
(2) covered only by the cylinder with axis OA
(3) covered only by the eylinder with axis OB
(4) covered by both cylinders.
With the plane ¢=0 defined as the plane of the thin wall and for the relationship between
¢, ¢ and x, y, z expressed by
X=4/1—u¥ sing ,
y=—y/ 1=pz cos p (38)
I=p
the four regions and the boundary data are defined as:
(1) Region I
O0<x<1, —1/—2(—12_17-3—) Sygv’zc#c—?—j, 2=—4/1-%3"y2 (in front of the wall)

Fp, p)=1 _ _ 39
—-1<x<0, —Vz(lzdx“)sysvzaz—-xa), z=—1/T—=z7=y3 (behind the wall)
F(F, ']D) =-1 . C40)
(2) Region II:
“léxSIJ/éaz—.xs)53531/2(_2'xf), y=ag/ T gt =73

FC, ¢)=pe(p1, 1) (41)
(3) Region III:
—-l<x<l, __1/"2‘(_1:];::*—)3231/2(1;):3), ym—q/ 1 —zi—z1
FCu, p)=plos, ) _ ' _ (42)
(1) Region IV:
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~l<x<l, —Vz(i"x”)syﬁ’/z(l;x’), z=y/ Toxi—yl
F(,u, ?’)"‘Pc(n"l, 71)+p¢(p21 Tz) (43)
Where p. is defined by egqn. (37) and M{;:, 7¢ are defined by:
pe=(ai+b)r/3 (i=1 or 2)

with b=/ 1—pu* sing
{ T . T
R cos(—4— —-cx) /R 51“(‘4“““) for z=0, y<0
R sin(vzf*-ct) R COS("*’Z*-‘a) for zz 0, y=0
a; = ;= -
—R sin(—z— -—-a) - R cosw—:i~-—-a) for z<0, y<0
. Lo for 2<0, y20
\ "'R COS('—I"‘ _— (I) \—'R SIHT— CE)
with R={1—(1--pu3) sinig)* /3
a=cos~! I%f
[ fC-‘Sin'-l(ai/Pt_S for x= 0
=
l sin~(a¢/pe) for x<0

4.3. The 3-dimensional conical so’ution
The disturbance pressure p({, #, ¢) inside the unit sphere can be represented by the
eigenfunction expansion:
(¢, .“,SD)=‘§KA ZDG(p, 9 , (44

with the eigenvalues 1 and eigenfunctions G (g, ¢)Zx(£) and the boundary conditions on the unit
sphere ({=1), F(y, ¢), which are described in the previous section and are add functions with
respect to the plane p=0, the coefficients Kx can be determined from the boundary data by the
following expression: ‘

K= 316 (e, 9 F(p, o) dp do
[FGs3(x, ¢) dpt do

1 T _ 1 k- .
.:.“;__[ J 1 aw [Gec e oo+ [V 2 dnfGitu, ) F, so)dfp}

- . 1 -7
The factor 1/2 is due to the normalization condition for G, in which the integration with respect
to ¢ is carried over only half the interval. In the numerical determination of K the double
integral can be reduced to & line integral, since the boundary data and the eigenfunctions are odd
functions in ¢. The result are:

Kom [ an B Be PR G0

+ V2 j=.0§,... Dy Pad(—p)f s(pldp (45)
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where
f..=-IfF(,u, @) sin me de
1= [T8Ca, ¢) cos jo do
Obviously,
=0 for m=2, 4, 6,-
f1=0 for y=1, 3, 5,

hence eqn. (40) can further be simplified as:

Kim[ | aui,. BeBATRaG0de
V72
1l
VR LR, LD (= s (e)de (46
-1
By the numerical program K, are Calculated:
A K
0.2954 —1.76159
1.4248 —0.20696
2.,0391 —0.02628
2.4796 0.11333
3.1440 —0.00714
3.4933 —0.05403
Table 2

5. Results and conclusion

In this paper, a conical solution for the diffraction of a plane acoustic pulse by the corner of
a rectangular opening in the wall of a structure is obtained by seperation of variables.

With the knowledge of Ki, the pressure distribution due to the diffraction of the plane pulse
inside the sphere is given by eqn. (44) and the pressure distribution along the edge of tae opening
outside the sonic sphere is given by eqn. (37). Fig. 7 shows the pressure distribution along rays
g=const. on the wall. Fig. 8 shows the pressure variation with time at points x=0, —0.5 and
—~1.0 along the line normal to the wall through the center of the opening. The discontinuities in
the slopes of the pressure occur at the crossing of the sonic cones around an edge and that of the
sonic sphere. It is shown that the pressure decays faster as time goes on at points with larger
value of @.

With the pressure distribution as function of time and space obtained, the vibration phenome-
nons of the structure can further be studied.
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